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Preface 



In 1997 the present authors published a review |BEL997b] that recapitulated 
and developed classical theory of Abelian functions realized in terms of multi- 
dimensional sigma-functions. This approach originated by K.Weierstrass and F.Klein 
was aimed to extend to higher genera Weierstrass theory of elliptic functions based 
on the Weierstrass cr-functions. Our development was motivated by the recent 
achievements of mathematical physics and theory of intcgrable systems that were 
based of the results of classical theory of multi-dimensional theta functions. Both 
theta and sigma-functions are integer and quasi-periodic functions, but worth to 
remark the fundamental difference between them. While theta-function are defined 
in the terms of the Riemann period matrix, the sigma-function can be constructed 
by coefficients of polynomial defining the curve. Note that the relation between 
periods and coefficients of polynomials defining the curve is transcendental. 

Since the publication of our 1997-review a lot of new results in this area ap- 
peared (see below the list of Recent References), that promoted us to submit this 
draft to ArXiv without waiting publication a well-prepared book. We comple- 
mented the review by the list of articles that were published after 1997 year to 
develop the theory of cr-functions presented here. Although the main body of this 
review is devoted to hyperelliptic functions the method can be extended to an 
arbitrary algebraic curve and new material that we added in the cases when the 
opposite is not stated does not suppose hyperellipticity of the curve considered. 

We already thankful to readers for comments relevant to the text presented, 
in particular we thank to A.Nakayashiki Nak08a], [Nak09 who noticed an error 
in the formula illustrating algebraic representability of the c-function in our short 
note [BEL999J and corrected it in his publications. 

We are grateful to our colleges discussion with whom influenced on the content 
of our manuscript. They are: Ch.Athorne, V.Bazhanov, E.Belokolos, H.Braden, 
B.Dubrovin, Ch. Eilbeck, J.Elgin, J.Harnad, H.Holden, E.Hackmann, B.Hartmann, 
A. Hone, A.Fordy, A. Its, F. Gesztesy, J. Gibbons, T.Grava, V.Kagramanova, A.Kokotov, 
D.Korotkin, I.Krichever, J.Kunz, C.Lammerzahl, Sh.Matsutani, S.Natanson, A.Na- 
kayashiki, F.Nijhoff, S.Novikov, A.Mikhailov, Yo.Onishi, M.Pavlov, E.Previato, 
P.Richter, S.Novikov, V.Shramchenko, S.Shorina, A.Veselov. 

The authors are grateful to ZARM, Bremen University, in particular to Pro- 
fessor Lammerzahl for funding research/teaching visit of one from us (VZE) to 
Bremen and Oldenburg Universities in April- July 2012, they also grateful to the 
Department of Physics of University of Oldenburg and personally to Prof. J.Kunz 
for the organizing in Oldenburg the research meeting at May 2012 of two from the 
authors (VMB and VZE) when this version of the manuscript was prepared. 
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Introduction 



Starting point for this monograph was the approach developed in papers of 
the authors [BEL997b, BEL997b, BEL999] where the Kleinian program of con- 
struction of hypelliptic Abelian functions was modified and realized. Our approach 
to the modified Kleinian program (see below) can be extended to wider classes of 
algebraic curve. To demonstrate key ideas of the method that's enough to consider 
the non-degenerate hyperelliptic curve V, 

2g+2 

(0.1) V = {(y, x) £ C 2 : y 2 - ^ ^ = °i 

that yields the co-compact lattice I? 9 ~ Yy C C 9 and the compact variety 

C 9 /Y v = Jac(V) 

which is called Jacobian of the curve V. The varieties 3ac(V) associated to hyper- 
elliptic curve represent important class of Abelian tori Tj[ that is associated to a 
hyperelliptic curve. 

Every Abelian variety represents compact variety Tf = C 9 /Y where J? 9 ~ Y C 
C 9 and Y is the lattice satisfying Riemann conditions. Let complex g x 2g matrix 
is the matrix of rank g defining a basis in the lattice Y through standard basis 
I? 9 C C 9 . The matrix called Riemann matrix if there exists a skew-symmetric 
integral matrix J of rank 2g, called a principal matrix, such that 

(0.2) nj T n = o, -nj T n > o 

the second condition means that the hermitian matrix ^tt J T tt is positive-definite. 
The problem elimination of Jacobians Jac(V) among Abelian varieties Tp is the well 
known as the Riemann-Schottky problem. On every Abelian variety Tp defined 9- 
function ©(it; Y). It is an integer function on C 9 such that the functions 

% u ... Jk (u,Y) = _-__]ne(„,r), k > 2 

uUj 1 , • ■ • , uUj k 

are meromorphic functions on Tp 7 and generate the whole field of meromorphic 
functions on this variety. A natural problem arises - to describe properties of 
6(u,r) in the case r = Yy, the program to solve this problem was suggested by 
S.P.Novikov (1979) that was realized by Shiota |Sh86j . see also |Bea87j . 

Our approach to the problem of tr-function for hyperelliptic curves (|0.1j) can 
be formulated as follows: 

To built integer function a(u; V), u G C 9 such that: 
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(i) In the expansion of o~(u; V) into series in u the coefficients of monomials 
u 1 ^ ■ ■ ■ tig are polynomials in coefficients \k, k — 0--2g of the polynomial defining 
the curve V 

(ii) Functions CPj(m; V), where J = (y'x, . . . ,jk)> k > 2 generate the whole field 
of Abelian functions on Jslc(V) 

When such the function o~(u; V) is built then according to the property (ii) it 
can be expressed as 

(0.3) a(u; V) = Cc B ^ T ^9{A(T v )u, I» 

where B(u;Tv) is a quadratic form with respect to the vector u = (u\, . . . ,u g ) T 
and non-degenerate matrix A(Ty) is non-degenerate matrix built by the period 
lattice IV and V is a constant. But according to the property (ii) the expression 
(|0.3[) distinguishes the functions 0(m; IV) and Q(u; T), where T is a general lattice 
of Abelian torus and IV is a lattice generated by the periods of the curve V. 

That follows from (i) that the function a(u; V) is independent on the basis 
choice. When the problem demands knowledge of solution dependence from coef- 
ficients of the curve an answer in terms of <r(u; V) has advantages in comparison 
with e(it;IV). 

We already mentioned that the problem of construction of multi-dimensional 
cr-functions is a classical one. In 1886 F.Klein suggested the following program: 
Modify multi- dimensional function 0(it;l"V) to obtain an entire function which 

is 

(1) independent on a basis in Ty 

(2) a covariant of Mobius transformation of a curve V 

Klein wrote at this subject papers |Kle886|, IKle888j IKle890] and in the 
foreword to the corresponding section of the 3-volumed collection of works |Kle923] 
Klein estimated state of art with his program and resumed there that it was not 
completely executed. 

The claim (2) restricts realization of Klein's program only to the case of hyper- 
elliptic curves and even in this case appear artificial complications in the realization 
of the key condition which we denoted above as (i). Klein called the cycle of his 
works as "Ueber hyperelliptische Sigmafunctionen" . Basing on that we suggested 
to call these functions as Klein functions in our preceding review |BEL997bj . 

H.F.Baker abandoned (2) and demonstrated that for g = 2 a theory of a- 
function can be constructed without any reference to 9- function |Bak903] . 

Development of the theory of hyperelliptic a- functions is motivated both by the 
problem that left classical science as well by requests of modern theories. These are 

-Problems of the theory of hyperelliptic integrals, solving Jacobi inversion prob- 
lem, differentiation of classical integrals and Abelian functions in branch points, 
derivation of differential equations for Abelian functions, see in particular, Burkhardt 
}Bur888j . Wiltheiss |Wil888j . Bolza |Bol895j . Baker [Bak898l IBak903j and 
others; the detailed bibliography may be found in }KW915] . 

- Problems of the modern theory of integrable systems, algebro-geomeric solu- 
tions of integrable equations of mathematical physics, various problems of algebraic 
geometry, theory of singularities of differential equations and singularity theory of 
the algebraic maps. Various aspect these problems were discussed in the given 
above list of Recent References. 

The book is organized as follows 
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In the Chapter [T] we present the approach which leads to the general notion 
of (T-function. The important definitions of universal space and fiber bundle of the 
Jacobians of Riemann surfaces of plane algebraic curves are given. We discuss the 
general outline of the construction which is carried out in the next chapters. 

The Chapter[2]is devoted to explicit realization of the fundamental hyperelliptic 
er-function. We provide necessary details from the theory of hyperelliptic curves 
and ^-functions and fix notation, which is extensively used in the sequel. We give 
here the exposition of the classical Theorems 12. 31 12.41 and 12.51 which constitute the 
background of the theory of Kleinian functions. 

In the Chapter [3] we derive the basic relations connecting the functions p g i and 
their derivatives and find a basis set of functions closed with respect to differenti- 
ations over the canonical fields d/dm. We use these results to construct solutions 
of the KdV system and matrix families satisfying to the zero curvature condition. 
Next, we find the fundamental cubic and quartic relations connecting the odd func- 
tions pggi and even functions pij . We use these results to give the explicit solution 
of the "Sine-Gordon" . 

We start the Chapter [4] with an analysis of the fundamental cubic and quartic 
relations. The results of this analysis lead to the explicit matrix realization of 
hyperelliptic Jacobians Jac(^) and Kummer varieties Kum(l^) of the curves V with 
the fixed branching point &2g+2 = a = oo. Next we describe a dynamical system 
defined on the universal space of the Jacobians of the Riemann surfaces of the 
canonical hyperelliptic curves of genus g such that trajectories of its evolution lay 
completely in the fibers of the universal bundle of canonical hyperelliptic Jacobians. 
We apply the theory developed to construct systems of linear differential operators 
for which the hyperelliptic curve V(y, x) is their common spectral variety. 

The Chapter [5] is based on some of our most recent results and contains the 
explicit expression of the ratio ^ffip^fe^ as a polynomial on pij(u) and pi,j(v) 
for the cases of arbitrary genus. We briefly discuss an application of this result to 
the addition theorems for Kleinian functions. 

The Chapter[H]contains a short introduction to the theory of reduction of theta- 
functions and Abelian integrals to lower genera. The Weierstrass-Poincare theorem 
on the complete reducibility is formulated there. The case of genus two curves 
and reduction of associated theta-function to Jacobian theta's and holomorphic 
integrals to elliptic integrals is considered in mere details. In particular, we are 
discussing Humbert variety and relevant reductions of Abelian functions to elliptic 
functions. 

The Chapter [7] discussed the class polynomials that satisfy an analog of Rie- 
mann vanishing theorem It is shown there that these polynomials are completely 
characterized by this property. By rational analogs of Abelian functions we mean 
logarithmic derivatives of orders > 2 of these polynomials. We call the polynomi- 
als thus obtained the Schur-Weierstrass polynomials because they are constructed 
from classical Schur polynomials, which, however, correspond to special partitions 
related to Weierstrass sequences. Since a Schur polynomial corresponding to an 
arbitrary partition leads to a rational solution of the Kadomtsev-Petviashvili hier- 
archy, the problem of connecting the above solutions with those defined in terms of 
Abelian functions on Jacobians naturally arose. Our results open the way to solve 
this problem on the basis of the Riemann vanishing theorem. 
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The Chapter [8] considers subvarieties of the Jacobian - theta (sigma)-divisor 
and its lower dimension strata. We describe analytically embedding of hyperelliptic 
curve into Jacobian in terms of derivatives of sigma-functions. Using these formulae 
we construct inversion of one hyperelliptic integral. Restriction of KdV flow on the 
strata of theta-divisor are also considered here and the cases of hyperelliptic curves 
of genera two and three are discussed in more details. As am example of application 
of the method developed the integration of double pendulum dynamics is considerd. 

In the Chater|H]a wide class of models of plane algebraic curves, so-called (n, s)- 
curves. The case (2,3) is the classical Weierstrass model of an elliptic curve. On 
the basis of the theory of multivariative a function, for every pair of coprime n and 
s we obtain an effective description of the Lie algebra of derivation of the field of 
fiberwise Abelian functions defined on the total space of the bundle whose base is 
the parameter space of the family of nondegenerate (n, s)-curves and whose fibers 
are the Jacobi varieties of these curves. The essence of the method is demonstrated 
by the example of Weierstrass elliptic functions. Details are given for the case 
of a family of genus 2 curves. It is also considered in this chapter the system of 
heat equations in a nonholonomic frame and the solution in terms of cr-functions of 
Abelian tori is found. As a corollary the generators of a ring differential operators 
annihilating the er-function of plane algebraic curves are described. 

The Chapter [Tul considers the algebro- geometric t function and presents its ex- 
pression into correspondence to a member of integrable hierarchy a Young diagram. 
The differential equations in this approach follows from the Pliicker relation associ- 
ated to the given Young diagram. As examples hyperelliptic genust two curve and 
trigonal genus three curve are considered. The r-functional method is compared 
with residual derivation of integrable equations as well be means of Hirota bilinear 
relations. 

In the Chapter [IT] Abelian Bloch solutions of the 2d Schrodinger equations 
are studied using the Kleinian functions of genus 2. The associated spectral prob- 
lem leads to the fixed energy level which geometric sence we are clarifying. The 
main result of this chapter is the addition theorem for Baker function on Jacobian. 
Spectral problems on reducible and degenerate Jacobians are discussed. 

In the Chapter[l2]we are considering the Baker- Akhiezer function within Krichcvcr 
theory. We first introduce so-called muster function as a solution of the Schrodinger 
equation with finite-gap potential and then construct degenerate Baker-Akhiczcr 
function. Baker- Akhiezer-Krichever function is introduce as the quotient of of the 
two last ones. 

In the Chapter [13] we are considering the trigonal curve that belongs to the 
family of (3, s)-curves. We are showing that the most part of theory that was 
developed for hyperelliptic curves can be extended to this case. To this end we in- 
troduce trigonal a- function and correspondinf multi-dimensional p- functions. The 
Jacobi inversion problem is solved in these coordinate, also embedding of Jacobi 
variety into projective space is described as an algebraic variety that coordinates 
are trigonal p- functions. As an application show that partial differential equa- 
tion from the Boussinesq hierarchy naturaly arise as differential relations between 
p- functions. 

The Appendices contain elements of handbooks for the Abelian functions of 
genera two and three. 



CHAPTER 1 



General construction 



In this chapter we present the general outline of the construction which leads to 
er-function. Necessary details about ^-functions may be found in e.g. Mum984, 
|Igu972[ ICon956l IMar979l IKra903l IBak897j . the bibliography of classical lit- 
erature may be found in |KW915j . 

1.1. Universal bundle of Abelian varieties 

Let H™ be a n-dimensional linear space over the quaternions EL Fixing an 
isomorphism H™ = C" x C" let us write vectors from HP in the form of row vectors 

(a T b T \ 

v = (vi, v 2 ), where vi, v 2 G C™. For g € Sp(n, Z) let us put g = [ ^ T jj, ] where 



a, b, c, d G GL(n, Z), then 



-ln\ T (0 ~U 



det fl = l, and g ^ q J 9 = ^ „ 

Let us fix the following right action of the group Sp(n, Z) on 
(1.1) v • g = (vid + v 2 c, vi6 + v 2 a), 

in matrix notation 

< L2 > v. 9 = (v,v 2 ,(° tyffc '» 

The right action of the translations group Z™ x Z™ we write in the form 

(1.3) v.(^=(v 1+ mV 2 +m' T ). 

Let us denote by Ae(n,Z) the subgroup in the motion group of H™ generated by 
Sp(n,Z) and Z" x Z™. This group, Aa(n,Z) is an analogue of the affine group. It 
is the extension Sp(n,Z) by Z™ x Z n , i.e. there is an exact sequence: 

-> Z n x Z" A A H (n, Z) A Sp(n, Z) ->■ 0, 

where i is the canonical embedding, and the projection n projects an affine trans- 
formation 7 G Ae(n,Z) to the corresponding rotation irlj) G Sp(n, Z), i.e. 

(1.4) t(t) : v • Tr('y) = v • 7 — • 7. 

This extension corresponds to the following action of the group Sp(n, Z) by auto- 
morphisms of the group Z™ x Z" 



m 



rn\ fd T m + c T rri 



m' 9 ~ Vrn) ~ \b T m + a T in' 
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1. GENERAL CONSTRUCTION 



Let us recall the notion of the Siegel upper half-space. It is the space of matrices 

S„ = {t e GL(n, C) | t t = r, Im(r) — positively defined}. 

We introduce an extension of the S n , which we denote S' n . It is the space of n x 2n- 
matrices (2a;, 2a;'), such that their columns are independent over M, matrices uj and 
to' satisfy the equation 

(1.5) oj'oj t - ojlj' T = 0, 

det(w) ^ and r = ui^ l ui' 6 S n . Such matrices (2w,2u/) S £>4 generate so called 
principally polarized lattices in C™ . There is a natural projection to the Siegel half- 
space 7r s : S' n —} S n : tt s (ui,lu') = cj _1 cl>' and embedding i s : S n —> S' n : is(r) = 

(In, T). 

Action (jl.ip induces the right action of the group Sp(n,Z) on S' n : 

(1.6) (uj, lu') ■ g = (uj, uj') = (uid + uj'c, Lob + a/a), 

which under the projection n s : S' n —> S n comes to the canonical right action of the 
Sp(n, Z) on the upper Siegel half-space: 

ir s ((uj, lu') ■ g) — it s (lj, lj') = (cod + u>'c)~ 1 (ojb + ui'a) = (d + rc)~ 1 (6 + to). 

So the canonical action of the Sp(n, Z) on S n is decomposed to the composition 
T-g = ir s (i s (T) ■ g). 

Let us consider spaces U n — C™ x S n and U' n = C" x . The action (|1.6[) of 
the group Sp(n,Z) on S' n extends to the right action of the group Ajn(n,Z) on U' n 
in the following way. 

Let (*,w s t/) € < and 7 = (g, (™,)) e A H (»,Z) then 

(1.7) (z, uj, u>') ■ 7 = (z + 2ujm + 2uj'm' , D, D'), 

that is, the subgroup Z™ x Z™ acts on W n by transformations {l2m (m')) : 

(1.8) (z, u>, lj') H> (2 + 2uim + 2u>'m' ) ui, u>') 
and the modular subgroup Sp(n,Z) as (5, (0)): 

(1.9) (z, uj, uj') 1 y (z, Q, uj') = (z, tod + uj'c, ub + uj' a). 

The projection ir s : S' n — > S n extends to the projection tt s : U' n — > U n by the 
formula 

TT s (z, UJ, U)') — (U!~ 1 Z, U~ l u') 

and the embedding i s : S n — » 5^ extends to the embedding i s : W„ — » according 
to the formula 

i 5 (2,r) = (z, l,r). 

It is clear that 7r s i s = id. 

Definition 1.1. Factor-space UT' n = U' n /A^(n, Z) is called the universal space 
of n- dimensional principally polarized Abelian varieties. 

Factor-space UM.' n = S' n /A-a(n,Z) is called the space of moduli of n- dimensional 
principally polarized Abelian varieties. 

Canonical projection U' n — > S' n induces the projection of factor-spaces p : 
UT' n ~~ * UM. n . The triple (UT' n ,UM! n ,p) is called the universal bundle of n- 
dimensional principally polarized Abelian varieties. 



1.2. CONSTRUCTION OF cr-FUNCTIONS 
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By construction, the fiber p _1 (m) over a point m € UM! n is an n-dimensional 
principally polarized Abelian variety, which is a factor of the space C" over the 
lattice generated by the columns of a matrix (w,u/) belonging to the equivalence 
class of m. 



1.2. Construction of er-functions 

For a point t = (z,oj,oj') let us define so called characteristic by the mapping 
char : U' n -> R" x R" : (*, w, w') i-> [e] 

according to equation 

z = 2(w,u/)[e], 

which uniquely defines [e] due to the linear independence of the columns of matrices 
U) and oj' over R. 



The characteristics [e] 



e 

T,/ 



g iZ™ x |Z" C R" x R" are called half-integer. 



Half-integer characteristic is even or odd whenever 4e e' is even or odd. Set of half- 
integer characteristics is divided into classes modulo Z" x Z". Among 4™ classes 
of half-integer characteristics there are 2™~ 1 (2" + 1) even classes and 2™~ 1 (2™ — 1) 
odd classes. 

Define on U' n the 6-function with characteristic, as a function 

0[e] : U' n -> C 
given by the convergent Fourier series 

(1.10) e[e]{z,uj,uj') = expTri{(m + e') T u]- 1 L)'(m + e') 

+ {uj- 1 z + 2ef{m + e')} , 

for any vector [e] = (e,e') T € M" x R". 

This vector [e] is called the characteristic of 9 -function. As a function of z the 
^-function with odd characteristic is odd and even with even characteristic. 

Under translations (|1.8|) the function 0[e] transforms according to 

9[e\{z + 2ujm + 2u'm', oj, oj') = 

(1.11) exp{-7ri[m' T (a;" 1 z + m') - m T e' + m' T e]}6[e}{z, oj, oj'). 

Under the action (|1.9[) of Sp(n, Z) the function 0[e] is taken to 9[e], the trans- 
formed characteristic is given by 



( d -c\ r , 1 


diag (c T d) 


{-b oJ^+2 


diag(a T 6) 



(1.12) [i] = 

The complete rule of transformation is 

(1.13) 9[e](x,w,u') = (det(w- 1 S})) 1 / 2 ex P |^z T (w T )- 1 ccD- 1 z|0[e](z,w,w'), 

Now we are going to construct such a modification of 9[e] that it has as sim- 
ple transformation rules under action (|1.9I) as possible. Indeed, by (I1.13[) the 
{det(oj))- 1 / 2 9[e} under JTH goes to (det(w))- 1 / 2 6»[e] and acquires a factor 



{ m Ti T\—\ — — 1 [ 
— z (a; ) cw z > 
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To get rid of this factor wc need to find anxn matrix k such that it transforms under 
(|1.9|) as k — > k and satisfies n— k — ^{w T )~ 1 cu>~ 1 , then (det(w)) _1 / 2 exp {z t kz} 6[e] 
will be taken by (|1.9[) just to 

(det(£))~ 1 / 2 exp{^ T ^}6»[e]. 

To do this we need to introduce so called associated matrices. 
A matrix (77, 77') which for the given (w,u/) € 5^ satisfies 

/w w'\ T 1 . ( -1„ 



(L14) U WU ; u W =-2 ni ^ 

is called associated to (u>,lj'). An associated matrix is not unique. In fact, (|1.14[) 
is equivalent to equations 

1 T lT n / T /T Ti / T / T r, 

— wcj = L), 77 U —77a; = — — !„, 7777 —7777 =U 



first of these equations is satisfied due to (|1.5p , to solve the rest take arbitrary 
matrix x 7^ 0„ and put ?7(>f) = 2xoj and n'(x) = 2>ru/ — ^(w T ) _1 , then the rest 
of equations are equivalent to (| 1 . 5|) . So for any nonzero x\ and 2*2 both matrices 
(rj(xi), r)'(xi)) and (77(^2), 77' (X2)) are associated to (cj,cj'). 

Under the action of (|1.9[) an associated matrix is taken to associated, i.e. (77, rf) 
and (cD, cD') satisfy to (|1.14[) . An associated matrix (77,77') transforms as 

(rf, rf) = (rjd + r/c, nb + 77'a). 

Lemma 1.0.1. For any associated matrix (77, 77') the matrix x = ^tjuj -1 trans- 
forms by 

(1.15) x = x- ^■(oj t )- 1 c^- 1 . 

under the action o/Sp(n, Z). 

Proof. Taking into account the relation 77' = 2xto' — i j(uj t )~ 1 we have 

x = ^(Qy 1 = i(77d + 77'c)(w) _1 = (xud + xui' c- ^(w T ) _1 c)(a}) _1 
=x(wd + J c)^)- 1 - j(w T ) _1 c(Q)- 1 = x- ji^y 1 c{w)~\ 

□ 

Now we can give 

Definition 1.2. Fix some matrix (77,77') associated to (uj,uj') € S' n , then cr[e]- 
function with characteristic is the function 

cr[e] : U' n C 

defined by formula 

r ^f i\ C(u,w') At -ii \ 1/ / \ 

cr[e](z,a;,a; ) = — F ===exp{-;z 77a; z\ 9[e](z, u, u ), 
^/det(w) ^ 

where C(uj,uj') is an invariant with respect to Sp(n,Z). 

From (fETTI) and (|l~l~3|) we deduce 

Theorem 1.1. The a [e] -functions has the following transformation properties: 



1.3. tT-FUNCTIONS ON JACOBIANS 
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• Translations: put 

E(m, m!) — lym + rj'm', and l~i(ra, m') = torn + uj'm', 
where m,m' £ Z™ , then 

a[e](z + 2Sl(m,m'),u,u') = exp{2E T (m,m')(z + ft(m,m'))} 
x exp{— nim T m' — 2T:ie T m'}a[e](z, uj, uj') 

• Modular transformations: 

a[e\(z,u>, uj') = cr[e](z , uj , uj') , 

where 

uj = Lud + uj'c, uj' = ujb + uj'a 
rj = t)d+ rj c, rf = rjb + rj'a 
and [e] is transforming to [e] according to (|1.12|) . 

As the transformation (|1 . 12|) takes half-integer characteristics to half-integer, 
we obtain 

Corollary 1.1.1. The set {cr[e} \ [e] E |Z n x iZ"} is taken by |0} to itself. 

1.3. (7-functions on Jacobians 

There is an important particular case when matrices (2w, 2uj') appear as period 
matrices of holomorphic differentials on the Riemann surface V of a plane algebraic 
curve V(x,y) of genus n: 

V(x,y) = {(x,y)tC 2 \f(x,y)=Q}, 

where f(x, y) is a polynomial of two variables over C. The basis in the 1-dimensional 
cohomology group H 1 (V, C) consists of n holomorphic differentials 

du T = (dtti, . . . du n ). 

The differentials duk may be always chosen in the form 

ft 1«^ a (j>k{x,y)dx 
(i-iS) du k = -g— -, 

where <pk{x,y) are polynomials which are defined by f(x,y). 

Let (a, b) be a basis of cycles in Hi(V, Z) with intersections 0^00^ = 0, biobk = 
and cii o bk = — bfe ° a, = 1. Canonical coupling H 1 (V^,C) x Hi(V r , Z) — > S' n defines 
a matrix 

({& d Uj },{! duj}) =(2uj,2uj'), 

and in such a way gives rise to a special subspace of S' n which we will denote J' n . 

Now let us restrict our construction to the subspace Uj' n = C" x J' n c U' n . 
The subspace £ S' n is closed with respect to the action of the group Am(u, Z). 

Definition 1.3. Factor-space JM' n = J^/A m (n, Z) is called the space of mod- 
uli of the Jacobians of the Riemann surfaces of the plane algebraic curves of genus 
n. 

Bundle pj : JT' n -> JM' n induced by the embedding JM' n C UM' n is called 
the universal bundle of the Jacobians of the Riemann surfaces of the plane algebraic 
curves of genus n. 
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The space JT' n of this bundle is called universal space of the Jacobians of the 
Riemann surfaces of the plane algebraic curves of genus n. 

Remark, that on V, for a given set of basis holomorphic differentials ((1.160 . it 
always possible to construct the associated set of basis meromorphic differentials, 
i.e. to find such polynomials gk(x,y) that differentials 

(1.17) dr r = (dr 1 ,...dr B ) I dr fc = * )da? 



have the period matrix 

(277, 2rf) = ({- £ d rj },{- £ dr,} 

which differs only by factor 2 from the matrix (77, n') associated to (w,u/). 

There is another circumstance to be taken into account, if we fix (u>,u>'), then 
in Uj' n there is a distinguished class of half-integer characteristics, the character- 
istics of the vector of Riemann constants (relatively (oj,oj')), which under modular 
transformations goes to the vector of Riemann constants (relatively (a3,u)')). If we 
claim that the origin of the lattice generated by (|1.8[) is shifted by the vector of 
Riemann constants, then there will appear an "unmovable" with respect to 1(1.90 
class of characteristics — the origin. Summarizing, we have 

Definition 1.4. The fundamental Abelian a-function is a function 

a : Uj' n -> C 

defined by the formula 



(1.18) tr(*,w,w') = y det^ eXP ^ Tw ^ ^NK'^V). 

where the characteristic [er] is the characteristic of the vector of Riemann constants, 
the function D(V) is the discriminant of the defining equation f{x,y) — of the 
curve V. 

For the fundamental Abelian cr-function we have: 

moreover, any second logarithmic derivative of cr-function is an automorphic func- 
tion with respect to the action ((1.70 . namely, let 

d 2 

pij(z,u),w) = - — - hxa-{z,w,w), 

then V7 G A H (n,Z) 

pij((z,w,w') ■ 7) = pij{z,w,w'). 

Proposition 1.2. Functions pi } k where i, k = 1, . . . , n as functions of {z, uj, uj') 
define the functions on the universal space of the Jacobians CfT' n , as functions of z 
at fixed (cj,o/) they define Abelian, i.e. ^In-periodic meromorphic, functions on the 
Jacobian of the Riemann surface of the underlying plane algebraic curve V(x,y). 



1.4. REMARKS 
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We aim to study properties of the p-functions, in order to benefit on use of 
them in applications. For this we need such a realization of the fundamental a- 
function, which relates the objects involved to modular invariants, i.e. constants 
in the equation f(x,y) = defining the curve. The polynomials {<f>k}k=i,...,n an d 
{gk}k=i,....n in (| 1 ■ 16[) and (|1.17l) . in turn, substantially depend on the form of the 
equation f(x,y) = 0. A certain ambiguity, still remaining in the construction of 
the polynomials gk, is removed once we fix a very important object — the global 
2-differential of second kind. The required shift of origin of lattices, discussed 
above, is achieved by special choice of the base divisor of the Abel map, so that the 
vector of Ricmann constants has effectively zero coordinates. The tr-function thus 
obtained is related rather to the algebraic curve V(x, y) than to the lattice (oj,uj'). 

In following sections we explicitly carry out all the stages of this construction 
for the case of the hyperelliptic defining equation. 

In the hyperelliptic case the subspace *K' n C J' n C U' n of hyperelliptic period 
matrices (w,u/) is closed with respect of the action of the group A^{n, Z). The 
moduli space of hyperelliptic Jacobians HM' n C JM.' n C UM' n , the universal 
space of hyperelliptic Jacobians HT' n C JT' n C UT' n and the universal bundle of 
hyperelliptic Jacobians are defined analogously to the Definition 11.31 

1.4. Remarks 

For the first time, the equation (|1.14[) in the context of the theory of Abelian 
integrals appeared in the seminal papers by Weierstrass [Wei849, Wei854 and is 
the generalization of Legendre relation for periods of complete elliptic integrals!]], 

To conclude this chapter, consider the classical example. The fundamental 
(T-function in the elliptic case n = 1 is the Weierstrass cr-function 



where 




The defining equation of the elliptic curve V in this case is 

f(x, y)=y 2 - 4(x - e{)(x - e 2 )(x - e 3 ), ei + e 2 + e 3 = 0, 
and its discriminant D(V) = \/A, where 

A = l6{e 1 -e 2 ) 2 (e 2 ~e 3 ) 2 (e 1 -e 3 ) 2 . 
Due to the condition e\ + e 2 + e 3 = the expansion of er(z) has the form: 

a(z) =z + 0(z 5 ). 

The Weierstrass p(z, lj, w')-function is an automorphic function of the group 
A H (1,Z). 



Here we abide by the standard notation of the theory of elliptic function [BE955 



CHAPTER 2 



Hyperelliptic a— functions 

For the detailed exposition of the material concerning curves and ^-functions 
on the Jacobians see e.g. [GH9781 IMum975l IBak897l IFK9801 |Fay973| ; on the 
classical background of the cr-functions see in |Kle888j ; for the detailed account of 
the genus 2 a- functions and related topics see Part 1 of the monograph [Bak907 . 



2.1. Hyperelliptic curves 

The set of points V(y,x) satisfying the 

2g+2 2g+2 

(2.1) y 2 = J2 X ^ = X *9+2 I] (* - e k) = /(*) 

i=0 k=l 

is a model of a plane hyperelliptic curve of genus g, realized as a 2 sheeted covering 
over Riemann sphere with the branching points e\, . . . , &2g+2- The form of the 
defining equation such that A 2s+2 = (this means that e.g. e 2g+2 = oo), A 2g+1 = 4 
and A 2 g = is called a canonical form. Any defining equation can be reduced to 
the canonical form by a rational transformation. 

Any pair (y,x) in V(y,x) is called an analytic point; an analytic point, which 
is not a branching point is called a regular point. The hyperelliptic involution <p{ ) 
(the swap of the sheets of covering) acts as (y, x) t— > (— y, a;), leaving the branching 
points fixed. 

To make y the single valued function of x it suffices to draw g+1 cuts, connecting 
pairs of branching points et — ey for some partition of {1, . . . , 2g + 2} into the set 
of g + 1 disjoint pairs Those of ej, at which the cuts start we will denote a^, 
ending points of the cuts we will denote 6^, respectively; except for one of the cuts 
which is denoted by starting point a and ending point b. In the case A 2 g+2 ^ 
this point a oo. We assume the branching points to be numbered so that 

e2n = a n , e 2 „_i = b n , n=l,...g; 

e 2g+l = 0, e 2g+2 = a 

with no loss of generality. 

The equation of the curve, in case A 2g + 2 = and A 2ff+ i = 4 can be rewritten 

as 

(2.2) y 2 = AP(x)Q(x), 

P{x) = nf=i(^ - a,), Q{x) = {x-b) UU(x ~ h). 

21 
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Figure 1 . A homology basis on a Riemann surface of the hyperel- 
liptic curve of genus 5 with the real branching points e\, . . . , e\2 = a 
(upper sheet). The cuts are drawn from e2i-i to e2i for i = 1, . . . , 6. 
The a-cycles are completed on the lower sheet (the picture on lower 
sheet is just flipped horizontally). 



The local parametrization of the point (y,x) in the vicinity of a point (w, z): 



z+ < 



£ 2 , 



near regular point (±w, z)\ 
near branching point (0, ej); 
near regular point (±oo, oo); 
near branching point (oo, oo) 



provides the structure of the hyperelliptic Riemann surface — a one-dimensional 
compact complex manifold. We will employ the same notation for the plane curve 
and the Riemann surface — V(y,x) or V. All the curves and Riemann surfaces 
through the paper are assumed to be hyperelliptic, if the converse not stated. 

A marking on V(y, x) is given by the base point x and the canonical basis of 
cycles (oi,...,o 9 ;bi,. 



b g ) — the basis in the group of one-dimensional homolo- 
gies Hi(V(y,x),Z) on the surface V(y,x) with the symplectic intersection matrix 
-l e 



1, 







here l g denotes the unit g x g-matrix. 



2.2. Differentials 

Traditionally three kinds of differential 1 -forms are distinguished on a Riemann 
surface. They are holomorphic differentials or differentials of the first kind, differ- 
entials of the second kind, which have only poles with zero residues and differentials 
of the third kind which have only first order singularities (locally) and zero total 
residue. Any algebraic differential on V can be presented as a linear combination 
of the differentials of three kinds. 



2.2. DIFFERENTIALS 
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Let df2i(x) and dfi 2 (x) be arbitrary differentials on V, then the Riemann bi- 
linear relation holds 

/ dfti(x) / dr2 2 (x') = Xl / dfti(x) i* dfi 2 (x') 



(2.3) - 4 d^i(x) 4 d0 2 (x') 

where <9V is the boundary of the fundamental domain, the one-connected domain 
which is obtained by cutting the surface along all the cycles of the homology basis. 
Below we give explicit construction for differentials on V . 

2.2.1. Holomorphic differentials. Holomorphic differentials or the differen- 
tials of the first kind, are the differential 1-forms du, which can be locally given as 
du = (Ei=o a iC)d£, in the vicinity of any point (y, x) with some constants a, e C. 
It can be checked directly, that forms satisfying such a condition are all of the form 

ECoft^f - Forms { d Mf=i> 

\ , x t ~ 1 dx 

(2.4) du, = , i = l,..., g 

V 

are the set of canonical holomorphic differentials in iJ 1 (V^,C). The g x g-matrices 
of their a and b-periods, 

2lo = I (f> dui I , 2lo' = I (f> dui 

\Ja k / kd=l,...,g \Jt> k J kd=l,...,g 

are non-degenerate. Under the action of the transformation (2w) _1 the vector 
du = (dui, . . . , du g ) T maps to the vector of normalized holomorphic differentials 
dv = {dvi, . . . , dv g ) T — the vector in if^V, C) to satisfy the conditions § dvk = 
6ki,k,l = l...,g. 

Let us denote by J&c(V) the Jacobian of the curve V, i.e. the factor C 9 /Y, 
where L = 2w © 2u/ is the lattice generated by the periods of canonical holomorphic 
differentials. 

Divisor V is a formal sum of subvarieties of codimension 1 with coefficients 
from Z. Divisors on Riemann surfaces are given by formal sums of analytic points 
V = Y^i m i(yii x i)i an d degD = m i- The effective divisor is such that nij > 
OVi. 

Let T> be a divisor of degree 0, T> = X — Z, with X and Z — the effective 
divisors deg X = deg Z — n presented by X = {{y\,x\), . . . , (y n ,x n )} and Z = 
{(wi, z\), . . . , (w n ,z n )} G (V)", where (V) n is the n-th symmetric power of V. 

The Abel map 

21 : (V) n -> Jac(y) 

puts into correspondence the divisor V, with fixed Z, and the point u <G Jac(U) 
according to the 

(2.5) tt = / du, or u i = '^2 dttj, i = 1, . . . ,5. 

The Abel's theorem says that the points of the divisors 2 and X are respectively 
the poles and zeros of a meromorphic function on V(y, x) if and only if du = 
mod T. The Jacobi inversion problem is formulated as the problem of inversion of 
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the map 21, when n = g the 21 is 1 — > 1, except for so called special divisors. In our 
case special divisors of degree g are such that at least for one pair j and k £ 1 . . . g 
the point (yj, xf) is the image of the hyperelliptic involution of the point (jjk, Xk)- 

2.2.2. Meromorphic differentials. Meromorphic differentials or the differ- 
entials of the second kind, are the differential 1-forms dr which can be locally given 
as dr = (y^__fr d!i£ J )d£ in the vicinity of any point (y, x) with some constants a%, 
and = 0. It can be also checked directly, that forms satisfying such a condi- 
tion are all of the form Y^i=o Pi x%+a ( mod holomorphic differential) . Let us 
introduce the following canonical Abelian differentials of the second kind 

29 ^ 3 x k dx 

(2.6) dr,= }2 (k + l-j)X k+1+j -— , j = l,...,g. 

k=j V 

We denote their matrices of a and b-periods, 

2 V =(- f dri) , 2if =(-<£ 

V J*k / k,l=l,...,g V •'6* / k,l=l,...,g 

2.2.3. Fundamental 2 differential of the second kind. For any pair of 
analytic points {(yi, x±), (y 2 , ^2)} € (^) 2 we introduce function F(xi,x 2 ) defined 
by the conditions 

(i) . F(xi,x 2 ) = F(x 2 ,xi), 

(ii) . F(x 1 ,x 1 ) = 2f{x 1 ), 

(2.7) (iii). 9F(X1 ' X2) | = ^0_ 

9x 2 la;2=:El dxi 

Such -F(xi, £2) can be presented in the following equivalent forms 

F(xi,X2) = 2y\ + 2{x\ - x 2 )y 2 ^- 

dx 2 

g 2 fl +i-j 

(2.8) + (xi - x 2 ) 2 Y,4~ 1 J2 (k-j + ^Xk+j+ixl 

j=l k=j 

F(xi,x 2 ) = 2\ 2g+2 x\ +l x 9 2 +1 
g 

(2.9) + ^x\x 2 {2\ 2i + X 2i +i(xi +x 2 )). 

i=0 

Properties (|2.7p of 1^(2:1, X2) permit to construct the global Abelian 2-differen- 
tial of the second kind with the unique pole of order 2 along x\ = x 2 : 

, 01fV , j^/ \ 2yij/2 +F(xi,x 2 ) dxi dx 2 

(2.10) dw(aj 1 ,x 2 ) = — -; , 

i(xi-x 2 y yi y 2 

which expands in the vicinity of the pole as 

d0(x 1 ,x 2 )= (t^Q2 + (!)) 

where £ and £ are the local coordinates at the points X\ and x 2 correspondingly. 
Using the l|2.8p . rewrite the (|2.10p in the form 

(2.11) dg(ai,g a ) = ^- U V t +V2 r )dgids 2 + du T (si)dr(g: 2 ), 

dx 2 \2y\(x\ - x 2 )J 
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where the differentials du, dr are as above. So, the periods of this 2-form (the double 
integrals § §lo{x\ 1 X2)) are expressible in terms of (2w,2a/) and (—277,-277'), e.g., 
we have for o-periods: 

Uj(xi,X 2 ) > = -4w T 77. 

<•< •">* > i,k=l g 

Lemma 2.0.1. 2g x 2g-matrix m = ^ ^ V ) satisfies to 



Proof. Let x be such a symmetric g x ^-matrix that the second kind differ- 
ential 

(2.13) du}(xi,x 2 ) = dw(a;i, X2) + 2du T (a;i)>«:du(2:2) 
is normalized by the condition 

(2.14) <f du(x 1 ,x 2 ) = 0, j = l,...,g VxiGV. 

Taking into the account (|2.11[) compute a and b-periods over the variable x 2 from 
both the sides of (|2.13[) . Because of the equalities 

6l){xi,X2) = 2-KWj{x\), j = l,...,g, 



which follows from the bilinear Riemann relation (12.31) we obtain 



(2.15) t] = 2>cuj, rf = 2W - y(w _1 ) T . 

Hence (|2~12|) holds. □ 

2.2.4. Differentials of the third kind. Differentials of the third kind are the 
differential 1-forms dVt to have only poles of order 1 and total residue, and so are 
locally given in the vicinity of any of the poles as dfl = (X^-i a i£, z )dl; with some 
constants aj, a_i being nonzero. Such forms ( mod holomorphic differential) may 
be presented as: 

' y + yf y + vi\ dx 



<=0 



x - x, J y 



where (y i , x\ ) are the analytic points of the poles of positive (respectively, nega- 
tive) residue. 

Let us introduce the canonical differential of the third kind 

(2.16) dflO*. x 2 ) =(y±lL- y+JH) £ + ] d r(zfMx), 

\x - xi x- X2 ) 2y J 

for this differential we have 

dVt(x s ,Xi). 



(•14 /-X; 

/ df2(xi,a;2) = / 

J X3 J X\ 
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2.3. Riemann 6 function 

The standard ^-function 6(v\t) on C 9 x T-L g is denned by its Fourier series, 
(2.17) 9(v\t) = exp iri {rnFrrn + 2v T m} 

The ^-function possesses the periodicity properties Vfc € l,...,g 
6(vi,...,v k + l,...,v g \T) =0(v\t), 

6{v t + rife, . . . , v k + Tfcfc, ...,v g +T gk \r)= e-™™- 2 ™*6{v\r). 



(9-functions with characteristics \e\ = 



h ■■■ £ g 



p2y 



£l ■ ■ ■ e £ 

6[e]{v\t) = ^ ex P ni {( m + £') T T~{m + e') + 2(v + e) T (m + e')} , 
for which the periodicity properties are 

(2.18) 0[e](v u . ..,v k + l,...,v g \T) = e 2 ™'>°6[e]{v\T), 

9[e](vi +r lk ,...,v k +T kk ,...,v g +Tg k \r) 



_ -iTVT kk -2iriv k ~2Trie k 



0[e](v\r) 



Let w T — (wi, . . . , Wg) £ 3a,c(V) be some hxed vector, the function, 

n(x) = °(^f dv - w \ T ^J , x g v, 

where 8 is canonical theta function of the first order (|2.17p . is called Riemann 
6 -function. 

The Riemann ^-function lZ(x) is either identically 0, or it has exactly g zeros 
X\, . . . , x g € V, for which the Riemann vanishing theorem says that 

9 „xi 

/ dv = w + K Xo) 

where K^ g — (K\, . . . , K g ) is the vector of Riemann constants with respect to the 
base point xq and is defined by the formula 

(2.19) K 3 = i±2i - W dvi(x) f dvj, j = 1, ... ,g. 



2.3.1. 6— functions with half— integer characteristics. It follows from (|2.18l) 

that 

(2.20) 6[e]{-v\t) = c-^' ieT£ 'e[e]{v\T), 

thus the function 9[e](v\t), with the characteristic [e] consisting only of half- integers, 
is either even when 47rie T e' is an even integer and odd otherwise. We recall that 
half-integer characteristic is called even or odd whenever 47rie T e' is even or odd, 
and among 4 9 half integer characteristics there are ^(4 S + 2 9 ) even characteristics 
and ^(4 9 — 2 9 ) odd characteristics. 

The half-integer characteristics are connected with branching points of the 
V(x, y) as follows. Identify the every branching point ej with a vector 
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2L- = 2t(e,,a) 



du = £j + re' e Jac(F), 



and choose the path of integration, such that all the non zero components of the 
vectors e and e' are equal to ^, which is always possible. 
The 2 x g matrices 



[21,] = 



'J 



will serve as characteristics for the ^-functions. 

Let us identify the half periods i = l,...,2g + 1 (see e.g. [FK980] ). 
Evidently, [2l 2s+2 ] = [0]. Further 

e 2fc 



2l 2g+1 = 2l 25+2 - ^ / dv = ^/ 

fe=i 



[21: 



23+1 J 



2l2 9 = 



e2fc-i 

1 r i i ... i 

2 [ ... 

e2 

62g+l 



fc=l 



/ dv = ^/ fc +T s , 

J fe=l 



1 1 . 

. 

e 2o-l 



1 1 
1 

s-i 



21 



2 5 -l 



2t2 5 - | dv = ^/ fc +T 3 , 



[«2fl-l] 



e 2 s 
1 1 





fc=l 

1 
1 



where here and below f k = ^(S\k, ■ ■ ■ , S g k) T and is the fc-th column vector of 
the matrix r. 

We have for arbitrary k > 1 



[21 



2fc+l 



1 1 





1 
1 



[2l 2fcH 



and finally, 



1 
1 



1 1 




1 1 
1 



[2li 





1 
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For example, we have for the homology basis drawn on the Figure [T] we have: 



[aii 
[2i 4 
[2i 7 

[»io 



1 _ 1 rooooon 

1 — 2 U0000J 

1 _ 1 rnoooi 

J — 2 L01000J 

1 _ 1 riiioon 

J — 2 I00010J 



1 r 11111 ! 

2 L00001J 



[2l 2 ] 
[2l 5 ] 
[2ls ] 
[2lii] 



10000] 

.10000J 

110001 

00100J 

11110] 

00010J 

11111] 
00000J 



[2i 3 ; 
[sco ; 
[2i 9 ; 
[2112" 



_ 1 rioooo] 
— 2 L01000J > 



rinoo] 
L00100J 



_ 1 

2 

_ 1 rimo] 

- 2 L00001J 

_ 1 roooooi 

_ 2 Lo 



Loooooj 



Remark, that the characteristics with even indices (beside the last one which is 
zero) are odd. These characteristics correspond to the branching points e2« = a n , 
n=l,...,g. 

Let us choose a as the base point xq- Then the vector of Riemann constants 
has the form 



(2.21) 



K, 



g 

E 

fc=i 



dv. 



Generally, 4 9 half-periods are in 1 — > 1 correspondence with 4 s partitions 

Jm = {hi • • ■ >ig+l+2m} 

of {1, . . . , 2g + 2} for integers [^-5-] ^ m ^ 0. We will further use the correspon- 
dence of partitions to characteristics [e] defined by 

g+l-2m 

£ + re'= %t k -K a , 
fc=i 

where K a is the vector of Riemann constants. This means that we translate the ori- 
gin from which we calculate the characteristics by the vector of Riemann constants. 
Let us denote by [2li], . . . , [2l2 S +2] the characteristics put into the correspondence 
to the branching points of the curve V(x, y) according to the rules assumed above. 
Denote the characteristics of the point J2k=i by Eft=i aiijj k = 2,..., 2g + 2. 

The non- vanishing values of 6[e] -functions with characteristics (which will be 
supposed further to be only half-integer) and their derivatives at the zero argument 
are called 9 -constants. 

The Thomae formulae for the even constants [Tho870 give the expressions 
of ^-constants in terms of branching points e\, . . . e2 9 +2 of the curve V as follows. 
Let 

Io=JoUJo, Jo = ■ ■ ■ , ig+l}, 

Jo = {jl, • • • , jg+l} 

be such a partition to which the characteristic of the point 



9+1 

fc=i 



K a 



corresponds. Then 
(2.22) e 2 [e}(0\r) 



det (2u>) 



1 n k 

\<i k <il<g+l 



n 



i<jk<ji<g+i 
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where e 4 = 1. When one of the branching points is moved to infinity the corre- 
sponding multiplier in the formula ()2.22|) is to be omitted. 

The quotients of ^-functions or 9-quotients with half-integer characteristics are 
rational functions on the symmetric power (V) 9 of the curve. In particular, if 
[2tj], [2tj], [2tfe], i,j, k = 1, . . . , g be the characteristics of the branching points a,, dj, 
afe, then 

(2.23) _^____^ (afc _ Xi)j I — 1.--, ff, 



(2 24) e^ + ^](v)eHv) _ Ji» 



2/J 



(x/ - aj)(xz - aj)V(xi) 



- {<n - a,j)(aj - a/c)(a fc - ajj 



(2-25) x 

i^J 7^ fee {!■■-, 5}; 



2 ^ (xj - a»)(afj - Oj-)(a;! - a k )V{xi) 



where 



(2.26) ft =eS, fc = l,. 



and 



Q(ofe) 



7>(as) = JJCar-n), 



and e 8 = 1. 

In general, if the ^-quotients with the characteristics [2t»] and [21$ + 2tj] are 

known then the ^-quotients #En=i ^*»K' l ')/^(' 1 ')' ^ ^ s possible to express in terms 
of them the quotients for k > 2. More precisely, let k — 2n; let us divide the set of 
characteristics {[2li,]}|i™ in two subsets 

(2.27) {[2y}|?" = {[QlrJ, • • • , [SSrJ} U {[2l Sl ], . . . , [SS an ]}. 
Then we have |Bak898j . p.358 

(2.28) e n - 1 {v)6{% 1 + ... + K k ]{v) = 

/0[2l ri +2l Sl ](r) ... 0[2l ri +2( s J(w) 



£\/Wr 1 ...r n Ws 1 ...s n det 



Next, let k = 2n + 1; let us divide the set of characteristics {[2li,]}| 2n+1 in the 
subsets 

(2.29) {[2^] }| 2 " = {[2t ri ], . . . , [2U> U {[2l Sl ], . . . , [2l s „ +1 ]}. 
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And we have 
(2.30) 0'»<9[2li 



■«*](») 



/0[2l ri +2l Sl ](u) 



eA/W ri ... r „W sl ... Sra+1 dot 



ff[Or 1 +a. n+ i](«)\ 



In these formulae W«, 



0[2i r „ +a fll ](w) ... 0[2tr„+a fl „ +1 ](tO 
V e[a ai ](t>) ... 0[« s „ + JM 7 

is the determinant of Vandermond matrix of the elements 



e+ x , . . . , €i m and e 8 = 1. Both formulae are independent on the particular choice of 
partitions (|2~27j) and (pl29|) . 

2.3.2. Vanishing properties of 6— functions. To complete the construction 
of cr-functions we have to investigate the vanishing properties of ^-functions. 

First we introduce special determinants. Let k — 1,. . . ,g, I = 1,..., ■ 
Let I < k and 

{ii, . . .,ik-i} U {ik-i+i, ■ - -jiff} = {1)2, . ..,g} 
is the partition of {1,2,..., g} with i\ < i 2 ■ ■ ■ < ik-i and ik~i+i < ik-i+2 



< In- 



Introduce for any pair (fc, I) the functions 



(2.31) 



'(u;a) 



1 



det 



/ Mi u 2 

U 2 U 3 



ut u l+1 

1 Oii 



V 1 a i k 



Uk \ 

Uk+l 



Uk+l-l 

fe-1 
a. 



,fe-i 



where Wi 1 ,„i k _ l (a) is the Vandermond determinant of the elements a^,... ,a,i k ll 
i.e. fc the dimension of the determinant, I is the number of lines involving variables 
Uk, ik-l+ij ■ ■ ■ ,ig are the indices of omitted branching points. 

In particular, at k = I = [^-} the function Q3 fe '.j " :9 (it) is the determinant of 
-] the Hankel matrix of the elements u\, . . . , u g , 

( U\ U 2 ... U [iJ±i] \ 

U 2 U 3 ... + 1 



[2±i] x [*±il 



(2.32) 



Hi 



\ u [a+l] u [a+l]+i ■■■ u 2[m+1]-iJ 

which is frequently used. 

At k — [^rp-], I = [^-tr] — 1 the function ,I+ '"'' 9 (u; a*) arises, in partic- 

ular, in the theory of infinite continued fractions and the orthogonal polynomials 
|Akh965] . The generalization (j2.31[) of these determinants naturally arises when 
the ^-function vanishing properties are discussed and to the authors knowledge 
these special determinants have not been treated [Mui928 . 

The functions T^.l'"' lh ~' (it; a) (below we shall omit the argument (u; a)) satisfy 
to the following equalities. 

Let 

{ii, ...,«„} U {ji, ... ,j n } = {l,2,...,2n} C {l,...,g}, 
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where n < [^5— ] is the partition with i\ < i 2 . . . < i n and j\ < j 2 . . . < j n . Then 



2 

(2.33) det(»^ ;1 ) fe , i=1 ,...,„ = fet(fB)^™'-" J "W il ... in W jl ... in 
Let 

{ii,.. .,«„} U {ji, . . .,j„,j„+i} = {l,2,...,2n + l} C {l,...,g} 
is the partition with ix < i 2 . . . < i n and ji < j 2 ■ ■ ■ < jn+i- Then 



(2.34) det 



(« ;1 )M=i, 



,n+l 

■°g,l •■• ^9,1 

g>-n,n+l KK »i ...in "ji ...Jn+i 

»i,...,»n,ii 
g — n,n+l 



= det(»)™V'- J " J " +1 ^ 1 ..,„^ 

In particular, when 2n + l = g, then (25)* 1 _l' n '^j 1 ' " J " is (n + 1) x (n + 1) Hankcl 
matrix of elements u\, . . . ,u g . 

Consider as the examples the cases g = 3, n = 1 and g = 4, n = 2. For 
g = 3,n = 1 dehne the partition {1,2,3} = {1} U {2,3}. The equality (|234l then 
reads 



"1 


U 2 




"1 


"2 




1 


03 




1 


a 2 




Ml 


"•2 


"3 




Ui 


u 2 


"3 


1 


«1 


a? 


1 

ai -«2 


1 


ai 


ai 


1 


A3 


<*3 




1 


«2 


a\ 



(a 2 - a 3 ) 



ui u 2 

"2 "3 



In the case g = 4, n .= 2 and partition {1, 2, 3, 4} 
(12331 reads 



{1,2}U {3,4} the equality 



Ui 


"2 


V>3 


1 


a 2 


a\ 


1 


«4 


a\ 


Ul 


"2 


U3 


1 


«1 


a\ 


1 


0,4 


a\ 



(ai - a 2 ) (a 3 - a 4 ) 



ui u 2 
u 2 u 3 



Ul 


u 2 


"3 


1 


a 2 




1 




a§ 


Ul 


u 2 


"3 


1 


ai 


a? 


1 


«3 


«3 



Proposition 2.1. Letty,.^ i = l,...,g are characteristics associated with the 
branching points a^, i = 1, . . . , g. Then the lowes term of the expansion of #[21^ + 
. . . + 2liJ(it) is described by the formula 

1 



(2.35) 
where 
(2.36) 



0[8L 



21 



I2 n + 



JH = 



_jvv»2n+«+l,.. 
g— n+v;n 



'(u;a), 



Ci 



n 

1 lr, 



0(O|r),/n 



L 1 < rn < n < k 



(a, 
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v is equal or 1 and e 8 = 1. 

Proof. Put Xi = a,i + t?, i = 1, . . . ,g, where t T — (tx, ■ ■ ■ ,t g ) is small. Then 
we get from (|2.5I) 



Q(a.i) 



•det 



/ U\ U 2 

1 a\ 



1 a 4 _i 
1 dj+i 



V i 



,3-1 



9—1 
.9-1 

h+i 



+ o(u 3 ) 



(2.37) 



Q(a») 



®t;l + 0(« 3 ) 



v P'(ai)~ 9 ' 1 

Let fe = 1, then we derive from the (|2.23p the expansion 



(2.38) 



g[gfc](u) 
0(u) 



fe = 1, 



where (ft are given in (12.261) . which due to (|2.37[) comes to (12 ,35[) . 
At k = 2, it follows from the (j2~23]) . 



e|5ti + S^](t>) 



= e-y/di - a. 



.0[Oi](i>)0[sy(iO 



(2.39) 



1 1 /q(oj) 1 



1 



I y P'(oi) a 4 - aj y P'(oj) a, - a« tj / 
Taking into the account the expansion which we have for k — 1 and the formula 

93! 



we obtain (|2 . 35|) for k = 2. To complete the proof it remains to use (|2.28|2.30[) and 
the determinant identities (|2.33[) and ()2.34|) . □ 

For example, at g = 4 we have 



Cl234^ 

C\ 23 9 

C\ 2 6 



E a 

i=l 

E* 



(u|t) = 
(«|r) = 
(u|r) 



Ml U 2 
U 2 U 3 



+ 0(u% 



Ui u 2 u 3 
u 2 u 3 u 4 
1 a 4 a\ 



1 



W 34 



u\ u 2 u 3 



a 3 a 3 
a 4 a| 



Cifl[ai]«|r) 



W234 



ui u 2 u 3 u 4 
1 
1 



1 a 2 a\ a\ 



a 3 a\ a\ 
1 a 4 a 4 a\ 



0{u% 
+ 0(u 3 ), 

+ 0(« 3 ). 



The formulae for the first term of the expansion are equivalent to that of given 
in |Kle888l |Bur888 and [Bak898] , where in contrast with our exposition the 
determinantial character of the expansions was not clarified. 
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We remark that the knowledge of explicit form of the first term of 0-expansion 
permit to obtain various relations between ^-constants, from which we mention as 
the most important Jacobi derivative formula [KW9151 |Fay979| |Igu982j . 

2.4. Construction of the hyperelliptic a function 

Let 2u> and —2r\ are g x g period matrices of the differentials (|2.4|) and (|2.6j) 
correspondingly. 

Definition 2.1. The hyperelliptic functions a[e] with the characteristics [e] = 
[Stjj + . . . Qi ik ] are defined by the formula 

a[e](it) = Ci 1 ...i fe exp{'u T ' ku}9[e](v\t), 

where 

k = i](2uj)^ 1 and v = (2ui)~ 1 u 
and Ci 1 ...i k is given in (|2.36[) . 

The hyperelliptic fundamental a -function is defined by the formula 

a(u) = C*exp{M T KM}6»[e]((2cj)" 1 M|r), 

where x = r](2bj)^ 1 the characteristic [e] equals to [2ti + . . . + 2l g ] and is the 
characteristic of the vector of Riemann constants K a . The constant V is given as 
follows 



(2.40) 




where e 4 = 1, N = 2g + 2 for a curve without a branching point at infinity and 
N = 2g + 1 otherwise. 

Proposition 2.2. In the vicinity of u = the lowest term of the expansion 
of fundamental hyperelliptic function a(u) is the determinant of Hankel matrix of 
order [ g— ] i^-S2\) . In particular, for small genera we have, 

o~{u) = u\ + o(it 3 ) for g = 1 and 2 

cr(u) = U1U3 — u\ + o(u ) for g = 3 and 4 

o~(u) = — M3 + 2U2U3U4 — U\u\ — u\u^ + U1U3U5 + o(u 5 ) for g — 5 and 6. 

Proof. Note first, that C = Ci... g , where the constants V and C\... g are given 
by (|2.40p and (12.361) at k = g correspondingly. This can be seen from the Thomae 
formula (|2.22[) written for the characteristic [0] which corresponds to the partition 
to of the branching points into groups 

{oi,...,o J ,,o}U{6i,...,6 9 ,6}, 
(2.41) e[0](0\r)=eJ^r^ J JJ (a t - a 3 ) f[ (b t - b 3 ), 

V ^ ' y i<i<j<9+i i<i<j<9+i 

where e 8 = 1 and we denoted b = b g+ \. The substitution of (12.41)) to (I2.36|) . where 
k = g is put, comes to (|2.40p . 

The fact that the first term of the expansion on the fundamental cr-function is 
the determinant of the Hankel matrix directly follows from the vanishing properties 
of the hyperelliptic 9 functions given above. □ 
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Let us give examples of the leading term of expansion of a- function with char- 
acteristics for the case g = 5 



o [Sir] («) 



W2345 



Ul 

1 
1 
1 
1 



U 2 U 3 

03 
04 
a 5 



al 

4 
a\ 

„3 



+ 0(tx 3 ). 



(u) 



1^345 





"2 


"3 


U4 


1 


a 3 


a 3 


a 3 


1 


CI4 


al 


a| 


1 


a 5 


al 


al 



+ 0(u 3 ). 



E a < 



(«) 



a 4 — a 5 



"2 

1 
1 



U2 
U3 

a 5 



"3 
U4 



U4 
„3 



+ 0(u 4 ). 



and finally, 



E a < 

1=1 



(«) = 



1 
1 



Ul U2 

"2 "3 

1 a 5 



m 

"4 



[2li 



+ 0(tx 4 ). 
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2.5. Realization of the fundamental 2 differential of the second kind 

Let us introduce the following notations. Kleinian ( and p-functions are defined 
as logarithmic derivatives of the fundamental cr-function 

<91n a(u) 



Ci(«) 



d 2 \n a(u) 
duiduj 



•} Pijk 



i = l,...,g; 

<9 3 ln a(u) 



duiduiduk 



i,j,k,... = l,...,g. 
The functions (i(u) and pij(u) have the following periodicity properties 
d(u + 2fl (m, m')) = Q(u) + 2Ei(m,m'), i = l,...,g, 
Pi,(u + 20(m,ra')) = Pi,(«), i,j = l,...,g, 

where Ei(m, m') is the i-th component of the vector E(m, m') = r/m + rj'm' and 
Cl(m, m') = com + ui'm' . 

The construction is based on the following 

Theorem 2.3. Let (y(ao),ao), (y,x) and (is, ^1) be arbitrary distinct points 
on V and let {(j/i, x\), . . . , (y g , x g )} and {(ui,fj,\), . . . , (v g , ^i g )} be arbitrary sets of 
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distinct points <E (V) 9 . Then the following relation is valid 
'" rXi 2yyi + F(x,Xi)dxdxi 



(2.42) / J2 



v i=i 



4(x - Xi) 2 y y t 

a (.,;; ,i„ vr ; du) 1 f a (r; o du - n =1 C du 



In < — ^ : f- > - In 



- (r ^ - Eti r; du) j ( ff du - Etx r; du 

where the function F(x,z) is given by (|2.9p . 



Proof. Let us consider the sum 
(2.43) ^ / [du>(x,Xi) + 2du T (x)^du(xi)] , 

with £>(•,•) given by ()2.1ip . It is the normalized Abelian integral of the third 
kind with the logarithmic residues in the points Xi and Hi. By Riemann vanishing 
theorem we can express (|2.43[) in terms of Riemann ^-functions as 

(2U { o(s: dv-E? =1 /■« dv- Kao) ) \ r dv- (E?=1 ^ dv- Kao) ) 

I dv-(Ef =1 /« dv-K O0 )) / I 8{i: dv-(Ef =1 /£ dv-K ao )) 

and to obtain right hand side of (|2.42l) we have to combine the (|2.1j) . expression 
of the vector K ao (|2.21l) . matrix ye = ?7(2u;) _1 and Lemma [2.0.11 Left hand side of 
(|2lL2f is obtained using ([2~TD]) . □ 

The fact, that right hand side of the (|2 .42[) is independent on the arbitrary point 
ao, to be employed further, has its origin in the properties of the vector of Riemann 
constants. Consider the difference K Q0 — K a j of vectors of Riemann constants with 
arbitrary base points ao and a' by (|2.19p we find 



K Q0 - Kv = (g - 1) dv 



this property provides that 

9 



/ dv-(£/ dv-K ao )=/ dv-C£ dv-K a 

Jag i=l Jag Ja' i=1 J a' 

for arbitrary Xi, with i € 0, . . . , g on V, so the arguments of cr's in (|2.42[) which are 
linear transformations by 2ia of the arguments of 0's in (|2.44l) . do not depend on 
a . 



Corollary 2.3.1. From Theorem \2.3\ for arbitrary distinct (j/(ao),ao) an d 
{y, x) on V and arbitrary set of distinct points {(yi, Xx) . . . , {y g , x g )} € (V) 9 follows: 




(2.45) 

Proof. Taking the partial derivative d 2 /dx r dx from the both sides of ()2.42j) 
and using the hyperelliptic involution <fi(y, x) = (— y, x) and 4>(y(ao), ao) = (-y(ao), ao 
we obtain ([2~45]) . □ 
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In the case g = 1 the formula (I2.45j) is actually the addition theorem for the 
Weierstrass elliptic functions, 



p(u + v) = -p[u) - p(v) + - 



p'(u) - p'(v) 



p(u) - p{v) 



on the elliptic curve y 2 — f(x) — 4x 3 — g2X — 53. 

Now we can give the expression for dw(x, x r ) in terms of Kleinian functions. We 
send the base point ao to the branch place a, and for r € 1, . . . ,g the fundamental 
2-differential of the second kind is given by 



duj(x,x r ) = ^2 Ptj / du ~E 

i,J=l \ Ja k=l JO: 
Corollary 2.3.2. Vr ^ s e 1, . . . ,g 



du 



1 dx xi 1 dx r 



Vr 



(2.46) 



£ Pa £ 



'■j=i 



du 



4(x s x r )^ 



PROOF. In (|2.45[) we have for s 7^ 



/ du+E/du = -M/ dv-(E/dv-K O0 )) 

0(a o ) fc=la fc ao i—lao 

<t>(x) g Xi X 3 g Xi 

-2oj(J dv-(E/dv-K :Cs )) = /du+E/du 

x s i—lx s a s i—lai 

and the change of notation x — > x s gives (|2.46[) . 



□ 



2.6. Solution of the Jacobi inversion problem 

The equations of Abel map in conditions of Jacobi inversion problem 

(2.47) * = £/ — ' 

are invertible if the points {ykjXk) are distinct and Vj, A; 6 1,...,<7 (j>(yk,Xk) 7^ 
(y,-, Xj). Using (|2.45[) we find the solution of Jacobi inversion problem on the curves 
with a — 00 in a very effective form. 

Theorem 2.4. The Abel pre-image of the point u £ J&c(V) is given by the set 
{(yi,xi), . . . , (y g ,x g )} € (V) 9 , where {x%, . . . ,x g } are the zeros of the polynomial 

(2.48) V(x;u) = 0, 
where 

(2.49) V(x; u)=x 9 - x^Pg^u) - i^Vw-iW ~ • • • ~ PgA u )i 
and {yi, . . . , y g } are given by 

(2 - 50) Vk = dv^~ 
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PROOF. We tend in (|2.45j) a — > a = oo. Then we take 

The limit in the left hand side of (|2.51[) is equal to x%, and we obtain (|2.48l) . 
We hnd from (12T4T]) . 



9 ™fe-l 



EI, OXi_ _ r. OXk_ _ 



T[ Vi '>"., ')"■! II,, »,;•'';. ' 

On the other hand we have 



dV 

du g 



ou 3 % ±k 



and we obtain (|2.50|) . □ 

Let us denote by p, p' the g-dimensional vectors, 

/ , dp 

P= (Pgl,. . . ,Pgg) , P = — 

and the companion matrix HJ986 of the polynomial V(z\ it), given by (I2.49j) 

9 

C = B g + pe^, where B g = ^ e k e k-i- 

k=l 

The companion matrix C has the property 

(2.52) xl = XlC n - 9+1 e g = X^C'^V, Vn G Z, 

with the vector = (1, x^, . . . , where x^ is one of the roots of (|2.48[) . From 

(12-46[) we find -2y r y s — 4(x r - x s ) 2 Yfi=i Pij \u)x t ~ 1 xi~ 1 - F(x r , x s ). Introducing 
matrices n = (pij), A = diag (A 2g -2, ■ ■ ■ , A ) and Ai = diag (A 2g -i, . . . , Aj.), we 
have, taking into account (|2.52[) . 

2X^p'p' T x s = -4X^(c 2 n - 2cnc T + nc T2 )x s 

+AX T r {Cpp T + pp T C T )X s + 2X^A X S + X^(CA! + AiC T )X s . 
Whence, (see |BE996j ) : 

Corollary 2.4.1. The relation 

2p'p' T = -4(C 2 n-2CIIC T + UC T2 ) + 4{Cpp T 

(2.53) + pp T C T )+CA 1 +A 1 C T + 2A . 

connects odd functions p gg i with poles order 3 and even functions pjk with poles of 
order 2 in the field of meromorphic functions on Jac(V^). 

Definition 2.2. The umbral derivative |Rom984] D s (p(z)) of a polynomial 

n 

p(z)=J2PkZ k 

is given by 

'p(zy 



k—s 



where (•)_!_ means taking the purely polynomial part. 
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Considering polynomials p — rifc=i( z — z k) an d P — ( z ~ z o)p, the elementary 
properties of D a are immediately deduced: 

D„(p) = zD s+ i(p) +p s = zD s+ i(p) + S n - S (zi, . . . , z n ), 
D s (p) 

= (z- z )D s {p) +p s -i 

(2.54) = (z- z )D s (p) + S n+ i- s (zi,...,z n ), 

where Si (• • • ) is the i-th order elementary symmetric function of its variables times 
(— 1)' (we assume Sq(- ■■) = !) . 

From (|2.54j) we see that S n - S (z , ...,Z;, z n ) = (D s+1 (p)\ z=Zl ). This is 
particularly useful to write down the inversion of (|2.50|) 



ffl 



(2.55) p ggk (u)=Y^ _ 

1 = 1 \ dz 

where P(z) = U. 9 k=l (z - x k ). 

It is of importance to describe the set of common zeros of the functions p gg k(u). 

Corollary 2.4.2. The vector function p'(u) vanishes iff u is a half period. 

Proof. The equations p gg k(u) =0, fc e 1, . . . , g yield due to (I2.55P the equal- 
ities yi = 0, Vi £ 1, . . . ,g. The latter is possible if and only if the points x\, . . . , x g 
coincide with any g points , . . . , e% from the set branching points ex, ... , e2 g +2- 
So the point 



9 r e H 
22 due Jac(V) 

i_ n J ai 



1=1 Ja ' 

is of the second order in Jacobian and hence is a half-period. □ 

2.7. (-functions and differentials of the second kind 

Imposing the conditions \2g+2 = 0, \2g+i = 4 we have the following Theorem, 
which will be the starting point for derivation of the basic relations in the next 
chapter. 

Theorem 2.5. Let (yo,Xo) S V be an arbitrary point and 
{(yi,xi),...,(y g ,x B )}€(V)i 
be the Abel pre-image of the point u 6 i&c(V). Then 

/ r-x Q \ rx 9 i~x k 

-Q / du + w = / d rj + J2 dr o 

\J a J J a k=l k 

(2 _- (i) ■ \ ., iDi{B!{z))-jD i+l {R{z)) 



i * A 

k=0 \ 



R'(z) 



where R(z) = ]Jq(z — Xj) and R '(z) = J^R(z). 
And 



C»(«) = 2 / ^ ~ 9 3 ^ 
k=l Ja * L 



(2.57) -0N = >J/ dr.-^M 
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where 3 j (u) is the determinant of the lower Hessenberg matrix, 



( 1 



(2.58) 



3j (u) = dot 



1 



T 



\ 



\ 



i 7 



where T = {Tik) is (g — j) X (g — j) lower triangle matrix, which entries are given 
by the formula 

T = {{-1) i+h i 5l ' k P g -i+k, g {u) if i<g-j, 

\(-l)°-j+ k (g-j + k) s ^ Pj+k , g , g (u) if i = g-j. 

In particular, the following expressions are valid for ~5j{u) with few higher 
indices j 

3„(«) = o, 

3 9 -l(M) = Pggg{u), 

3g-2(M) = p gs (w)p ff9ff (M) + 2p g _i !9 , ff (w). 

PROOF. Putting in (|2.42j) = a, we have 



In- 



In 



<C>-n) 



(2.59) 



J k=l k 

where dQ is as in (|2.16j) . Taking derivative over Uj from the both sides of the 
equality (|2.59j) . after that letting a — > fx and applying (f>(y,x) = (—y,x) and 
4>(v,n) — we have 

1 dx k Vk - V 
Vk 9uj x k - x 



f x \ f x 1 

/ du + u + / drj--J2 



1 dx k y k -v 
Put x — xq. Denoting P(z) = Yii( z ~ x j) we nn d 



E 



1 dx k yk-y 



. ^Vkduj x k -x , _ ( 



E 



E^ 



P'(z) 

Di{B!{z))-jD i+ i(R(z)) 



Vk-y 



k=0 



E 

k=l 



Vk 



R'{z) 



D j (P'(z))-jD j+1 (P(z)) 



P'{z) 



Hence, using ()2.55p and adding to both sides Y%=i J a " drj, we deduce 



du + it 



d^+E 



dfn 



k = l Jak 
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1 9 

-Y 

2 ^ 

k=0 



D^KW-jDj+Mz)) 



R'(z) 



= 0H + E 



x k 1 9 

dr* — — 



1 dx k Vk 



-Y 

2 ^ 

k=0 



Vk 



k=l j ak 2 ^ y k duj X k - fl 

' D {P'{z))- 3 D, J+1 {P(z)) 



R'(z) 



Now see, that the left hand side of the (j2.60[) is symmetrical in Xq, X\ 



while 



the right hand side does not depend on xq. So, it does not depend on any of xi. We 
conclude, that it is a constant depending only on /i. Tending fi — > a and applying 
the hyperelliptic involution to the whole aggregate, we find this constant to be 0. 
Using the solution of the Jacobi inversion problem we find 




D 3 (P'(z))-jD 3+1 (P(z)) 



P'{z) 



dct 



Pgg 



-1 

Pgg 



z=x k , 



-1 



(g-k)pk,g Pfc+l,s 

{g-3- l)ft'+2,g Pj+3,g 
V (9 - j)pj+l,g,g Pj+2,g,g 



\ 




Pgg - 1 

Pggg / 



□ 



Remark, that the expression for the function ~bj{u) given in the monograph 
|Bak897] on the page 323, Ex. vi, is correct only in the particular cases j = g and 
j = g — 1 and is wrong at j < g—1. Alternatively the expression for ~5j(u) in terms 
of the divisor can be given as 

g 

(2.60) 



3,N = ^E 



k,l=l 



dx k 
'du j+ i ' 



Corollary 2.5.1. For {y,x) £ V and a = du : 



(2.61) 



(-yDj+dAVfau) 



2V{x\ u) 

where dj = d/duj and Dj is the umbral derivative of the order j . 

Proof. To find Q(a) take the limit {x±, . . . ,x g } — > {ai,...,a g } in (|2.56l) 
The right hand side of (|2.61|) is obtained by rearranging \ J2k=i V J'~ V , - □ 



Vk duj x k -x ' 



2.8. Moduli of the sigma- function 



2.8.1. Thomae formulae. In this section we exhibit classical results of Tho- 
mae |Tho870] . The Thomae formula which links branch points with nonsingular 
even ^-constants, i.e. ^-constants of the first kind, is well known and widely used. 
We shall also implement another Thomae formula, written for ^-constants of the 
second kind. We refer to these formulae as first and second Thomae theorems. The 
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important Ricmann-Jacobi derivative relation which generalizes to higher genera 
Jacobi's relation 

(2.62) 0i(O) - 7n9 2 (0)tf 3 (0)i?4(0) 

follows from the second Thomae theorem. 

The ^-constants of the first kind are expressed in terms of branch points and 
periods of holomorphic integrals as follows: 

Theorem 2.6 (First Thomae theorem). Let XqU Jo be a partition of the set 
Q = {1, . . . , 2g + 1} of indices of the finite branch points of the hyperelliptic curve 
V. Then the following formula is valid 

(2.63) 9*{1 } = ±^l A (l ). 

The proof can be found in many places, see e.g. Thomae (1870), Bolza (1899), 
Fay (1973), Mumford (1983). There are ( 29 g +1 ) different possibilities to choose the 
set X . 

Among various corollaries of the Thomae formula we shall single out the fol- 
lowing two: 

Corollary 2.6.1. Let S = . . . , i g -i} and T = {ji, ■ ■ ■ ,j g -i} be two dis- 
joint sets of non- coinciding integers taken from the set Q of indices of the finite 
branch points. Then for any two k ^ I from the set Q\(S U T) the following for- 
mula is valid 

(9f , 4] a - em 9 2 {k,S}0 2 {k,T} 

( ' e k -e m 6 0*{l,S}0*{l,T} ' 

where m is the remaining number when S, T , k, I are taken away from Q , and 
e 4 = l. 

Corollary 2.6.2. Let X = {ii,...,i g } and Jo = {ji, ■ ■ ■ j g +i} be the par- 
tition. Choose k,n £ Iq and i,j € Jo- Define the sets S k = Xo\{k}, S k , n — 
l \{k,n}, Ti,j = Jo\{i,j}- Then 

iT (eh — e,-. ) 

(26) nej, _ ±6^S k }6Hj,S k }eHn,T l , 1 } 

{ ' ' II (e fe -e 4l )(e fe -e„) 2 ^M,^}^^}^^}' 

it elo-ii^k 

The signs ± and the values of e should be determined in each particular case 
by some limiting procedure (see e.g. Fay(1973)) 

The Thomae paper (1870) , see also Krazer&Wirtinger (1915), contains another 
set of formulae expressing the nonsingular ^-constants of the second kind in terms 
of branch points and periods of Abelian differentials: 

Theorem 2.7 (Second Thomae theorem). LetX\\Jj\ be a partition of the 
set Q of indices of the finite branch points, and v\, . . . , v g the normalized holomor- 
phic integrals. Then the 9-constants of the second kind are given by the formula 

(2.66) 

d I dot 2cl? ^ 

—eiX^T)^ =: 0j{I{\ = 2e\J -L-^A(Ii)i £ w«s fl -i(Xi), j = 1, . . . ,g, 

i=l 
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where si(T\) is the elementary symmetric function of degree I associated with the 
set T\ of indices of the branch points. 

It is convenient to rewrite this Thomae theorem in matrix form. To do that 
we introduce for any set of nonsingular odd characteristics [Si], . . . , [S g ] the Jacobi 
matrix 



(2.67) D[8 u ...,S gl 



( 01 ft] 01 [S 2 ] ••• 0l[6g 



V g [Si] e g [s 2 ] ... g [s g ] 



Theorem 2.8. Let To = . . . , i g } and Jo — {j±, . . . j g +i} be the sets of a 
partition To U Jo = Q . Define the g sets S k = Io\{*fc} an d use the correspondence 
[o~k] {$k}, k = 1, . . . , g, for nonsingular odd characteristics. Then 



(2.68) D[Si, ■■■,S g ] = ey 2w T S M, 

where e = 1; the matrices S and M are given as 

M = diag (v / A(50, • ■ • , , 

where the s g -i(Sk) are the symmetric functions of order g — i built on the set of 
branch points with i £ S k ■ 

Moreover, by choosing any n € S k and i,j € Jo, the formula (|2.68p is trans- 
formed to 

(2.70) D[Sx,...,S g ] = e2io T SN, 

with 

- 9{i,S k }9{j,S k }9{n,%, 3 } 



N = 0{I o }xdiag(...,^T 



k=l, 



where we defined the sets S k , n '■= 2o\{fc,n}. Tij '■= Jo\{hj}- 

PROOF. The formula (|2.68[) is the matrix version of formula (|13.147l) . To write 
(|2.68p in the form (|2.70p . we use (|2.63p to obtain for every k — 1, . . . , g 



det 2uj 



{/A(5fc) = e0{2bH/^4. 



v v *' uj y A(ib) ' 

The quotient under the sign of the fourth root is exactly the left hand side of the 
equality (12"I)5|) . □ 

As an immediate corollary of the second Thomae theorem we obtain 

Theorem 2.9 (Riemann- Jacobi formula). Fix g different positive integers 
. . . ,i g } —: Tq of the set Q, and let Jo = {ji, . . . , j g +i} be the complementary 
set. Define the g sets S k = To\{ik} and use the correspondence [S k ] {<5fc}, 
k = l,...,g, for nonsingular odd characteristics. Similarly, define g + 2 sets Ti 
where To = To and Ti — Jo\{ji} I — !,•••,<? + lj and use the correspondence 
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[e{\ <S=> {71} with the g + 2 nonsingular even characteristics. Then the following 
formula is valid 

(2.71) det D[S 1 ,...,5 g ] = ±n g 9[e ]9[e 1 }- ■ ■ 0[e g+1 }. 

Proof. Compute the determinant of both sides of the matrix equality (|2.68|) 

det D[8 U ...,5 g ] = e (det 2w)^ tt^ det Mdet S. 
One can see that the product 

3+1 

(2.72) det M 4 dct S 4 = ]J A(7I), 

where the partitions 71 are given in the formulation of the theorem. The final 
formula follows immediately after expressing each A (71) in terms of ^-constants 
0{Ti} by the formula (|2.63j) . Our analysis enables us to give the exact value of e 
from which it follows that the only remaining ambiguity in (|2.71|) is the ± sign, 
corresponding to the antisymmetry of the determinant. □ 

Formula (|2.71[) was called generalized Riemann-Jacobi formula by Fay (1979). 
Its general theory, including non-hyperelliptic curves, was developed in the series 
of works by Igusa (1979, 1980, 1982). In the elliptic case g = 1 it reduces to (|2~62]) . 

By inverting Eq. (|2.70j) we obtain the periods of the first kind and their inverse 
matrix p, i.e., the normalizing constants for the holomorphic differentials in terms 
of ^-constants: 

2^ = e(S T )- 1 N- 1 D T [6 1 ,...,6 g ], 
P :=(2uj)- 1 ^eD[S 1 ,...,S g ]- 1 NS T . 

2.8.2. Differentiation over branch points. Periods of the second kind can 
be obtained from the Picard-Fuchs equations for the derivatives with respect to the 
branch points ej of the two sets of periods oj and rj. In the case of g = 1 these 
equations read 

duj 1 rj + CiU! 



(2.74) 



dei 2 (e l - e j )(e l - e k ) 



/ 2 75 x dV = 1 e^r? - (e| + eje k )uj 

det 2 (a - ej)(ei - e k ) 

Bolza (1899) described how to derive them by a variation procedure which goes back 
to Riemann, Thomae, and Fuchs; it was generalized in terms of Rauch's formula 
(see e.g. Rauch (1959), Fay(1992) ) which in the case of the hyperelliptic curve (|2.ip 
reads 

d 

(2.76) — - &v{x, y) = - 2Rcs| dw norm (z, w; x, y)dv(z, w) 

oe k 2 ek 

where dv(x, y) is the vector of normalized holomorphic differentials and dw norm (z, w; x. 
the normalized Klcinian bi-diffcrcntial 

dw nor m(^, w, x, y) = du)(z, w\ x, y) + 2du T (z, w) xdu(x, y), 

(2.77) / 

x T = x = rj(2ujy 1 , j> du) novra (z, w; x, y) = 0, l = l,...,g. 
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In the proof below we use the same set of ideas using the Klein bi-differential (|2.10|) 
because our aim is to derive differential equations, with respect to the branch points, 
in the space of periods uj, u>' , 77, rf of the non-normalized differentials. 



Theorem 2.10. For an arbitrary branch point e; the following equations are 



valid 

(2.78) 

where 
(2.79) 

(2.80) 

(2.81) 

with 

(2.82) 



de~i U i 



oil 



rj rj 



ai = 

A = 
H = 



i{im u{ei)nT{ei) - M ^ 
<Rh u[ei)uT{ei) ^ 



Mi 



( 
1 

ei 







1 

ei 1 



V e 



g-2 a-3 



\ 









ei 1 / 



(2.83) Ni = ei(MiQi + QiMf) + Qi, Q t = diagf. . . , .f fc( ^. , . . .) . 

Proof. First we consider the equation for du>/dei. It is obtained by integrating 
the following equivalence over cycles ay. 



(2.84) R'( ei ) 



d U m (x) _ U m {ej) 

2y 



dei y 



{U T {e i )TL{x)-'R, T {e i )U{x)} 



U m (ei)^ 1- R ^ V" U m - (x)Uj{ei). 

OX X — f>- >n * — ' 



2/y 



3=1 



To prove this, substitute (z, w) = (e^, 0) into the equality 

9 1 H + « , , , T F(x, z) + 2yw dx dz 

— - — -dxdz + dr (z, w)du{x, y) = — ^ 

oz 2 y(x — z) 4(a; — z) y w 

which leads to the relation 

d y , U T {e t )7l{x) F(x,<n) 



(2.85) 

Further insert 
(2.86) 



dx(x-ei) 2y 2(x - Ci) 2 y' 

F(x, ei) = {x- e t )R'{ ei ) + (x - e t f U T {x)TZ( ei ) 
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to obtain the equality 

(2.87) - V i ^^)^) K T {e t )U{x) _ R'(e t ) , 5 1^ 

dx(x-et) 2y 2y 2(x - ei)y 1 deiy' 

which is (|2.84l) for to = 1. The validity of (|2.84|) for to = 2, . . . follows from the 
equivalence 

pi m-l pi -i -i ™—l m-j-l 

which can be proved inductively. 

Compute now the periods 2oj m ,i = § ai (U m (x)/y) dx from (I2.84|) : 



k=l > 7 = 1 



de* H'(ei) 



The upper left block of (|2.78p is nothing but this formula written in matrix form. 

Next we derive the equation for drj/dei in an analogous way, using the equiva- 
lence which may be checked by direct computing, 

(2.90) #( ei ) A^UlM = 1 ^pl{u T {e % )n{x) - 1Z T ( ei )U(x)} 
oei y Zy 

~ , s d y R'jej) ( TZ m {x) -TZ m {e t ) d 

- 7t m (e,)- — h 2— K m {x) 

ox x — e; 2y \ x — ej oei 

The expression in the bracket of the last term can be written as 

-1 m g 

The periods 2rj m i = — § (lZ m (x) / y) dx are obtained by integration: 

9 



fc=m+l k—1 

Written in matrix form, this is the lower left block of Eq. (|2.78[) . The equations for 
the derivatives of a/ and n' are obtained in the same way. □ 

Corollary 2.10.1. The following variation formula is valid: 

(2.92) !-- = 1 I. U - 1 Pt{ U T )- 1 , e = l,...,2 g +l, 

oei 2 

where Pi is given in eq. (|2.80[) . 

This is a consequence of eqs. (|2.78[) an d (|2.79[) for r = u; -1 ^/; it was derived 
in Thomae (1870) and has been proved again in many places. For the case of genus 
one the explicit formula reeads: 

(2 - 93) ^A fe-eLeO 1 Mi** €{1,2,3} 
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We are now in the position to give expressions for the second kind periods in 
terms of 0-constants. 

Theorem 2.11. Choose any g different positive integers . . . , i g } =: Iq from 
the set Q , and let , . . . , ei g be the corresponding branch points. Then the period 
matrix r\ is given as 

(2.94) B(X )r, = V A(I )u, 

kei aei < 

where 

B(X ) = ]T MZ>) = E 

and £/ie matrix B(Iq) is invertible. 

PROOF. Eq. (|2.94|) follows from (|2.78|l . and it is straightforward to check that 

II (e H -e lk f 
det B(X o) = { - 2 r <^ ^ to. 

in eio 

□ 

The derivative duj/dei can be calculated with the help of formula (|2.92p . (|2.73|) 
and the heat equation. 

Formula (12.941) can be applied as follows. Let \2 g = £\ efe = ®- Dehne the 
matrices 

(2.95) C(X ) = ]T ei^(2 )" 1 5(2- ), D(X ) = £ e lk A{X )-\ 

ik eZo ik da 

Then by taking a suitable sum of the ( 2ff + 1 ) equations (|2~M1) . we obtain 

duo 

Xq Xq ik fzXo ^ k 

where the summation is over all subsets Xg of the set Q of indices. For genus one 
this formula reduces to (|2.74[) 

2.8.3. Formula for the matrix yc. We present here the formula that permits 
to express the second period matrices 2?y, 2?/, x in terms of 2u>, 2u/, branching points 
and theta-constants 

Proposition 2.12. Let 2lj + luK^ be an arbitrary even nonsingular half- 
period corresponding to the g branch points of the set of indices Xq — {ii,. . . ,i g }- 
We define the symmetric g x g matrices 

(2-97) <P(2lzo) := {pij(*X,)) iJ=1 ,..., g 

where 

(2.98) 9ij[e] = J*—9[e](z) , i,j € {1, . . . ,<?} 

and the g x g matrix H is expressible in terms of even non-singular theta-constants 

(2.99) H(2t Xo ) = WiMi d =i,..., B > where N = [(2^) _1 2lxc + *"«,]. 



(2.96) ^(^C^))"^^) E 
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Then the it-matrix is given by 

(2.100) x = -^(2li ) - i((2 w )- 1 ) T i/(2l Xo )(2c)- 1 

and the half-periods r\ and rf of the meromorphic differentials can be represented as 

(2.101) T) = 2kuj, ?]' = 2W - y (oj^ 1 ) 7, . 

We remark that (|2.100[) represents the natural generalization of the Weierstrafi 
formulae 
(2.102) 

„ 2 1^2(0) „ „ 2 1^'(0) „ „ 2 Itftffi) 

1 2 0a(O)' ' 2^(0) ' 2^(0) 

see e.g. the Wcicrstrafi-Schwarz lectures, Wei893 p. 44. Therefore Proposition 
12.121 allows the reduction of the variety of moduli necessary for the calculation of 
the a— and p-functions to the first period matrix. More information about can be 
found in [EHKKLP12] and |KShl2j . 



CHAPTER 3 



Multi-dimensional ( and jp-functions 



3.1. Basic relations 



In this section we are going to derive the basic relations connecting the functions 
p g i and their derivatives. Further we will find a basis set of functions closed with 
respect to differentiations over the canonical fields d/dui. We give applications of 
these results to the modern theory of the integrable equations: to construction of 
the explicit solutions of the KdV system in terms of Kleinian functions and to the 
problem of the matrix families satisfying to the zero curvature condition. 

Proposition 3.1. The functions p ggg k, for k — 1, . . . ,g are given by 

(3-1) Pgggi = (6pgg + hg)pgi + 6pg,i-l ~ ^Pg-X,i + ^8 gi \ 2 g-l. 

Proof. Consider the relation (|2.57[) . The differentials dQ, i = 1, . . . , g can be 
presented in the following forms 



Applying the formula (I2.49[) to eliminate the powers of Xk greater than g — 1, and 
taking into account, that the differentials dx^ arc independent, we come to 




Put i = g — 1. We obtain for each of the Xk, k 



1,... 





(6p gg + \ 2 g)pgi + &Pg,i-l ~ 2p g - M + -8 gi \ 2g -l x\ 



i=l L 
9 




3 = 1 



a 



Let us calculate the difference 




dp. 



- according to the (|3.1[) . We obtain 



Corollary 3.1.1. 



(3.2) 



PggkPgi PggiPgk T" Pg,i — l.k Pgi : k—1 



= o. 
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This means that the 1-form ^f =1 (pggppi + pg,j-i)d.Ui is closed. We can rewrite 
this as du T Cp. 

Differentiation of (|3.2I) by u g yields 

Corollary 3.1.2. 

(3.3) PgggkPgi ~ PgggiPgk + Pgg,i-l,k ~ Pggi,k-1 = 0. 

And the corresponding closed 1-form is du T Cp' . 

3.1.1. Vector form of the basic relations. We are going to find such a set 
of Kleinian functions which is algebraically closed with respect to the differentiation 
over the canonical variables u\, . . . , u g . It is the most convenient to carry out the 
deduction in the vector notation. 

Introducing the vector p" — %^ we can rewrite (|3.1[) in the form 

p" = (6C + \2g)p + ^A 2g -ie g - 2V g -i, 
where e; = (8u, . . . , 5 ig ), i = l,...,g and 

a 

C = B g + pe T g , B g = Yl e k e T k _ x 

k=\ 

is the companion matrix of the polynomial V(z;u) defined by (|2.49j) and V g -\ = 

(pl,g-l,---,Pg,g-l) T - 

Corollary 3.1.3. The following equation is valid 
dp 



2 



du 



9-1 



P 



Corollary 3.1.4. The vectors p' and p" satisfy the following relations 

(3.4) ^~P = ^kp', 

auk 

(3.5) JL p > = Ak p", 

ou k 

where the g x g -matrices A k are defined by 

A * = E B^(pef-efp)+BI- k 

i=k+l 



Proof. Let us write according to 

Pg,k 

where A k some matrix and p gg k = e lp' i Pgk = &kP- Then, from 

ejk k -ip' = p T (e l el - e k ef)p' + e l ^ 1 A k p' '. 
Multiplying the last equality by we obtain the recursion relation 

9 

Afe-i = ^2 e iP T ( e i e l - e kef) + eiej^kk, 

i=l 

which takes after evident simplifications the form 
(3.6) Afc_i = B g A k + pel - p gk 
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where B g is the g x g backward step matrix, and the condition A g = 1 is imposed 
to start the recursion. 

The (|3.4[) is an immediate consequence of (I3.6[) . 

By the same argument we obtain (|3.5I) from (|3.3p . □ 
COROLLARY 3.1.5. The following equality holds 

with the g x g matrix 

M = 4(B g + pe T g ) + 8p gg + X 2g 
Proof. Differentiating (|3.ip by u g and applying (I3.2[) we obtain 
d 2 

^jf' = [6(fi fl + pej) - 2A 9 _i + 6p gg + X 2g ] p'. 

Hence we obtain the corollary. □ 
Corollary 3.1.6. Vectors p' and p" satisfy the following system 

r ■ a i t fOA k dAA „ 
\A,M\Mp={ J ^ i -— )p 

The proof is straightforward. 

Summarizing the above results we have for the canonical case X 2g = 

Proposition 3.2. The set of Kleinian functions p,p' and p" is algebraically 
closed with respect to differentiations over the canonical variables u, that is their 
derivatives are expressed as polynomials on the basis set (p, p' , p") with rational 
coefficients. 

We would like to pay attention to the complete analogy of this Proposition to 
the well-known fact from elliptic theory, that any derivative p( n > is a polynomial of 
P, p' and p". 

Another aspect, which we would like to underline, is the actual universality of 
the relations implied by the Proposition 13.21 In fact, these relations are valid for 
any underlying hyperelliptic curve, provided it is presented by a canonical equation 
that is, in the form with \ 2g +2 — 0, A2 9 +i = 4 and \ 2g = 0. 

3.1.2. Zero curvature condition and a generalized shift. The theory of 
Kleinian functions developed above permits to construct explicitly the family of 
operators satisfying to the zero curvature condition (see. theorem I3.3j) . In this 
section we give a new explicit construction, which permits to built a parametric 
family of operators possessing the same property. The approach of operators of 
general shift lies in the ground of the construction. 

We introduce the family of matrices 



A k = 



B k A k 
Cfc —B k 
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where 



A k = 4, S - Pg,k+l(u), 

Bk = -2d^ g Ak =2 P ^ k+l{u) > 
Id 2 A 

Theorem 3.3. Let du — then the family of matrices {Aj} satisfies to zero 
curvature condition: 

\AkiAi\ — dfcAi OiAk 

Proof. The required conditions are checked directly by applying of the equal- 
ities (|3.2[> and (|3. 31) . For example: 

dkAi — diAk — 2(AiBk — A^Bi) — p g k,i+i — p g i,k+i — 

Pgg,k+l(8g,i ~ PgA+l) + Pgg,i+l(5g,k ~ Pg,k+l) = 

due to (E21). □ 



Corollary 3.3.1. Let = ]T fe>0 £ k A k and 9« = Y? k =i ^ d k> then 

[i(a),i(6)]=^ 1 L(6)-^i(a). 
Let us introduce the shift operator X>| by the formula 

where the lower index shows the argument which is shifted and the upper index 
shows the argument at which the aforementioned one is shifted. 

Lemma 3.3.1. The operator!)^, defines the commutative generalized shift, i.e. 
satisfies to the associativity equation: 

Proof follows directly from the definition. 

Proposition 3.4. The action T>^.G(x) on the space of functions regular at 
x — is defined by the formula 



■DiG(x) = J2t k DkG(x), 



k>0 



where operators Dk are invariant with respect to shift X>| and coincide with those 
given in Definition^ 



Remark, that Dk = D\. The action 2?| is extended to matrices, elements of 
which are functions on x, and is defined by the same formula. 
Let us introduce the matrix £(£, x) of the following form 

C&x)=Vi (L(x)+G(£,x)), 
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where G(£,x) = [J2 i>0 (x' 1 ~ ^ jjV Coefficients of the expansion C(£,x) 

define operators L^ix); 

(3.7) £(t,x) = J2Z k L k (x), 

k>Q 

Remark, that L^{x) vanishes at k > g. 

Theorem 3.5. For such the matrix £(£, a;) and vector field — Y%=i € k 
the following relation is valid 

dti£(&,x)-db£(Z 1 ,x) = [C(^,x),C^ 2 ,x)}. 

Proof. We obtain directly from the definition of shift operator, that 

[C{ti,xi), £(6,z 2 )] = vi\Vg [L(x x ) + G(^ 1 ,x 1 ),L(x 2 ) + Gfo,x 2 )] 



and 



Set 



d^m,x 2 ) = Vi\Vild^{L(x 2 ) + G(&,x 2 )), 
d« 2 £(a,*i) = Vgvild^(L( Xl ) + G{b,xi)). 

Ftfun, 6, x 2 ) = [L[xi) + Gfa, x{), L(x 2 ) + G(&,x 2 )} 
(L(x 2 ) + G(6 ,x 2 ))+ d« 2 (L( Xl ) + G(6 ,11)). 



Then 



Vi\VilF^ llXl ^ 2 ,x 2 ) ' 



xix 2 F(£i,xx,£ 2 ,x 2 ) 



Oi - £, 2 )(x 2 - Ci) 
tiX2F(&, fc, 6, x 2 ) - xi£ 2 F(a, n, 6, 6) + a&i^i, 6, 6, 6) 

Evidently the following statement is valid 
Lemma 3.5.1. 

Vi\VgF{^ Xll ^x 2 ) \ X1=X2=X = 

iff, when 

and simultaneously 

xFfa , x,S 2 ,x) - £1 , & , &,x) - fcFfo , as, 6 , &) = 0. 

The proof of the theorem results in the direct checking of validity of condi- 
tions of lemma 13". 5. II The condition £1, £2, £2) = is satisfied because of the 
corollary 13.3. II The second condition of the lemma is equivalent to the equation 

]>>{(d« 2 - d^)(L(x) +G(£ 2 ,£i)) + [L(x),G(b>Zi)]} = 0. 
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where the summation run over all the cyclic permutations of {x, ^1,^,2}- Matrix 
elements of the function situated over the sign of sum is reduced to the form 

(1.1) : 

z 9+1 (£? +1 - + (x 9+i (^ + (er 1 - e 2 +1 )d x )( a + 

((d^ - d^)( g )d x C g - l -{d^ - ^)d*p gg ; 

(1.2) : 

(d^ -d^)d x ( g ; 

(2,1): 

(0& d^)[x(2p gg + ^f) + \d g d x { Pgg )] + 

- 0&) - {d x p gg ))[il +1 £f +1 + (^ d^)Q- 
(2, 2) --(1,1), 

where we used the equality A; = — di+i£ g (u), and by performing the summation 
we find that the condition of the lemma is satisfied. The theorem is proved. □ 

Corollary 3.5.1. The parametric family of matrices {Lj(x)} satisfies also to 
the zero curvature condition: 

[L k [x),Li(x)] = dkLi{x) - diLk(x). 

Thus, applying the generalized shift Z>| to the generating function L(x) of the 
matrix family Ai, . . . , A g , corrected by the gauge summand G(£, x), we obtain the 
generating function of the matrix function of the matrix Lq (x) , . . . , L g (x) that de- 
pends on a parameter, and the family thus obtained also satisfies the zero curvature 
condition. 

The above result also solves the following problem: for a given family of opera- 
tors satisfying the zero curvature condition, construct a generalized shift operator, 
which (after a gauge correction) takes this family to a new family satisfying the 
same condition for all values of parameter. 

3.1.3. Solution of KdV hierarchy by p-functions. The KdV system is 
the infinite hierarchy of differential equations 

U tk =X k [U], 

for the function I4(ti, t2, ta, . . .). Set, as usual, t\ — z and ti = t. The first two 
equations from the hierarchy have the form: 

U H = U z , and U t2 = \{U ZZZ - 6UU Z ), 

the second equation is the Korteweg de Vries equation. Higher KdV equations are 
defined by the relation 

x k+1 [u] = nx k [u], 

where 1Z — jd z — (U + c) — ^lAzd^ 1 — is the Lenard recursion operator and V - 
is a constant. 

The KdV hierarchy is a widely known object in the theory of integrable systems. 
Large amount of papers being originated by the pioneer paper of Novikov |Nov974] 
is devoted to the construction of algebraic geometric solutions for this system. 
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The theory of Kleinian hyperelliptic functions, being constructed above, per- 
mits to give explicit solution for KdV hierarchy, which depends directly on the 
canonical coordinates of the hyperelliptic Jacobian. Identifying time variables 
(ii, <2, • • • , t g ) — >• (u g , Ug-i, . . . , u±) and the constant c = A2 S , we have 

Theorem 3.6. The function lA — 2p gg (u) + ^X 2 g is a g-gap solution of the 
KdV system. 

PROOF. Indeed, we have U z = d g 2p gg and by (|3.2j) 

U t3 = dg- X 2pgg = ^(pggggg - (12pgg + A 2g )p gsg ). 



The action of 1Z 



dg-i-l^Pgg 



\d 2 g - (2p 9S + Ja 2s ) 



2p gff: g-i 2pgggpg^g-i 

is verified by j3J} and ([3~3]) . 

On the g-th step of recursion, the "times" Ui are exhausted and the stationary 
equation X g+ i[U] = appears. A periodic solution of g + 1 higher stationary 
equation is a g-gap potential (see [DMN976]) . □ 



3.2. Fundamental cubic and quartic relations 

We are going to find the relations connecting the odd functions p gg i and even 
functions py. These relations take in hyperelliptic theory the place of the Weier- 
strass cubic relation 

p' 2 = 4p 3 - 5 2p-g3, 

for elliptic functions, which establishes the meromorphic map between the elliptic 
Jacobian C/ (2lu, 2o/) and the plane cubic. We use these results to give the explicit 
solution of the "Sine-Gordon" equation by Kleinian function. Another application 
is the theory of Kleinian functions itself, in the case of genus 3 we give the complete 
lists of the expressions of first and second derivatives of pife-functions by the basis 
set and use them to calculate the second nontrivial term of the expansion of a- 
function 

The theorem below is based on the property of an Abelian function to be 
constant if any gradient of it is identically 0, or, if for Abelian functions G(u) and 
F(u) there exist such a nonzero vector a € C 9 , that a *di~(^( u ) — F(u)) 

vanishes, then G(u) — F(u) is a constant. 

Theorem 3.7. The functions p gg i and pik are related by 

PggiPggk = ^PggPgiPgk ~ 2(p gi p g -i M + pg,kPg-l,i) 

+4:(pgkPg,i-l + PgiPg,k-l) + <±Pk-\,i-\ ~ 2(p k:i ^ 2 + Pi,k-l) 

(3.8) +\2gpgkpgi + (SigPkg + fagPig) + C(i,fe) , 

where 

(3-9) C (i,k) — ^2i-2^ik + ^(Mi-i^k,i+l + ^2k-l^i,k+l)- 
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PROOF. We are looking for such a function G(u) that -^-(pggipggk — G) is 0. 
Direct check using (13.21) shows that 

d 

-^-{pggiPggk ~ {^PggPgiPgk ~ 2(p gi p g ^i^ + p g , k pg-\,i) 

+ A{p g kpg,i-1 + pgipg.k-l) + 4pk-lA-l - 2(pk,i-2 + Pi,k-i) 

+ ^gPgkPgi + ^ 1 (SigPkg + S k gpig))) = 0. 

It remains to determine c^. From (|2.53|) . we conclude, that cuja for k — i is equal 
to \2i-2, for k = i + 1 to \\2i-1, otherwise 0. So is given by (|3.9j) . □ 

Consider C 9+ " ' with coordinates (z,p = {Pi,j}i,j=i... g ) with z T = (zi, . . . , 
and = , then we have 

Corollary 3.7.1. The map 

if : Jac(y)\( ( x) C^^, p(u) = (p'(u),II(u)), 

where H = {pij}i,j=i,..., g> is meromorphic embedding. 

The image ip(3a,c(V)\(a)) C C 5+ S 9 2 js ifte intersection of 9 ^ 9 ^ 1 ^ cubics, 
induced by 



(cr) denotes the divisor of 0's of a. 

Definition 3.1. Factor K 9 = T g /± of a torus T 9 = C 9 /(2co ffi 2o/) over the 
involution T 9 — > T 9 : u t— > (—it) is called Kummer variety of the torus T 9 . 

Kummer variety Kum(V) = Jac(V)/± of the Jacobian Jac(V^) of the Riemann 
surface of an algebraic curve V is called Kummer variety of the Riemann surface 
of an algebraic curve V. 

Consider projection 

_ a+a(a + i) _ a(a+i) , . 

7r : C 2 -> C 2 , n(z,p) = p. 

Corollary 3.7.2. The restriction 7r o ip is the meromorphic embedding of the 
Kummer variety Kum(F) = (Jac(V)\(cr))/± into C 8 9 2 + . The image ir(ip(Jae(V)\(a))) 

a(a + l) 

C C 2 is the intersection of quartics, induced by 

(3.10) {pggzPggj)(pggkPggl) ~ (pggtPggk)(pgg 3 Pggl) = 0, 

where the parentheses mean, that substitutions by (|3.8p are made before expanding. 

The quartics f|3 . 10[) have no analogue in the elliptic theory. The first example 
is given by genus 2, where the celebrated Kummer surface }Hud905] appears. 

3.2.1. Solution of the sine— Gordon equation. Consider the following sys- 
tem of equations 

d 2 



(3.11) 



dzidt 



<p(zi,z 2 , t) = 2/3 sin <p{zi, z 2 , t) - a tp(zx,z 2) tje*- 2 *^* 1 '*"*^ 



—^(z u z 2 ,t) = ^ e {M^,m y(z u z 2 ,t) 
az\ oz 2 
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with respect two functions (p(zi, Z2, t) and ip^zi, z%, t). At a — the system splits to 
two independent equations, from which the first represents itself the known "sine- 
Gordon" (SG) equation in the light cone coordinates. In general case (a 7^ 0) the 
system be a two dimensional generalization of SG equation. 

The theory of Kleinian function permits to construct explicit solutions for this 
system. 

Set the correspondence of variables (zi, Z2,t) (ui, U2, u g ). 

Theorem 3.8. Let a — — - and (3 = y/Xi, then the pair of functions tp = 

Ai 

— ihi(2pi,g(u) / y/Xi) and ip = ip2 <g (u) is 2g-periodic finite-gap solution of the sys- 
tem (|3.11l) for any genus g > 2. 

Proof. In virtue of (pT2" ]) .([3~3 1) and $TE§ we have 

2 Phg Pl,g 

what provides the validity of the first equation from (13.11[) ; the second equation is 
equivalent to the equality dip2, g = (?2pi, ff . □ 

The results of the Theorems 13.61 and 13.81 demonstrate the applicability of the 
Kleinian functions to the modern theory of integrable systems. We emphasize that 
the natural identification of the independent variables with the canonical coordi- 
nates on Jacobian come to explicit solutions in terms of Kleinian functions for the 
known system in the form being available to the investigation of the solutions and 
applications. This fact is one of the important incentives for the further develop- 
ment of the Kleinian functions theory. 

3.2.2. Veselov-Novikov equation. The Veselov-Novikov equation is given 

as 

aU xxx + [3U yyy - 2a{UV ) x - 3(3{UW) y = u t , 

(3.12) W x =U y , Vy=U X , 

Proposition 3.9. The Veselov-Novikov equation is satisfied by the hyperelliptic 
Kleinian functions of the hyperelliptic curve 

(3.13) y 2 = 4x 2 v +1 +J2^x\ 



k=l 



as follows 



U{x-,y) = 2pi )ff (y,u 2 , • • ■ ,u g -i,x), 

(3.14) V(x,y) = 2pg : g(y,U2 ) ...,u g -i ) x) +V, 

W(x,y) = 2pi jl (y,U2 > ...,u g -i ) x) + W, 
where the variables x, y, t are identified with the Jacobian variables u%, . . . ,U g as 

g 

(3.15) x = u g , y = ui, t = Ujjj 

»=i 
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and 



-a(3V-\ 2g ) 


ifi = 


9 




ifi = 


.9-1 


-a\ 2g+ 2 


ifi = 


.9-2 





ifg- 


3 < i < 3 




ifi = 


3 


-|/3A! 


ifi = 


2 


-(3(3W-X 2 ) 


ifi = 


1 



CHAPTER 4 



Hyperelliptic Jacobians 

4.1. Fundamental relations 

Let us take a second look at the fundamental cubics (|3.8p and quartics (|3.10l) . 

4.1.1. Sylvester's identity. For any matrix K of entries with i,j = 
1, . . . , TV we introduce the symbol ■ ■ ■ l ™] to denote the m x n sub-matrix: 

^■y'l '''jC] = {ki k ,jl}k=l,...,m;l=l,...,n 

for subsets of rows ik and columns j;. 

We will need here the Sylvester's identity (see, for instance [HJ986] ) . Let us 
fix a subset of indices a — . . . , ik}, and make up the N — k x N — k matrix 
S(K , a) assuming that 

S(K, a )^ = det K[^} 

and [i, v are not in a, then 

(4.1) det S(K, a) = det K^-^ det K. 

4.1.2. Determinantal form. We introduce (cf. Ley995]) new functions hik 
defined by the formula 

hik = 4:pi-l,k-l - 2pk,i-2 - 2pi : fe_2 

(4.2) + - (5ik(X2i-2 + + 8k,i+lMi-l + ^i,fc+1^2fc-l) j 

where the indices !,A 6 l,...,j + 2. We assume that p nm = if n or m is < 1 and 
pnm = if n or m is > It is evident that /i^- = hji. We shall denote the matrix 
of hik by H. 

The map (|4. 2[) from p's and A's to h's respects the grading 

deg hij =i + j, deg p tJ = i + j + 2, dcg A* = i + 2, 
and on a fixed level L (|4.2[) is linear and invertible. From the definition follows 

L-l 2g+2 

^ = A L _ 2 X T iJA = ^ XiX 1 

1=1 8=0 

for X T = (l,i,...,i c 9+ ) with arbitrary i£C. Moreover, for any roots x r and x s 
of the equation ^f=i hg+2,j&~ 1 = we have (cf. (12.461) ) y r y s — X^HX S . 
From (|4.2p we have 

-2pggi = ^h g + 2 , t = ^-h g+2 , g = - \ gf" ,g+l , 

59 



60 



4. HYPERELLIPTIC JACOBIANS 



. . . etc., and (cf. (|3Tjl ): 

(4.3) -2 Pgggi = £rh B+a ,i = -det + detff&£$ -detif^J^]. 
Using (|4.2[) . let us rewrite (|3.8p in more effective form: 

(4.4) ^Pgg^Pggk = ^h g+2 ,i^h g+ 2,k = - det H tk,gtl,gtl] 

Consider, as an example, the case of genus 1. 
Let us define on the Jacobian of a curve 

y 2 = \ 4 x A + A 3 .t 3 + \ 2 x 2 + Xix + A 

the Kleinian functions: <jk{ u i) with expansion u\ + . . ., its second and third loga- 
rithmic derivatives — pn and — pm- By (|4.4p and following the definition (|4.2[) we 
have: 



-4p?n = det if 



1,2,3 
1,2,3 



= det 



Ao 


5A1 


-2pn 


2 Ai 


4p n + A 2 


5 A3 


-2pn 


2 A3 


A 4 



expanding the determinant we obtain: 

2 x 3 , \ 2 ^i^3 — 4A4A0 A Ag + A 4 (Aj — 4A 2 A ) 
P111 = 4pn + A 2 p n + pn + — , 

and the (|4.3[) . in complete accordance, gives 

a 2 , A , ^1^3 — 4A 4 A 

P1111 = op n + A2P11 H • 

These equations show that ok differs only by a factor exp(— r^A2uf) from 
standard Weierstrass c-function built by the invariants 52 = A4A0 + j^^ 2 ~ j^3^i 

(x 1a -A \ 
jAi |a2 IA3 j (see, e.g. |BE955llWW973Q . 
5A2 jA 3 A 4 J 

Further, we find, that rank H = 3 in generic point of Jacobian, rank H = 2 in 
half-periods. At u\ = 0, where ok has is of order 1, we have rank cr 2 K H = 3. 
Concerning the general case, on the ground of (14.41) . we prove the following: 

Theorem 4.1. rank H — 3 in generic point € J&c(V) and rank H = 2 in the 
half-periods, rank a(u) 2 H — 3 in generic point £ (a) and rank a(u) 2 H — in the 

points Of (cr)sing- 

Here (a) C 3a,c(V) denotes the divisor of 0's of a(u). The (a) s i ng C (a) is the 
so-called singular set of (a). (er) s ; ng is the set of points where a vanishes and all 
its first partial derivatives vanish. (<7) s i ng is known (see Fay 973| and references 
therein) to be a subset of dimension g — 3 in hyperelliptic Jacobians of g > 3, for 
genus 2 it is empty and consists of single point for 5 = 3. Generally, the points of 
(cO^g are presented by {(2/1, Xi), . . . , (y g _ 3 ,x g _ 3 )} E (V) 9 ~ 3 , and generic points 
of (casing are such that for all i ^ j € 1, . . . ,g - 3, 4>{Vi, x%) (Vj^j)- 



Proof. Consider the Sylvester's matrix 

S = s(H^i^ g f 2 },{ 9 +l,g + 2} 
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According to (|4.4[) we have S = — 4 



and det S = 0, so 



PggiPggk PggiPggl 

Pggj Pggk Pggj Pggl 

applying (|4.1I) we see, that det H g+i'g+al ^[9+1^+2] vanishes identically. As 
] = ^2g+2(ipgg + ^2g) — j^2g+i i s n °t an identical 0, we infer that 



dettfg+^l- 



(4.5) 



det Jf 



fc,/,g+l,g+2 



0. 



Remark, that this equation is actually the ()3.10j) rewritten in terms of h's. 
Now from the (|4. 5[) . putting j = I = g, we obtain for any i, k, except for such 



u, that H 
singular i.e. u G (0), 



g,g+l,g+2 
g,g+l,g+2 



becomes degenerate, and those where the entries become 



(4.6) 



hik — (hi, g ,hi ig -{-i,hi tg +2) \ H 



g,g+l,g+2 
9,9+1,9+2 




This leads to the skeleton decomposition of the matrix H 

-l 



(4.7) 



H = H 



l,...,g+2 
9,9+1,9+2 



H 



g,g+l,g+2 
g,g+l,g+2 



H 



g,g+l,g+2 
l,...,9+2 



which shows, that in generic point of J&c(V) rank of H equals 3. 

[9,9+1,9+2] 
[g,g+l,g+2j 



Consider the case det iJTf'flMtg] = 0. As by (|4~4|) we have 



detff[^ ; ^] = -4p^, 

this may happen only if and only if u is a half-period. And therefore we have 
instead of (|4.5p the equalities ff^jli'^] = and consequently in half-periods 
matrix H is decomposed as 

H = H 



1 9+2 

9+1,9+2 



H 



9+1,9+2 
9+1,9+2 



H 



9+1,9+2 
1,.. . : g+2 



having the rank 2. 



Next, consider a(u) H at the u g (a). We have a(u) rh^k — 4<7j_i<7fc_i 



2(Ji<j k -2 - 2cr i _20-/c, where a. 

a(u) 2 H\ ue(a) = 2(si,s 2 ,s 3 ) 



■^-a(u), and, consequently, the decomposition 











(i 





2 


:) 




-1 







\ si 



where 



si = (oi,. . 
S2 = (0, 01, 



,ag,0,0) T , 
...,0 9 ,O) T 



and 



S 3 = (0,0,01, • • ■ ,0g) T - 

We conclude, that rank(0(ii) 2 _ff) is 3 in generic point of (0), and becomes 
only when 01 = . . . = g = 0, is in the points € (o')sing, while no other values are 
possible. □ 
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Conclusion. The map 

h : U ^{4(Ti_i CTfe_l - 2<7j CT fc _2 - 2(Ti_2 CTfc 

— Cr(4cTi_l ) fe_l — 2o-j,fc_2 — 2o-j_2,fc) + 2" CT2 (^fc(^2i-2 + Mk-2) 
+ Sk,i+1^2i-l + &i,fe+lA2fe-l)}i,fcel,..., g +2) 

induced by (|4. 2[) establishes a meromorphic mapping of the (Jac(F)\(<7) s ing)/± 
into the space Q3 of complex symmetric (g + 2) x (g + 2) matrices of rank not 
greater than 3. 

We give the example of genus 2 with A 6 = and A 5 = 4: 



(4.8) 



H = 



( A 5A1 -2pn -2pi2 \ 

|Ai A 2 +4pn iA 3 + 2pi2 -2p22 



-2pn 5A 3 +2pi 2 A 4 + 4p 22 2 
\ -2p 12 -2p 22 2 J 

In this case (c) s i ng = {0}, so the Kummer surface in CP 3 with coordinates 

(Xq, X\, X 2 , X3) = (cr 2 , cr 2 pn, cr 2 pi 2 , cr 2 p22) is defined by the equation deter 2 // = 

0. 

4.1.3. Extended cubic relation. The extension |Ley995] of (|4.4[) is de- 
scribed by 



Theorem 4.2. 



(4.9) 



■ dot 



H 



where R, S £ C 4 are arbitrary vectors and 



( 



ikg+lg+2 




jl g+lg+2 


:) 


R T 




Pggk 





\ 



Pg,i,k-1 — Pg.i-l.k 
\ Pg-l,i,k-l — Pg-l,k,i-l + Pg,k,i-2 ~ Pg-i.k-2 / 



Proof. Let us show, that vectors tt = TVik and tv = TVji solve the equations 



H 



ikg+lg+2 
jl g+lg+2 



tv = 0; 



Consider a system of linear equations 
(4.10) H 



ikg+lg+2 
jl g+lg+2 



tv t H 



iv T H 



ikg+lg+2 
jl g+lg+2 



ikg+lg+2 
jl g+lg+2 



TV = 

4 the columns of the matrix H 



= 0. 



= 0. 



ikg+ig+i 
jl g+lg+2 



i.e. H 



ikg+ig+2 
jl g+lg+2 



Denote by H a , a = 1, 

V 4 _j H a e^ and by iVi the corresponding components of a vector n. To prove that 
vectors tv = TVjk and iv — tv^ solve the system (|4.10p . firstly, we find that the 
equality ivJ k Hi = is exactly ()3.2|1 if we take into account that A2 9 +i = 4 and 
A 2g + 2 = in our case. 

Further, to show that Trf k H 3 — we have to prove, that 

— Pggkhi : g + 1 + pggihk,g+l — hg+l : g + l(pg,i-l,k — Pg,i,fc-l) 

hg+2,g+2 \Pg-l,i,k-l — Pg— l,fc,i— 1 + Pg,k,i-2 ~ Pg,i,k—2) = 
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or taking into the account the definition of hij , 

— Pggk[2pg,i-1 ~ Pg-l.i + ^gi^2g-l] 
+ Pggi[^Pg,k-l ~ Pg-l.k + ^S gk X 2g -i} 

- %<Pgg + -^2g){pg,i-l,k - Pg,i,k-l) 

+ Pg-l : i,k-l — Pg-l,k,i-l + PgMd-2 — Pg,i,k-2 = 0. 

Let us compute the difference dp ggg i/ du k -i — dp ggg k/dv,i-i by (|3.ip and compare 
it with the derivative of (|3.3p on u g . After evident simplifications we have 

~ Pggk[6pg,l-1 ~ 2pg-l,i + -5gi\ 2 g-l] + pggi[&pg,k-l ~ 2p s -l,fc + -5g k \2g-l} 

— (QPgg + ^2g){pg,i-l,k ~ Pg,i,k-l) + %{pg-l,k-l,i ~ Pg-l,i-l,k) 
~ 2(pgiPg,g-l,k ~ PgkPg,g-l,i = 0. 

To complete the calculation we use the equalities 

- PggiPg,k-l + PggkPg,i-\ 

+ Pg,g,k-lPgi ~ Pg,g,i-lPgk ~ Pg,i,k-2 + Pg,k,i-2 = 

and 

PggipgiPggk ~ PgkPggi) 
+ PgkPg,g,i-l ~ PgiPg,g,k-l ~ PgkPg,g~l,i ~ PgiPg,g-\,k = 

The first of these equations is deduced from (|3 . 2[) by substituting i — > i — 1 and 
k — > k — 1; to obtain the second substitute i = g in (|3.2p and multiply the result by 
p g i and then add (|3.2[) with k = g, multiplied by p gk . We find, after some obvious 
manipulations that the required equality holds. 
Next, the equality itJ k H 2 = reads as 

(4.11) huiri - h kl ir 2 + h Lg+1 ir 3 - h Lg+2 TT 4 = 0; 

eliminating tt 3 and 7T4 with the use of irf k H4 = and TiJ k H 3 — we obtain 



H 



ig+lg+2 
lg+lg+2 



kg+lg+2 
I g+lg+2 



7T 2 -0. 



Using (|4.4p we turn the last expression to —^lpggipggj + ^ 2 pggkpggj which vanishes 
by the definition of ir. 

Finally, notice, that itJ k Hi = differs from (|11.25p only by the change of sign 
and replacement of indices I —} j. 

To comlete the proof we need the following 

Lemma 4.2.1. Let k be such a degenerate n x n-matrix, that all its (n — 1) X 
(n — 1) -minors are nonzero, and ir T — (tti, . . . , 7r„), tt t — (ffi, . . . ,TV n ), satisfy the 



kn = 0, n T k = 0. 



Then, for j = 1, . . . , n: 





71-2 _ 


TTn 


kij 


k 2j ~ 


_ k " 




_k 2 




kji 


k j2 


~ V ' 
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where kij is the algebraic complements of an element i,j of the matrix k. 

Proof. Follows from the Kramer's rule. □ 
Now, applying the Lemma, we obtain, with obvious identification of minors: 

tA ION 71-1 ^! ' K ^ 1 i. 

(4.12) — — = • • • = — — = const. 

tin "41 

The constant in the very right hand side of this equation equals i, so, we obtain 

1 

(4.13) TTkTTj = -H k j. 

Expanding the determinant in the right hand side of the (|13.35[) . we see, that 
the theorem follows. □ 

In the case of genus 2, when the vector tt 2 i = (— P222, P221, — P211, Pm) T 
exhausts all the possible pijfc-functions, the relation (113.35[) was thoroughly studied 
by Baker [Bak907] in connection with geometry of Kummer and Weddle surfaces. 



4.2. Matrix realization of hyperelliptic Kummer varieties 

Here we present the explicit matrix realization (sec BEL996 ) of hyperelliptic 
Jacobians Ja.c(V) and Kummer varieties Kum(F) of the curves V with the fixed 
branching point e2 g +2 = a = 00. Our approach is based on the results of Section 

Let us consider the space H of complex symmetric (g + 2) x (g + 2)-matrices 
H = {hfc )S }, with h s+ 2 i9 +2 = and h s +i -s +2 = 2. Let us put in correspondence to 
HeHa symmetric g x g-matrix A(H), with entries a^^ = detH g'g+i • 

From the Sylvester's identity (|4.1I) follows that rank of the matrix Hg H does 
not exceed 3 if and only if rank of the matrix A(H) does not exceed 1. 

Let us put KH = {H g H : rankH < 3}. For each complex symmetric g x g- 
matrix A = {ak, s } of rank not greater 1, there exists, defined up to sign, a g— 
dimensional column vector z = z(A), such that A = — 4z • z T . 

Let us introduce vectors hfc = {hfe iS ; s — 1, . . . , g} eC 9 . 

Lemma 4.2.2. Map 

7 : KH -> (C 9 /±) x C 9 x C 9 x C 1 
7(H) = - (z (A(H)) , h s+1 , h g+2 , h g+1 , g+ i) 
is a homeomorphism. 

Proof, follows from the relation: 

4H = 4z • z T + 2 (h 9+2 hj +1 + h g+ ihJ +2 ) - h s+ i, s+ ih s+2 hJ +2 

where H is the matrix composed of the column vectors h^,, k = 1, ... ,5, and z = 
(z(A(H)). □ 

Let us introduce the 2-sheeted ramified covering ir : JH — > KH, which the 
covering C 9 — > (C 9 /±) induces by the map 7. 

Corollary 4.2.1. 7 : JH = C 3s+1 . 
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Now let us consider the universal space W g of g-th symmetric powers of hy- 
perelliptic curves 



2</ 



V = I (y, x) G C 2 : y 2 = 4x 2g+1 + £ A 2g _ 

I fc=o ) 

as an algebraic subvariety in (C 2 ) 9 x C 2g+1 with coordinates 

{((yi, xi), . . . , (y g ,x g )) , A 2g , . . . , A } , 

where (C 2 ) 9 is 5-th symmetric power of the space C 2 . 
Let us define the map 

A : JH = C 39+1 (C 2 ) 9 x C 29+1 

in the following way: 

• for G = (z, h g+ i, h ff+2 , h g+ i iff+ i) G C 39+1 construct by Lemma [4.2.21 the 
matrix tt(G) = H = {h M } G KH 

• put 

A(G) = {{y k , x k ), A r ; k = 1, . . . , g, r = 0, . . . , 2g, } 

where {xi, . . . , x g } is the set of roots of the equation 2a: 9 + hJ +2 X = 0, 

and yk = z T X fc , and A r = J2i+ J=r +2 \j- 
Here X fc = (l,Xfe, . . . , x 9 ^ 1 ) 7 '. 

Theorem 4.3. . Map A induces map JH = C 39+1 -> W s . 
PROOF. Direct check shows, that the identity is valid 

3+2 

X^AX S + 4 Ki^k^i' 1 = 0, 
where A = A(H) and H = 7r(G). Putting k = s and using A = 4z • z T , we have 



2s 

,,2 _ A^g+l , V \„ 2g-s 
— ix k + A 2g-sX fe 



□ 



Now it is all ready to give the description of our realization of varieties T 9 = 
Jac(V) and K 9 = Kum(V) of the hyperelliptic curves. 

For each nonsingular curve V — |(y, x), y 2 = Ax 2g+1 + X)s=o ^2g-s£ 29 " j de- 
fine the map 

7: T 9 \(a) ^ H : 7 (u) = H = {h fe , s }, 

where 

hfc.s = 4pfc-l, s -l - 2(p Sjfe _ 2 + p 8 -2,fc) 

+ 2 [<^fes(^2s-2 + A2fc- 2 ) + #fc+l,sA2fc-l + <5fc,s+lA2s-l]- 
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Theorem 4.4. The map 7 induces map T 9 \(a) — > KH, such that pggkpggs = 
-; a ks(l(u)), i.e 7 is lifted to 



Composition of maps A7 : T 9 \(a) —¥ W g defines the inversion of the Abel map 
21 : (V) 9 T 9 and, therefore, the map 7 is an embedding. 

So we have obtained the explicit realization of the Kummer variety K 9 = 
T 9 \(<t)/± of the Riemann surface of a hyperelliptic curve V of genus g as a subva- 
riety in the variety of matrices KH. 



4.3.1. Dubrovin-Novikov theorem. As a consequence of the Theorem l4.4l 
particularly, follows a new proof of the theorem by B.A. Dubrovin and S.P. Novikov 
about rationality of the universal space of the Jacobians of Riemann surfaces of hy- 
perelliptic curves V of genus g with the fixed branching point e2 g +2 = 00 DN974 . 

4.3.2. Solving of polynomial dynamical system. In this section we give 
explicit description of a dynamical system defined on the universal space of the 
Jacobians of the Riemann surfaces of the canonical hyperelliptic curves of genus 
<7, this space being congruent to C 3s . The dynamical system constructed below 
has the property of interest for us: the trajectories of its evolution completely lay 
in the fibers of the universal bundle of canonical hyperelliptic Jacobians. Next we 
will construct a mapping of C 3ff to a <?-dimensional sl(2, C)-module V g , such that 
this mapping takes the dynamical system just discussed to an integrable dynamical 
system on V g . 

Let T> be some differentiation, L and M be some matrices, then a dynamical 
system defined by an equation 



possesses a set of invariants, which are the coefficients of the polynomial on A 



This important fact is one of the corner stones of the contemporary theory of 
integrable systems. We will need here a particular case of this statement, namely 
the case when L and M are traceless 2x2 matrices. 

Let T> = T> s = y^f_i s l ~ 1 di, where s is an arbitrary parameter. Put 



4 



7 : T 9 \(a) -> JH = C 3s+1 with z = (p ggl , . . . , p ggg ) T . 



4.3. Universal space of hyperelliptic Jacobians 



VL = [L, M] 



/(A) — det(L — A ■ I), X>/(A) = VA e C. 




where t and s are some algebraically independent commuting parameters. Func- 
tions u(t),v(t),w(t) and a(s, t), /3(s, t); T(s, t) are assumed to be regular (analytic) 
functions of parameters s and t. 



4.3. UNIVERSAL SPACE OF HYPERELLIPTIC JACOBIANS 



67 



We are going to define a dynamical system by the following equations of motion: 
V s x{t) = a(s, t)v(t) - /3(s, t)u(t), 

(4.14) 2V s y(t) = 7(s, t)u(t) - a(s, t)w(t), 

V s z{t) = P{s,t)w(t) - 7 (a,t)t;(i). 

Then for the function 

F{t) = v{t) 2 + u(t)w{t) 

we have 

V s T(t)=0, Vs,t 

Proposition 4.5. Let (X,Y,Z) = (xi,...,x g ,yi,...,y g ,zi,...,z g ) e C 39 , 
di = i = 1, . . . , g. Dynamical system defined by the system of equations 

diX k - d k x t = 

diyk - dkyi = 

dtyk - dkVi = 

(4.15) di-ix k - d k -iXi = (S iig+ i - x t )y k - (<5 fc , s +i - x k )yi 
di~iy k - d k -iyi = (S i>g+ i - Xi)z k - (4, 3 +i - x k )z l 
di-\z k - d k -iz t = y k z l - y t z k + 

+ 4[((5 iiff+ i - Xi)(2y k x g + yk-i) - (4, 9 +i - x k ){2y l x g + yi-i)] 
i,k= l,...,g + l, 

where d g +\ = do = 0, xq = x g = yo = y g — zq — z g possesses 2g conserved 
quantities f^, L — l,...,2g defined by 

/l(X,Y, Z)= ^ ViVk - ^x g (8 k , g+ \ - x k ){8i, g+ i - Xi)+ 

i+ k =L 

(4.16) (4, ff +i - Xk)(zi + 6x g (S l . g+ i - Xi) + 2(S i - 1 . g+ i - 
(4s+i - Xi){z k + 6x g (4, g +i - x k ) + 2(4-i,g+i - x k -i))- 

Proof. Let us multiply each of the equations (|4.15[) by s 1-1 ^^ 1 and carry out 
summation over i and k from 1 to g + 1. Introducing functions 

x(t) - 2(t° -^t^Xi), y(t) ^Y.f-hM, 

i=l i=l 

z(t) = j2^ 1 ^ 

i=l 

and vector field V s = Yli=i sl ~ 1 di, we have for these equations the form: 
V s x{t) - V t x{s) = 
V s y{t) - V t y{s) = 
V s z(t) - V t z(s) = 
sV s x{t) - W t x{s) = -x(s)y{t) + x{t)y{s) 
sV s y(t) - W t y(s) = x(s)z(t) - x(t)z(s) 
sV s z{t) - Wtz(s) = z{s)y{t) - z{t)y{s) 

+ 4[x(s)y(t)(t + 2x g ) - x(t)y( S )(s + 2x g )} . 
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Hence we have the latter three equations rewritten as 

x(s)y(t) - x(t)y(s) 



V s x{t) 
V s y(t) 
V s z(t) 



s - t 

x(s)z(t) — x(t)z(s) 

s - t 
z{s)y{t) - z{t)y(s) 

s - t 

— [x(s)y(t)(t + 2x g ) - x(t)y(s)(s + 2x g )] 



and also T> s x g = y(s). 

The equations obtained may be written in the form (|4.14j) if we put 

u(t) = 2x(t), v(t)=y(t), w(t) = z{t) + 2x(t)(t + 2x g ) 

and 

t — s t — s t — s 

Corresponding integral has the form 

F{t) = y(t) 2 + 2x(t)(z(t) + 2x(t)(t + 2x g )), 

and the conserved quantities Jl in (|4.16j) are the coefficients at the powers t L of 
this integral. □ 

We can integrate the system (|4. 1 5[) in terms of Kleinian functions. 

Corollary 4.5.1. Let {v,i}i=i } ... tg be the canonical coordinates on the Jacobian 
of the curve V defined by (|2.1[) with \2 g +2 = 0, ^2 g +i = 4 and \2 g — 0, then vector 
function Jac(V^) — > C 3s : u >— > (p(u), p'(u) t p"(u)j is a solution of the system 
g35j). 



This Corollary is verified by (J3T2J) and J3JBJ). 

The system (|4. 15|) preserves the structure of the universal space T-LT' g = C 3s of 
the hypcrclliptic Jacobians of canonical curves of genus g. 

Proposition 4.6. Each point 

(X,Y,Z) = (x 1 ,...,x g ,y 1 ,...,y g ,z 1 ,...,z g ) e C 3g 

defines uniquely the Jacobian of the Riemann surface of the canonical hyperelliptic 
curve 

2g—l 

V((m, v) = {( M , u) e c 2 1 /i 2 - 4^ +1 - J2 = °}' 

L=0 

the constants \l being defined by formula 

A L = / L (X,Y,Z) 
and functions fi are as given by (|4. 1 6[) . 

Consider as an example the family of elliptic curves: 
(4.17) {(x,y)eC 2 : y 1 = Ax 3 - g 2 x - g 3 ; (g 2 ,g 3 ) G C 2 }. 
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The universal space of the curves (|4.17|) is W\ = C 3 . Let us introduce functions 

f 1 (x,y,z)^12x 2 -2z 
f 2 (x,y,z) = 8x 3 + y 2 -2xz. 

If we put: 

f 1 (x,y,z)=g 2 and f (x, y, z) = g 3 , g 2 ,93^ C 
then eliminating z we obtain the curve (|4.17l) with given g 2 and g§. Using the 
Weierstrass parametrization of the cubic (|4.17[) 

p'(u) 2 = 4p(u) 3 - g 2 p[u) - g 3 , p'{u) = 6p(u) 2 - ^g 2 

and the mapping T 1 /(a) — > C 3 : u — > (p(u), p'(u), p"{uj) we can integrate a 
dynamical system: 



(4.18) 



and /o and fi are its integrals of motion. 

Let us consider the Lie algebra sl(2, C) of the 2x2 traceless non-degenerate 
matrices 

'P a ' 

and the following homeomorphism: 

j! : C 3 s/(2, C) : j(x, y, z) = ( ? " ) = M , 




v7 -0, 

where a = —a;, /3 = — \y and 7 = 2a; 2 — ^z. Then we can rewrite (|4.18p as 

Mo = [M 1 ,M ], 

where 

Mr = 0(Mo) = (_° 2a I 

We have obtained a dynamical system on sZ(2,C). The integrals of motion are 
defined by 

F k (M ) = f k _ 1 (ji 1 {M )), k = l,2 

and we have 

F x (M ) =4(a 2 + 7 ) 
F 2 (M ) =4(/3 2 + a 7 ) 

For the mapping F : si (2, C) -> C 2 : M -> {F 1 ,F 2 ) we find 

d( Fl ,F 2 ) _ (2a 1 
d{a,fi,i) \ 7 2/3 a 

and rank(VF) < 2 if and only if /? = and 7 = 2a 2 . 

We give the generalization of the above elliptic construction to the case of the 
universal space of hyperelliptic curves of arbitrary genus g. 
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Consider the universal space W 9 of the hyperelliptic curves 

2g- 1 

(4.19) {(x,!,)eC 2 : y 2 =Ax 29+1 - £ \ lX l ; (A , . . . , A 2g _ x ) e C 29 } 

i=0 

(we have put A 2g = 0) is isomorphic to C 3g . Using mapping T 9 /(a) — > C 3ff : u — > 

(p(u),p'( M )^"( M )) 

Let us consider the space V g — sl(2, C) x • ■ ■ x sZ(2, C). A point in V g is the set 



(M ,M 1 ,...,M g . 1 ) with M k = J**^) G «I(2,C). Put M s - 0(Af fl _i) = 

( J ag ) and W k = [M fc , £], where B = ( _° x 8 ) • That is W fc = ( a ° +i ) . 

We introduce the dynamical system on V g as follows: 

(1) 

(4.20) d k M t - diM k = [M k , Mi] , i,k = 0, 
we assume dnM k = 

(2) 

(4.21) d k+1 Mi - d i+1 M k = [W k ,Wi], i,k = 0, 



,9 



■ fj 



1 



The first set of equations gives g ( g + 1 ) nontrivial equations, and the second 
so totally we obtain the system of g 2 equations. For example for small values of g 
we have: 



g(g-i). 



(1) 9 

(2) 9 



1; coordinates: (Mo) 

&Af = [Mi,M ]; 
2; coordinates: (Mo, Mi) 



diM = [Mi,M ] 
d 2 M = [M 2 ,M ] 



d 1 M 1 = d 2 M 
d 2 M 1 = 5iM 2 



[WuWq] 
[M 3 , Mi] 

■[Wi,W ] 
[M 2 ,Mi] 
■[M 3 ,Mi] 



(3) g = 3; coordinates: (Mo,Mi,M 2 ) 

' di M = [Mi , M ] ( di Mi = <9 2 M 
9 2 M = [M 2 , M ] , < d 2 Mi = di M 2 
a 3 M = [M 3 , M ] [d 3 Mi = 9iM 3 

'diM 2 = d 3 M + [W 2 ,Wo] 
9 2 M 2 = a 3 Mi + [W 2 , Wi] . 
^ 3 M 2 = d 2 M 3 + [M 3 ,M 2 ] 
The integrals of motion are given by 

F k (M , . . . M fl _i) = A-i^Mo, ■ • • M ff _i)), fc = 1, . . . 2g. 
This result leads to the following 

Corollary 4.6.1. The mapping j g : C 3ff — > V g takes an integrable dynamical 
system of the form (|4. 1 5[) to an integrable system of the form (|4.20[) - (|4.2ip . 



CHAPTER 5 



Addition theorems for hyperelliptic functions 



5.1. Introduction 

During the last 30 years the addition laws of elliptic functions stay in the focus 
of the studies in the nonlinear equations of Mathematical Physics. A large part 
of the interest was drawn to the subject by the works of F. Calogero |Cal975l 
ICal975al ICal9 76 , where several important problems were reduced to the elliptic 
addition laws. The term "Calogero-Moser model" being widely used in literature, 
the papers caused a large series of publications, where on one hand more advanced 
problems were posed and on the other hand some advances were made in the theory 
of functional equations. The "addition theorems" for Weierstrass elliptic functions: 



a(u + v)a(u — v) 
a{u) 2 <j{v) 2 

(5.2) (C(u) + C(v) + C(w)) 2 =p{u) + p(v) + p(w), u + v + w = 0, 



uyu -r ujuyu, — v 

(5.1) — 2 2 = p(v) - p(u), 



played the key role in the works of that period. At the same time, the development 
of the algebro-geometric methods of solution of integrable systems [DMN9761 
IDKNOl] employed in an essential way the addition formulas for theta functions 
of several variables. The same addition formulas were needed in applications of 
Hirota method. In BK993, BK996 the addition theorems for vector Baker- 
Akhiezer functions of several variables are obtained and a program is put forward 
to apply the addition theorems to problems of the theory of integrable systems, in 
particular, to multidimensional analogs of Calogero-Moser type systems. 

The fundamental fact of the elliptic functions theory is that any elliptic function 
can be represented as a rational function of Weierstrass functions p and p' . The 
corresponding result in the theory of hyperelliptic Abelian functions is formulated 
as follows: any hyperelliptic function can be represented as a rational function 
of vector functions p = (p gl , . . . , p gg ) and pi = (p gg i, . . . , p ggg ), where g is the 
genus of the hyperelliptic curve on the Jacobi variety of which the field of Abelian 
functions is built. 

In the present paper we find the explicit formulas for the addition law of the 
vector functions p and p' . As an application the higher genus analogs of the 
Frobenius-Stickelberger formula (|5.2p are obtained. In particular, for the genus 2 
sigma-function we obtain the following trilinear differential addition theorem 

[2(d Ul + d vt +8 W1 ) + (d U2 + d V2 + d W2 ) 3 ]a(u)a(v)c7(w)\ u+v+w=0 = 0. 

Our approach is based on the explicit construction of the groupoid structure 
that is adequate to describe the algebraic structure of the space of g-th symmetric 
powers of hyperelliptic curves. 
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5.2. Groupoids 

5.2.1. Topological groupoids. 

Definition 5.1. Take a topological space Y. 

A space X together with a mapping px : X — > F is called a space over Y. The 
mapping px is called "an anchor" in Differential Geometry. 

Let two spaces Xi and X 2 over Y be given. A mapping / : Xi — > X 2 is called a 
mapping over Y, if px 2 o f{x) = px 1 (x) for any point x £ Xi. 

By i/ie direct product over Y of the spaces Xi and X 2 over Y we call the space 
Xi x Y X 2 = {(xi,x 2 ) £ Xi x X 2 | pxi(xi) = Px 2 (x 2 )} together with the mapping 
Px 1 xyX 2 (xi,x 2 ) =px 1 (x 1 ). 

The space Y together with the identity mapping py is considered as the space 
over itself. 

Definition 5.2. A space X together with a mapping px : X — > Y is called a 
groupoid over Y, if there are defined the structure mappings over Y 

/i:Xx Y X^X and inv : X -> X 

that satisfy the axioms 

(1) ^(^(xi,x 2 ),x 3 ) = ^(xi,^^,^)), provided p x (a; l) = Px(x 2 ) = Px(x 3 ). 

(2) n(p(xi,x 2 ),mv(x 2 )) =xi, provided p x (x i) =p x (x 2 ). 
The mapping \x may not be defined for all pairs x\ and x 2 from X. 

Definition 5.3. A groupoid structure on X over the space Y is called commu- 
tative, if fi(xi,x 2 ) =/u(x 2 ,Xi), provided px(xi) = px(x 2 )- 

Definition 5.4. A groupoid structure on the algebraic variety X over the 
algebraic variety Y is called algebraic, if the mapping px as well as the structure 
mappings fi and inv are algebraic. 

5.2.2. Algebraic groupoids defined by plane curves. We take as Y the 
space C N with coordinates A = (Xi), i — 1, . . . , N. Let f(x, y, A), where (x, y) £ C 2 , 
be a polynomial in x and y. Define the family of plane curves 

V = {(x, y, A) e C 2 x C N | f(x, y, A) = 0}. 
We assume that at a generic value of A, genus of the curve from V has fixed value 
9- 

Let us take as X the universal fiber-bundle of (?-tli symmetric powers of the 
algebraic curves from V. A point in X is represented by the collection of an un- 
ordered set of g pairs (xi,yi) € C 2 and an A-dimensional vector A that are related 
by f(xi,yi, A) = 0, i = 1,. . .,g. 

The mapping px takes the collection to the point A £ C N . 

Let cp(x, y) be an entire rational function on the curve V with the parameters 
A. A zero of the function <j>(x, y) on the curve V is the point (£, rj) £ C 2 , such that 
{f(^,T], A) = 0, <(>(£, rj) = 0}. The total number of zeros of the function (f>(x,y) is 
called the order of <f>(x, y). 

The further construction is based on the following fact. 

Lemma 5.0.1. Let <f>(x,y) be an order 2g + k, k ^ 0, entire rational function 
on the curve V . Then the function 4>{x,y) is completely defined (up to a constant 
with respect to (x, y) factor) by any collection of g + k its zeros. 



5.2. GROUPOIDS 



73 



This fact is a consequence of Weierstrass gap theorem (Liikensatz). In partic- 
ular, an ordinary univariate polynomial is an entire rational function on the curve 
of genus 3 = and is completely defined by the collection of all its zeros. 

Let us construct the mapping inv. 

Let a point U\ — {[(a;- 1 ', y' 1 ')], A} e X be given. Let R^ g \x,y) be the en- 
tire rational function of order 2g on the curve V defined by the vector A, such 
that Ft2g{x,y) is zero in U\, that is R^g { x ^\v^) = 0, i = !>■••)<?• Denote by 
[{x[ 2 \y^)] the complement of [(x^, y^ )] in the set of zeros of R^(x, y). Denote 
by U2 the point in X thus obtained and set inv(Z7i) = ?7 2 . 

So, the set of zeros of the function R^J(x,y), which defines the mapping inv, 
is the pair of points {Ui,mv(Ui)} from X and px{U\) = px{U2)- 

Lemma 5.0.2. The mapping inv is an involution, that is invoinv(£/i) = U\. 

Let us construct the mapping /i. 

Let two points U x = {[{xf\ A} and U 2 = {[{xf \yf \ A} from X be 

given. Let R^ g 2 \x,y) be the entire rational function of order 3g on the curve 

(1 2) 

V defined by the vector A, such that R 3g (x,y) is zero in inv(f/i) and inv(J7 2 ). 

(3) (3) (1 2) 

Denote by [(a;) ,y\ )] the complementary g zeros of R^ g (x,y) on the curve V. 
Denote by U3 the point in X thus obtained and set n(Ui, U 2 ) = U 3 . 

So, the set of zeros of the function R^ g ' 2 \x,y), which defines the mapping /U, 
is the triple of points {inv(£7i), inv(J7 2 ), /J,(Ui, U2)} from X and px{U\) = px(t^) = 

px(KUi,u 2 )). 

Theorem 5.1. The above mappings /i and inv define the structure of the com- 
mutative algebraic groupoid over Y = C N on the universal fiber-bundle X of g-th 
symmetric powers of the plane algebraic curves from the family V. 

Proof. The mapping /i is symmetric with respect to U\ and £/ 2 , and thus 
defines the commutative operation. By the construction the mappings px, \i and 
inv are algebraic. 

Lemma 5.1.1. The mapping fi is associative. 

Proof. Let three points Ui, U2 and U 3 be given. Let us assign 

U i = ii(U 1 ,U 2 ), U 5 = v(Ut,U 3 ), U 6 = v(U 2 ,U 3 ), U r = n(U u U 9 ). 

We have to show that C/ 5 = U-j. 

Let R%g\x,y) be the function defining the point /j,(Ui,Uj), and R^^x^y) be 
the function defining the point inv(C/j). 

Consider the product R < ^ g 2 \x,y)Rf g Z \x,y). It is a function of order 63 with 
zeros at 

{inv(tfi),inv(E/- 2 ), U 4 , mv(U 4 ),mv(U 3 ), U 5 }. 
Therefore, the function 



Qi(x,y) = 



Ri 1 g 2 \x,y)Ri 4 g 3) (x,y) 



R ( 2j(x,y) 

is an entire function of order 4g with the zeros {inv(Z7i), inv(C/ 2 ), mv(U 3 ), U5}. 
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Similarly, the product R^' 3 ^ (x, y)R 3 ^ g '^ (x, y) is a function of order 6g with zeros 

at 

{inv(C/ 2 ), inv(C/ 3 ), C7 6 , mv([/ 6 ), inv([/ 1 ), C/ 7 }. 

Hence we find that 

i?( 2 g 3) (^y)< 6) (x,y) 



4?(*,y) 



is an entire function of order 4g with the zeros {inv(C/i), iavQJz), inv(C/3), E/7}. 
The functions Q\{x, y) and Q 2 (ir, y) have order 4g and both vanish at the points 

{inv([/ 1 ),inv(f/ 2 ),inv(;7 3 )}. 

Thus by Weierstrass gap theorem Qi(x, y) — Qi{x, y) and, therefore, U5 = C/7. □ 

Lemma 5.1.2. The mappings fi and inv satisfy the axiom 2. 

Proof. Let two points U\ and C/ 2 be given. Assign 

U 3 = fi(U u C/ 2 ), Ui = inv(C/ 2 ), U 5 = /jl(U 3 , U A ). 

We have to show that U5 = U\ 

4g" V • 



Consider the product R 3 1 ' 2 \x,y)R 3 3 ' 4: \x,y), which is the function of order 6g 



with the zeros 

{inv^), inv(C/ 2 ), U 3 , inv(C/ 3 ), inv(C/ 4 ), U 5 }. 



Since 

the function 



inv(C/4) = invoinv(t/2) = C/ 2 , 
R 3 1 g 2) (x,y)R ( if(x,y) 

Q{x,y) = 



d${x,v)B^{x,v) 

is the entire function of order 2g with zeros at {inv(C/i), C/5}, that is Q{x,y) = 
R^(x,y). Hence it follows that C/5 = invoinv(C/i) = U\. □ 

The Theorem is proved. □ 

The Lemma below is useful for constructing the addition laws on our groupoids. 

Lemma 5.1.3. Given U\,U% € X, let us assign C/3 = /i(C/i,C/ 2 ) and C/i+3 = 
mv(Ui), i = 1,2. Then 

(3) ,_ < |2 W)< 5) 

The formula of Lemma 15.1.31 is important because its left hand side depends 
formally on C/3 only, while the right hand side is completely defined by the pair 

The above general construction becomes effective once we fix a model of the 
family of curves, that is once the polynomial f(x,y,A) is given. We are especially 
interested in the models of the form, cf. for instance JBEL999] IBL02|, |BL04| . 

f{x,y,A) = y n - x s - ^2 \is-in- 3 sX l y\ 

where gcd(n, s) = 1 and the summation is carried out over the range < i < s — 1, 
< j < n — 1 under the condition ns — in — js ^ 0. It is important that a model 
of the kind (possibly with singular points) exists for an arbitrary curve. At the 
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generic values of A a curve in such a family has genus g = (n — l)(s — l)/2. In 
this paper we consider in detail the case (n, s) = (2, 2g + 1), that is the families of 
hyperelliptic curves. 

5.3. Hyperelliptic groupoid on C 3s 

A hyperelliptic curve V of genus g is usually defined by a polynomial of the 
form 

f(x, y, A , A 2 , . . . ) = y 2 - 4x 2 ° +1 - £ A*x\ 

i=0 

In this paper we apply the change of variables 

(x, y, A 29 -i, A 2s _2, ■ • • , A ) -> (x, 2y, 4A 4 , 4A 6 , . . . , 4A 4ff+2 ), 

in order to simplify the formulas in the sequel. Below we study the constructions 
related to the hyperelliptic curves defined by the polynomials of the form 

2g-l 

(5.3) /(x, y, A 4g+2 , A 4ff , . . . ) = y 2 - x 2g+1 - ^ \i g +2-2iX l . 

i=0 

Let us introduce the grading by assigning deg x = 2, deg y = 2g + 1 and deg Afc = k. 
Then the polynomial /(x, y, A) becomes a homogeneous polynomial of the weight 
4.g + 2. 

An entire function on V has a unique representation as the polynomial R(x, y) — 
ro(x) +ri(x)y, where ro(x),7"i(x) € C[x]. In such representation we have not more 
than one monomial x 1 y 3 of each weight, by definition deg x l y ] = 2i + j(2g+ 1). The 
order of a function R(x, y) is equal to the maximum of weights of the monomials 
that occur in i?(x, y). In fact, on the set of zeros of the polynomial R[x, y) we have 
y = — ro(x)/n(x). Therefore, the zeros of R(x,y) that lie on the curve are defined 
by the roots Xi, . . . ,x m of the equation r (x) 2 — ri(x) 2 (x 2£,+1 +A 4 x 2£,_1 + ...) = 0. 
The total number of the roots is equal m — max(2 deg^. ro(x), 2g+ 1 + 2 deg^. ri(x)), 
where deg^. Tj(x) denotes the degree of the polynomial rj{x) in x, which is exactly 
the highest weight of the monomials in R(x,y). 

In this case Weierstrass gap theorem asserts that the ordered sequence of non- 
negative integers {degx'y- 7 }, j = 0, 1, i = 0, 1, . . . , has precisely g "gaps" in com- 
parison to the sequence of all nonnegative integers. All of the gaps are less than 
25- 

Lemma 5.1.4. For a given point U\ — {[(x^ 1 ', 2/i )], A} e X the entire function 
R^g (x, y) defining the mapping inv has the form 

4 1 g ) (x,y) = (x-xl 1) )...(x-xW). 

Proof. In fact, as degy > 2g, any entire function of order 2g does not depend 
on y, □ 

The function R^gix, y) defines the unique point 

inv(C/ 1 ) = {[(x l (1) ,-y,| 1) )],A}, 

which, obviously, also belongs to X. 

Let us construct the functions R$g^ (x, y) that have the properties required in 
Lemmas 15.1.11 and 15.1.21 
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Lemma 5.1.5. Define the (2g + 1)- dimensional row-vector 

m(x,y) = (l,x,...,x 29 ~ 1 ~ p ,y,yx,...,yx p ), p= ^Y~' 

which is composed of all monomials x l y 3 of weight not higher than 3<? (the re- 
striction j = 0, 1 applies). Then, up to a factor constant in (x,y), the function 

(1 2) 

i?3 g ' (x, j/J is equal to the determinant of the matrix composed of 2g + 1 rows 

( \ ( (1) (!)\ J ( (2) (2)s • -, 

m(x,y), m{x\ ,-y\ ') andm[x\ ' ,-y\ '), i = l,...,g. 

(1 2) 

Proof. By the construction the function R^ g ' (x,y) vanishes at the points 
mv(Ui) and inv([/ 2 ), and is uniquely defined by this property. As max(4g — 2 — 

(1 2) 

2p, 2g + 1 + 2p) = 3g, at fixed A the function i?g s ' (x, y) has 2g zeros at the given 

points of the curve and the collection of zeros at [(x\ ,y\ )], i = X,...,g, which 
defines the unique point U3 in X. □ 

Let Sym"(M) denote the n-th symmetric power of the space M. A point of the 
space Sym"(M) is an unordered collection [mi, . . . , mj, m t G M. 

Consider the space S = Sym ff (C 2 ) x C 9 and let us define the mapping p$ : S — > 

Y = C 29 . Take a point T = {[(&,%)], Z} G S. Denote by V the Vandermondc 
matrix, composed of g rows (1, £i, . . . , £f denote by A" the diagonal matrix 
diag(£f, . . . , ff ) and by y the vector (t? 2 - £ 9+ \ . . • , r? 2 - £ 2 g 9+1 ) T ■ Set 

Ps(T) = (Z-l,Z 2 ), where Zi = V -1 }? - {V~ 1 XV)Z and Z 2 = Z. 

It is clear that the domain of definition of the mapping ps is the open and everywhere 
dense subset So in S consisting of the points {[(&, iji)], i?} such that the determinant 

V does not vanish. 

We define the mappings 7 : X — > S and <5 : S — > X by the following formulas: 
let U G X and T G S, then 

7 (C/) - 7({[fa.yi)]. A}) = {[(xuVi)], A 2 }, 
where A 2 = (A 2(ff _ l)+4 ), i = 1, • • • , 9, 

S(T) = ?b)U}) - {m,m)],Ps{T)}. 

By the construction, the mappings are mappings over Y. The domain of definition 
of S coincides with the domain So C S of definition of the mapping p$- Let T G So, 
then 7 o 5{T) = T. Let j(U) G S , then 6 o y(U) = U. Thus we have 

Lemma 5.1.6. The mappings 7 and 5 establish the birational equivalence of the 
spaces X and S over Y = C 2g . 

The assertion of Lemma 15.1.61 helps to transfer onto the space S the groupoid 
over Y structure, which is introduced by Theorem l5.1l on the space X. Let T\, T 2 G S. 
The birational equivalence induces the mappings ^t* and inv* that are defined by 
the formulas 

/x*(Ji,T 2 ) =jo/j,(S(T 1 ),S(T 2 )), fnv*(Ti) = 7 o inv o 8(T{). 

Theorem 5.2. The mappings /1* and inv* define the structure of commutative 
algebraic groupoid over the space Y = C 2g on the space S. 
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Let us proceed to constructing the structure of algebraic groupoid over C 29 
on the space C 3g . The classical Viete mapping is the homeomorphism of spaces 
Sym 9 (C) — > C 9 . Let us use Viete mapping to construct a birational equivalence 
<^:Sym 9 (C 2 )^C 29 . 

Let € Sym 9 (C 2 ) and (p 2g+ i,P2g, ■ ■ ■ ,Pi) € C 29 . Let us assign P od = 

(P2g+i,P2 fl -i, • • ■ ,P3)*j Pcv = iP2g,P2g-2, ■ ■ • ,£2)* and X = (l,x, . . . ,a; 9 ~ 1 ) T . De- 
fine the mapping ip and its inverse tp with the help of the relations 



g g 



- J] P^- 4 - x 9 - X T P CV = ]J(x - 
i=i j=i 

% = p <£i x U=«ii i = l,...,ff. 

Note, that (^ is a rational mapping, while ip is a nonsingular algebraic mapping. 
Using the mapping <£, we obtain the mapping 

i Pl = ip x id : S = Sym 9 (C 2 ) xC 9 4 C 29 xC 9 ^ C 39 

and its inverse ipi = ip x id. 

TTie companion matrix of a polynomial x 9 — X T P CV is the matrix 

9 

C = X! e i( e i-l + P2(g-j+l)e s ) T , 
i=l 

where is the «-th basis vector in C 9 . Its characteristic polynomial |a; • l g — C\ is 
x 9 - X T P CV . 

Example 5.1. The companion matrices V of the polynomials x 9 — X T P ev for 
,g = 1, 2, 3, 4, have the form 



Pi, 



pa 

1 P2 




/0 p 8 \ 



1 p 6 
1 p A 
\o 1 P2 J 

Note, that the companion matrix for g — k is included in the companion matrix 
for g > k as the lower right k x k submatrix. 

We make use of the following property of a companion matrix. 

Lemma 5.2.1. Let the polynomial p{x) = x 9 — Y^i=iP2iX 9 ~ l and one of its roots 
£ be given. Set T = (1,£, . . . ,C 9_1 ) T - Then the relations 

£, k T T A = T T C k A, k = 0,1,2,..., 

hold for an arbitrary vector ieC 9 . 

Proof. Let A = (ai, . . . , a s ), then 



i=l 

9 



asC 9 +53 a *-i^ 1 = X^ 1 — <5i,i)ai-i + a g p2(g- l+ i))C 1 . 

i=1 i=l 

Thus the Lemma holds for k = 1 . One can complete the proof by induction. □ 
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The mapping p£3 g : C 39 — > C 2s , with respect to which ipi is a mapping over 
is given by the formula 



Using Lemma \5 . 2 . 1 1 one can directly verify the "over" property, that is, that p£3 9 o 
<pi{T) = Ps (T) for any T€ S . 

Let Ai, A2 £ C 3ff . The birational equivalence <f>\ induces the mappings and 
inv*„ defined by formulas 

jU**(Ai,A 2 ) = (pi o fi^(ipi(Ai),ipi(A2)), inv**(Ai) =^0 inv* o^Al). 

Theorem 5.3. The mappings and inv** define the structure of commutative 
algebraic groupoid over the space Y = C 29 on the space C 3s . 

5.3.1. The addition law. In what follows we use the shorthand notation 



that is composed of the (g x 2)-matrix Y = (P cv , Pod) with the help of the companion 
matrix V of the polynomiakc 3 — X T P CV . Denote by L(A) the matrix composed of 
the first g columns of K(A), and denote by 1(A) the (g + l)-st column of K (A). 

Theorem 5.4. Let Ay,A 2 E C 3s and let A 3 = Ai * A 2 , then 



Proof. Suppose the points Ui — 5 o ijji(Ai), i = 1,2, arc defined. We rewrite 
( 1 21 

the function R 3 ' (x,y) as a linear combination of monomials 



(5.4) 



p c3g (P,Z) = (Zi,Z 2 ), 

g 

(£p 24+1 c 9 - 4 )p d - C 9 (CP CV + Z), z 2 = z. 



A = inv**(A) and Ay * A 2 = [i**(Ai, A 2 ). 
Lemma 5.3.1. Let A = (P cv ,P od ,Z) e C 3s . Then 

A=(P ev ,-P od ,Z). 
Introduce the (<? x oo)-matrix 

K{A) = (Y,CY,C 2 Y,...), 



(l g L(Ai) £(Ai)\ 
rank l g L{A 2 ) £(A 2 ) <2g+l. 
\l g L(A 3 ) £(A 3 )J 





r x (x)y + x 9 r 2 (x) + r 3 (x), 



where w(i, j) 



(2g + l)j - 2i, 



p 





P 



Y 2 J 




Let us set h t 







1. 
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We assign weights to the parameters hk by the formula deghk — k. Then 
deg R^ 2 \x,y) = 3g. 

Let A = (P cv ,P 0< i,Z) G C 39 be the point defining any of the collections of g 
zeros of the function R^ 2 \x,y). Consider the function Q{x) = R^ g 2 \x , X T P od ) . 
By the construction Q(£) = 0, if (x 9 - X T P cv )\ x=i = 0. Let us apply Lemma E2J] 
We obtain 

(5.5) Q(0 = T T (r 1 (C)P od + r 2 (C)P cv + H 1 ), 

where H\ = (/i3 S) hz g -i, . . . , hg+ 2 )- Using the above notation, we come to the 
relation 

Q{^) = T T {H 1 +L{A)H 2 +i{A)), 

where H 2 — (h g , h g —i, . . . , hi). Suppose the polynomial x 9 — X T P cv has no multiple 
roots, then from the equalities Q(£j) = 0, j = 1, . . . , g one can conclude that 

(5.6) Hi + L(A)H 2 +£(A) = 0. 

By substituting the points A\ , A 2 and A 3 to (|5 . 6|) , we obtain the system of 3g 
linear equations, which is satisfied by the coefficients Hi, H 2 of the entire function 
i?3 g ' (x,y). The assertion of the Theorem is the compatibility condition of the 
system of linear equations obtained. □ 

Corollary 5.4.1. The vectors Hi,H 2 of coefficients of the entire function 
R < ^ g ' 2 \x,y) are expressed by the formulas 

H 2 (A l7 A 2 ) = -[L(3i) - L(A 2 )Y\i{A x )-t(A 2 )), 

H^AuA*) = +i(A 2 )) ~ (HM) + L(A 2 ))H 2 (A U A 2 )]. 

as vector functions of the points A± and A2 from C 35 . 

( 1 2 ) 

Now, we know the coefficients H 1 ,H 2 of R\ g ' (x,y) and we can give the ex- 
pression of pj^ as a function of A% , A 2 and P^ ■ It follows from (|5.5j) that the 
following assertion holds. 

Lemma 5.4.1. 

(5-7) P D ( ? = -[r 1 (C( 3 ))]- 1 (JJ 1 + r 2 (C( 3 ))Pi v 3 )), 

where is the companion matrix of the polynomial x 9 — X T P^ . 

( 1 21 

Let us find the explicit formula for the function R 3g (x, y) as a function of the 
points Ai and A 2 . We introduce the ((2g + 1) x oo)-matrix 

(X T K(x,y)\ 
F(x,y;A 1 ,A 2 ) = l g K{Ax) , 
\h K(A 2 )J 

where fC(x, y) = (x 9 ,y 7 . . . , x 9+h 7 yx k , . . .). 

Denote by G(x, y; Ai,A 2 ) the matrix composed of the first 2g + 1 columns of 
the matrix F{x, y; Ai, A 2 ). 
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( 1 2) 

Theorem 5.5. The entire rational function f? 3fl ' (x,y) defining the operation 
A\ -k A 2 has the form 



(5.8) 



(1,2)^ ^ _ \G(x,y;A 1 ,A 2 ) 
L(A 2 ) - L(A~\) 



By a use of the formula (|5.8|) and Lemma r5.1.3l we can find Pev . Similar to the 
condition of Lemma [5.1.31 denote A4 = A\ and A$ — A 2 . One can easily show that 
R^g' 5 \x,y) = R < 3 1 g ' 2 \x, —y). Thus, the product R^ g ' 2 ' (x, y) R^„ (x, y) is an even 
function in y. Set 

^(x,y 2 )=Rg' 2 \x,y)R^ g 5 \x,y) 
= \G(x,y;A 1 ,A 2 )\ \G(x,-y;A 1 ,A 2 )\ 

1 ' \L(A 2 ) - L{A{)\ \L(A 2 ) — L(Ai)\ ' 

Therefore, y 2 ), as a function on the curve V, is the polynomial in x and the 
parameters Z\ and Z 2 . The values of Z\ and Z 2 are defined by the mapping p£3 9 
according to (|5.4I) . and p c a g (Ai) = p C 3 9 (A 2 ) = (Z\,Z 2 ). Namely, we have 

< 2) (x,y)< 5) (x,y) = <P(x,x 2 ^+^X T Z 2 + X T Z 1 ). 

Lemma f5. 1.31 asserts that dividing the polynomial &(x, x 2g+1 +x 9 X T Z 2 +X T Z\) by 
(x 9 — X T Pev^)(x 9 — X T Pev^) gives the zero remainder and the quotient equal x 9 — 
X T Pev^ . Thus, the calculation is reduced to the classical algorithm of polynomial 
division. 

Theorem 5.6. Consider the space C 3g together with the mapping p c a g defined 
by §5A}) as a groupoid over C 2g . Let A x = {p£ ] , P^ , Z) and A 2 = (P^ 2) ,P^,Z) 
be the points from C 3g such that p£3 9 (Ai) — Pc 3 s(A 2 ) = (Z\, Z 2 ) € C 2s . 

Then the addition law has the form A\* A 2 — A3, where the coordinates of the 
point A3 = (Pev , Pod j Z) are given by the formulas 

x g _ x Tp { 3) = ^(X,X 2 ^ +X 9X T Z 2 +X T Z 1 ) 
(X3-X^P^)(X9-X^P^) ' 

P% = -HcW)]-\H 1 + r 2 (CW)pW). 
Example 5.2. Let 5 = 1. The family of curves V is defined by the polynomial 

f(x, y, A) = y 2 - x 3 ~ X 4 x - A 6 . 

In the coordinates (Xq, A 4 ) on C 2 and (p 2 ,^3,2:4) on C 3 the mapping pc 3 is given 
by the formula 

(A 6 ,A 4 ) = (pi -p 2 {p\ + Z4),z 4 ) 

Let us write down the addition formulas for the points on the groupoid C 3 over C 2 . 
Set Ai = (u 2 ,u 3 ,A 4 ), A 2 = (v 2 ,v 3 ,X 4 ) and suppose p C z (Ax) = p C z(A 2 ) = (A 6 , A 4 ). 
Let Ai * A 2 — A 3 — (w 2 , w 3 , A 4 ) . 

We have: R 2 (x, y) = x — u 2 , L(Ai) = u 2 , t(Ai) = u 3 , and so on. 

')■>- 

F(x,y,A u A 2 
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Thus, the function defining the operation A\ ★ A2 has the expression 

R^( X ,y) = y + V -l^l x - U2 ^-^ 2 , 
V 2 —112 V2 — U2 

Whence, we find r 1 (x) = 1, T2(x) = — — — . Hi = — — ^ — u ^ v ' 2 an( j ^ (15.711 . 

v 2 -112 V2- u 2 

U2V3 - u 3 v 2 v 3 ~ u 3 
w 3 = w 2 . 

V 2 — U 2 V2 — u 2 

Further, x 3 + A 4 x + A 6 ) = x 3 + X 4 x + A 6 - (x^^- - U2V3 - U ^ 2 Y . Upon 

V v 2 - u 2 V2 — u 2 J 

dividing the polynomial x 3 + A4.T + X§) by the polynomial (x — u 2 )(x — v 2 ) we 

find 

$(x,x 3 + Mx + A 6 ) 

= f x + u 2 + v 2 - (— — ) ") (x 2 - (u 2 + v 2 )x + V 2 U 2 ) + 

V V v 2 - u 2 ) ) 

And, finally, we obtain the addition law of the elliptic groupoid in the following 
form 

w 2 = —{u 2 + v 2 ) + h 2 , 

w 3 = ~(u 3 + v 3 ) + |(w 2 + v 2 )h - h 3 , where h = ( — — — V 
2 2 \v 2 — 1*2 / 

One may check directly that p c a(A 3 ) = (Xq, A4). 

Let g = 2. The family of curves V is defined by the polynomial 

f(x, y, A) = y 2 - x 5 - X 4 x 3 - X 6 x 2 - X 8 x - X w 

In the coordinates (Ai, A 2 ) = ((A10, Xs) T , (Ag, A 4 ) T ) on C 4 and (P ev ,P 0( i, Z) on C 6 , 
where P cv = (p4,p 2 ) T , Pod = {Pb,P^) T , and Z = (z 6 , z 4 ) T , the mapping p c e is given 
by the formula 

(A A ) = ( ( P3Pi ~ P2P4 (P2 +P1 + z i) - Pi{P2Pi + 26 ) \ z 

X ' V V 2 P3J55 + - (j3l+P4)(pl+P4 + Z 4 ) - P2(P2P4 + Z&) J ' 

Let us write down the addition formulas for the points on the groupoid C 6 over C . 
Set Ai = ((u 4 , u 2 ) T ', (w 5 , ii 3 ) T , (A 4 ), A 6 ) T ), A 2 = ((u 4) v 2 ) T , (w 5 , «3) T , (A4, A 6 ) T ) and 
suppose pce(Ai) =p C e(A 2 ) = ((A10, A 8 ) T , (A 6 , A 4 ) T ). 

Let A 3 = Ai*A 2 , A 3 = ((w 4 , w 2 ) T , (w 5 ,w 3 ) T , (A 6 , A 4 ) T ). 

We omit the calculation, which is carried out by the same scheme as for 9=1, 
and pass to the result. Set h — hi. We have 



('4 


— U4 


V2V4 


- U 2 U4 


v 2 


- u 2 


v^ + v 2 - 


~ ("4 


+ u 2 ) 






v 4 


— U4 V5 


- 1t 5 








V2 


- u 2 v 3 


- "3 





To shorten the formulas it is convenient to employ the linear differential operator 
£ = ^{("3 - v 3 )(d U2 -d V2 ) + (u 5 - v 5 ){d Ui - d VA )}, 

It is important to note that C adds unity to the weight, deg£ = 1, and that it is 
tangent to the singular set where the addition is not defined: 

C{(u 2 - v 2 )(u 5 - v s ) - (u 3 - v 3 )(u 4 - V4)} = 0. 
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Let h' = C(h) and h" = C{ti). Note, that £{h") = 0. Using this notation the 
addition formulas are written down as follows 

w 2 = ^{u 2 + v 2 ) + 2ti + h 2 , 

1 5 

w 3 = + v 3 ) + -{u 2 + v 2 )h + 2h" + 3h'h + h 3 , 

w A = ~~(U4 + v A ) - u 2 v 2 + i(« 2 + v 2 ) 2 + (u 3 + v 3 )h 
-\{u 2 + v 2 ){ti -h 2 )-2hti\ 
w 5 = -gO 1 ^ + v 5 ) - -{u 2 u 3 + v 2 v 3 ) 

-{-(Ua + « 2 ) 2 + IfcUa + ~(u 4 + V 4 )}h + (u 3 + « 3 )(ft' + fr 2 ) 
o z 

+ «2)0" - - 2/i 3 ) - 2(/l' + /l 2 )/l". 

5.4. Addition theorems 

For each curve V from the family f|5 ,3|) consider the Jacobi variety Jac(V). 
The set of all the Jacobi varieties is the universal space U of the Jacobi varieties 
of the genus g hyperelliptic curves. The points of U are pairs (u, A), where the 
vector u — (u±, . . . , u g ) belongs to the Jacobi variety of the curve with parameters 
A. The mapping pu : U — » C 2g that acts as pu(u, A) = A makes U the space over 
C 2g . There is a natural groupoid over C 2g structure on U. Evidently, the mappings 
fi((u, A), (v, A)) = (u + v, A) and inv(u, A) = (— u, A) satisfy the groupoid over C 2g 
axioms. 

5.4.1. Case of p-functions. Let us define the mapping it : U — > C 3g over <C 2g 
by putting into correspondence a point (u, A) € U and the point (p(u), p'(u)/2, A 2 ) e 
C 39 , where 

p( u ) = (Pg,j( u )) T , P'( u ) = (p 5 ,s,i( u )) T > A 2 = (A 2 ( ff -i+2)), i = l,...,g. 
Here 

pij(u) = -du,d Uj loger(u) and pi,j,k(ti) = -d Ui d Uj loger(u) 
and cr(u) is the hyperelliptic sigma-function |Bak897LlBak907LlBEL997allBEL997b] . 

Theorem 5.7. The mapping tt : U — > C 3ff overC 2g is a birational isomorphism 
of groupoids: 

ir(u + v, A) = 7r(u, A) * 7r(w, A), 7r(— tt, A) = 7r(u, A). 



Proof. First, by Abel theorem any triple of points (u,v,w) £ (J&c(V)) 3 that 
satisfies the condition u + v + w = corresponds to the set of zeros (x i7 yi), i = 
1, . . . ,3g, of an entire rational function of order Zg on the curve V. Namely, Let 
X = (l,x,...,x ! >- 1 ) T , then 
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(For shortness, instead of indicating the end point of integration explicitly, we give 
only the first coordinate.) 

Second, for the given value u E Jac(V) the system of g equations 

9 



E 

i=l 



X^ = 



with respect to the unknowns (xi,yi) € V is equivalent to the system of algebraic 
equations 

9 9 

x§ - £ PgAu)^ 1 = 0, 2y - Pg,g,k( u ) xk ~ 1 = °> 
k=l fc=l 

the roots of which are the required points (xi,yi) G V. 

The combination of the two facts implies that the construction of the preceding 
sections provides the isomorphism. □ 

Above all note that 2g hyperelliptic functions 

p( u ) = (Pg,l(u), Pg,g( u )) T and p'( u ) = (pg,g,lH, ■ • ■ , Pg,g,g(u)) T 

form a basis of the field of hyperelliptic Abelian functions, i.e., any function of the 
field can be expressed as a rational function in p(u) and fp'(u). The assertion of 
Theorem 15 . 71 written down in the coordinates of C 3s takes the form of the addition 
theorem for the basis functions p(u) and p'(u). 

Corollary 5.7.1. The basis hyperelliptic Abelian functions 

P( u ) = (Pg,i(u), • • • , Pg,g(u)) T and p'(u) = (pg, g ,i(u), . . . , p g , g , g {u)) T 

respect the addition law 

{p{u + v), p'(u + w)/2, A 2 ) = (p(u), p'(u)/2, A 2 ) * {p(v), p'(v)/2, A 2 ), 

the formula of which is given in Theorem 1 5. b\ 

Thus we have obtained a solution the problem to construct an explicit and 
effectively computable formula of the addition law in the fields of hyperelliptic 
Abelian functions. 

5.4.2. Case of £- functions. One has g functions 0(u) — d Ui loga(u) and 
the functions are not Abelian. However, by an application of Abel theorem for 
the second kind integrals (see [Bak897]) one obtains the addition theorems for 
(^-functions as well. On one hand, any ^-function can be represented as the sum of 
g second kind integrals and an Abelian function. On the other hand, an Abelian 
sum of the second kind integrals with the end points at the set of zeros of an 
entire rational function R(x,y) is expressed rationally in terms of the coefficients 
of R(x,y). We employ the function (|5.8p computed in the variables indicated in 
Corollary [577711 

Theorem 5.8. Let (u, v, w) € (Jac(V r )) 3 and u + v + w = 0. Then 

(g( u ) + Cg(v) + ( g {w) = -hi, 

where h\ is the rational function in p(u),p'{u) and p(v),p'(v) equal to the coef- 
ficient of the monomial of the weight 3g — 1 in the function (|5.8j) computed in the 
variables indicated in C'orollary \5.7.1\ 
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PROOF. We have the identity (see |Bak897| . BEL997b. p. 41]) 



,-=i • / °° zy ,-=i 



=0, 



a: * +29 da; 

a;» — = 0. 
2y 



Suppose that the closed path 7 encloses all zeros {x\, yi), . . . , (x3 ff , y 3g ) of the func- 
tion Rs g {x, y). Then we have 



3g 

E 

k=l 



da; 



1 



2y 27ri 



d(logi? 3g (x, 2 /)) / x 9 



da; 



Because dlogi?3 g (x,y)/dx is a rational function on the curve and, hence, a uni- 
form function, the total residue of d(logi? 3g (x,y)) J^ o x 9 dx/(2y) on the Riemann 
surface of the curve V is zero. To write down this fact explicitly consider the 
parametrization 



(*(0,w(0) = (r 3 ,r 2 '-V(0), p(0 = 1 + + + o(e 8 ), 



M M ^6 

of the curve V near the point at infinity and denote i?3 g (£) = R3 g (x(£), y(£))- We 
obtain 



— Res^ 



^(doo X 2y 



3s 

Res*^ 



d(logi? 3s (a;,y)) / ^ 



da; 
2y 



which is in fact a particular case of Abel theorem. Thus, the final expression is 



C<?(") + C ff («) + C 9 M = -Res e 



2y 



It remains to use the expansions 



z'V = 7 + ^ )» 

Rs g (o = r 3s (i + + h 2 e + h 3 e + o(£ 4 )) 

to compute the residue. □ 
A similar argument leads from the identity (see [Bak897] . [BEL997bl p. 41]) 

C fl -i(«) + E / (3^ +1 + A 4 a; 9 - 1 )- = -p 9 , s , 9 H, 
i=i Ly L 

to the following assertion. 

Theorem 5.9. In the conditions of Theorem \5.8\ we have 
Cs-lO) +Cg-i{v) + Cs-iH 

-^(Ps,<7,s( u ) + Pg,3,ff( w ) + Pg,g,g( w )) = -^1 + - 3/i 3 , 

where hi and /i 3 are i/ie coefficients of the monomials of weight 3g — 2 and 3 a — 3 
in the function indicated in Theorem \5.8l 
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Example 5.3. Let g = 1. The function R^x^y) has the form y + h\x + /13, 
where 2hi = (p'(w) — p'(v))/(p(u) — p(v)), cf. Example 15.21 Thus, Theorem IB~8 
gives the classic formula 



(5.10) 



,( N . >/ N >/ , N 1 ^ P'(") - P'M 

((«)+((«)-((« + ") =-5 



p(u) - p(v) 

As /12 = and 2/i 3 = (p'(v)p(u) — p'(u)p(v))/(p(u) — p(vj), cf. Example 15. 2[ 
Theorem 15.91 yields the relation 



-p'(u)-p'(v) + p'(u + v) = --l 



, P»pM ~ P'{u)p{v) 
p(u) - p(v) 



p{u) - p{v) 

which is the addition formula for Weierstrass p'-function. 

The fact below follows directly from Lemma \b. 1.31 

Lemma 5.9.1. p g , g {u) + p g , g (v) + p s , s (w + v) = h{- 2h 2 . 

Combining Lemma 15.9.11 with Theorem 15.81 we find 

(5.11) (C g (u) + C g (v) -Q(u + «)) 2 = Pg,g( u ) + Pg,g( v ) + Pg-g( u + v ) + 2h 2 

In the case g = 1 due to the fact that 1%2 = formula (|5.11j) gives the famous 

relation 

(C(«) + C(«) - C(« + v)) 2 = p(«) + + p(" + w). 

discovered by Frobenius and Stickelberger. 



Example 5.4. Let us pass to the case g = 2, we have Re(x,y) 



hiy 



hix + h^x + fig. Note that ft. 3 = 0. The coefficient hi is expressed as follows, cf. 
Example 15.21 

p2,l{ V ) ~ p2,l( u ) P2 : 2(u)p2,l( u ) - P2,2(«)p2,l( u ) 
_ P2,2(w) - p2 : 2(") P2,l( w ) - P2,l( U ) 



P2,l( u ) ~ P2,l{ u ) P2,2,l(«) - p2,2,l(") 
P2,i{v) - p2,2(«) P2,2,2(«) - p2,2,2(«) 

And the coefficient /i2, respectively, 



P2,2(w)p2,l(«) - 
P2,l{v) + P2,2(f) 2 - 


P2,2(w)p2,l( u ) 
P2,l(«) - P2,2(u) 2 


P2,2,l(«) - 
P2,2 : 2(w) ~ 


P2,2,l(«) 
P2,2,2(w) 




P2,l(«) 
P2,2(w) 


-P2,l0) P2,2,l(l>) 
- P2,2(w) P2,2 : 2(w) 


- P2,2,l(w) 

- P2 : 2,2(w) 





We come to the relations 

Ci(«) + C2(«)-Ca(« + ») = -fti, 

P2,2(u) + P2,2(«) + P2,2(« + «) = ft? ~ 2ft 2 

&(«) + &(«)-&(« + «) 

1 , 



32,2,2 



(u) + p 2 , 2,2(1') - p 2 ,2,2(u + «)) = -h x + 3hih 2 



Hence, by eliminating h\ and hi, we obtain the identity 
(5.12) 2 3l -p 2i2 , 2 -3p2,232+32=0, 

where %i = Q(u) + &(v) + Q(w) and pij.... = pi,j,... (u) 
provided u + v + w = 0. 



.(w) + p 4J ,...H, 



NO 
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5.4.3. Case of cr-functions. Formula (|5.12j) leads to an important corollary. 

Theorem 5.10. The genus 2 sigma-function respects the trilinear addition law 

[2D l+ Dl]a(u)a(v)a(w)\ u+v+w=Q =0, 

where Dj = d Uj + d Vj + d Wj . 

Proof. Let us multiply the left hand side of (j5 . 12[) by the product a{u)a(v)a{w) 
then (|5.12[) becomes the trilinear relation 

[2(d Ut + d Vl + d Wl ) + (d U2 + d V2 + d W2 ) 3 ]a(u)a(v)a(w)\ u+v+w=0 = 0, 

which is satisfied by the genus 2 sigma-function. □ 

It is important to notice that the elliptic identity (I5.10[) is equivalent to the 
trilinear addition law 

[(d u + d v + d w ) 2 ]a(u)a(v)<j(w)\ u+v+w=0 = 0, 

which is satisfied by Weierstrass sigma-function. Let us denote D = (d u + d v +d w ) 
and ip — a(u)a(v)a(w). The functions 

(D + hi)ip, (D 3 + Qh 3 )t{;, (L> 4 -6A 4 )V>, (D 5 + 18X 4 D)^, (D 6 — 6 3 \ 6 )i/j, 

where hi and /12 are given in Example 15 .31 vanish on the plane u + v + w — 
0. Moreover, one can show that for any k > 3 there exist unique polynomials 
<7o,<?i,<?3 € Q[A 4 ,A 6 ] such that 

(D k + q3 D 3 + qi D + q^\ u+v+w=0 = 0, 

and at least one of the polynomials qo,Qi, Q3 is nontrivial. 

For the hyperelliptic sigma-function of an arbitrary genus g we propose the 
following hypothesis. Let CP = Q[A]. Consider the ring Q = y[Di, . . . , D g ] as 
a graded ring of linear differential operators. We conjecture that there exists a 
collection of 3g linear operators Qi € Q, degQi = i, where i = 1, . . . , 3g, such that 

{Eftc 3H +^(c 2 ^ 25+1 )}^)^)^)L + „ +rf = °. 

i=0 

where Qo = 1 and i?3 9 (x, y) is the function (|5.8|) computed in the variables indicated 
in Corollary 15.7.11 Thus, g operators Q g +2i-i, i = 1, ■•■,<? define the trilinear 
relations 

Q g+2l -io-{u)a(v)a(w)\ u+v+w=Q =0, i = l,...,g. 

Note, that the assertions of Theorem l5.81 Lemma r5.9.1[ and Theorem 15 .91 imply the 
relations 

(D g + h 1 )a{u)a{v)a{w)\ u+v+w=0 = 0, 
(D 2 g -2h 2 )a(u)a(v)a(w)\ u+v+w=0 =0, 
(2ZV a + D 3 g + Qh 3 )a{u)a{v)a{w)\ u+v+w=0 = 0. 

We shall return to the problem of explicit description of the trilinear addition 
theorems for the hyperelliptic sigma-function in our future publications. 
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5.5. Pfaffian addition law 

In the Weierstrass' theory of elliptic functions and its applications the relation 
a(u + v)a(u — v) , . . , 

plays the key part. Baker [Bak898j has shown, starting with the Konigsberger 
formula 

2 9 

a(u + v)a(u -v) = a[e R - ei\(u) 2 cr[ei](v) 2 , 
k=i 

where en is the characteristic of vector of Riemann constants, and the characteristics 
ej belong to the subgroup A23 of the group of half-integer characteristics, generated 
by g shifts to the half-periods of the type o, that in the case, when a is a hyperelliptic 



cr-function, the ratio 



may be expressed as a polynomial on pij(u) and 



pij(v). Baker described an algorithm of construction of these polynomials, based 
on the reexpression of the ratios of squares of a[e] -functions in terms of functions 
pi_j and derived the polynomials for genera 2 and 3. In case of higher genera 
this algorithm remains ineffective even with the use of modern means of symbolic 
computation. 

Below we give some of our recent results which allow to give explicit expression 
for the polynomials discussed for arbitrary genera. We briefly discuss application 
of this result to the addition theorems for Kleinian functions. 

5.5.1. Notations. Let us introduce the following functions m^k : Jac(T^) x 
Jac(V) ->■ C: 

m i:k (u,v) = rf k (u)Nr itk (v), 



(5.13) 
where 

and 



-1\ 



N = 








-1 








0/ 



As is seen from (|5 . 13|) 

TO^ fc (M, v) = —mk,i(u, v) = mk,i(v, u) = -m itk (v, u). 
In expanded form: 

m itk (u,v) = p g , t+1 (u)p g , k+1 (v) - p g>i+1 (v)p gik +i(u) 

+ Pi,k+l(l>) - Pi,k+l(u) ~ Pi+l,k{ V ) + Pi+l,k( U )- 

Note, that m^k{ u i v ) depends not only on its indices i,k but also on the genus g. 
For instance, function mi^ evaluated in genus 2 is not the same as in genus 1. Next, 
given a number k € N, we construct a skew-symmetric 2[-^-] x 2 [^ii] -matrix 

1 + (-l) k 

M k (u, v) = {m id (u,v)} i,j e g-k,..., g , 
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so that both for k = 2n + 1 and k = 2n + 2 we have (2n + 2) x (2n + 2)-matrices, 
but with different ranges of indices. 

Let us consider some examples to make this notation clear: 



k = 2 M 2 {u.v)=( , . •"•-'••-/"■"') 

\-m g -i, g -2{u,v) 

k = 3 

M 3 (u,v) = 

( m g -2, g -3(u,v) m g -i t g- 3 (u,v) m g , g - 3 (u,v)\ 

-m g - 2 , g -3{u,v) m g -i !g - 2 {u,v) m g , g - 2 {u,v) 

-m g -i, g -3(u,v) -m g -i tg -2(u,v) m g , g -i(u, v) 

\ -m g ^ g - 3 (u, v) -m g ^ g - 2 (u,v) -m g , g -i(u,v) / 
k = 4 

M 4 (u, u) = 

/ to 9 _3 ;3 _4(m, «) m g - 2 , g -4(u,v) m g - lig - 4 (u,v)\ 

-m a -3, g -i{u,v) m 3 _ 2 ,g-3(M, u) m g _i,g_ 3 (u,v) 

-m g -2, g -i{u,v) -m g -2, g -3{u,v) m s _i iS _ 2 (ti, v) 

y-m 3 _i !9 _ 4 (M,'u) -m g _i ia _ 3 (u,w) -m s _i iS _ 2 (M,'u) / 

We shall denote the Pfafhan of a matrix M k (u, v) by Tk(u, v): 



Tk(u,v) = proof Mk(u,v) = \/det M k (u, v), 
and the sign of the square root is to be chosen so, that proof ( ® ~q" ) = 1. 

5.5.2. Bilinear addition formula. Our approach is based on the following 
Theorem, which is proved using the theory of the Kleinian functions developed 
above. 

Theorem 5.11. The functions F k {u,v) satisfy the recursive relation 



y d 2 


d 2 \ 




dv 2 ) 



hxF k -i(u,v) + 2Ti(u,v) 



T k -i(u,v) 2 - 4T k (u, v)F k -2{u, v) = 



for any genus g. 



By definition, Tk{u,v) is identically zero, when k > g. So the function = 
ln(.F s (M, v)) solves the linear differential equation 

f 8 2 2 \ 



\ du 2 dv 2 ) 



2T x {u,v) = 0. 



This equation is also solved by the function <p = In — ^— 7-rq~7~~To ~ - It i s possible 

a{uya{v) z 

to show that <f> — <fi, and even more 

Proposition 5.12. For any genus g we have: 
, . aiu + v)a(u — v) _ . 
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Note, that the formula (|5.14|) has a remarkable property, that the form of 
expression F g (u,v) actually is not apparently dependent on the moduli of an un- 
derlying curve. The formula depends on the moduli only in a "hidden" manner 
through the functions pij which may be considered to be merely coordinates in 
C n(n-i)/2 ( cf _ Section [33). When we impose the algebraic relations p.lOp on 
the functions pij, the relation ()5.14[) is restricted to the Kummer variety of the 
Riemann surface of the corresponding curve. 

Let us consider examples of small genera: 

Let genus g = 1, we have the classical formula of the elliptic theory [BE955 
a(u + v)a{u - v) 

a{uy(T[vY 

For genera 2 and 3 we restore the results by Baker Bak898 , in genus g = 2 
we have: 

a(u + v)a(u — v) 



(5.15) 
(5.16) 



a(u) 2 (j{v) 2 

= p22(u)p 2l (v) - p 21 (u)p 22 (v) - pn(it) + pu(v); 
and in genus 5 = 3: 



P3l(v) - P3l(u) - p22(v) + P22(u))- 
P2l(v) + p2l(u)) + 



a(u + v)a(u — v) 
<j(u) 2 a(v) 2 

(p 3 l(w) - p3l(v))- 
(P33(«)P32(«) - P33(u)p32{v) 
(P32(u) - p32(v))' 
(P-A3(v)p3l(u) - P33(u)p 31 (v) 
(P33(u) ~ P33(v))- 

(P32(v)p3l(u) - p32(u)p3l(v) + pll(u) - pn(v)) = 
(P3l(v) ~ P3l(u)(p2 2 {v) - p22(u)) - (p3l(v) - p 3 l(tt)) 2 - 

(P32(v) ~ p32(u))(p2l(v) - p2l(u)) + (p33^) - p33 N) (pH (v) - pll(u)). 

The formula for genus 5 = 4, 
a(u + v)a(u — v) 



a(u) 2 cr(v) 2 

(p i2 (v)pAl(u) - p i2 (u)p4l(v 
(p44(v)p i3 (u) - p4i(u)p43(v 
(P43(v)p4l(u) - p43(u)p4l(v 
{p44{v)p42(u) ~ p44{u)p42{v 
{p44(v)p4l{u) - p44(u)p4l{v 
(P43(v)p42(u) - p43(u)p4 2 (v 



- pu(v) + pll(«)> 

+ P42(v) - p42{u) - p33{v) + p3s(u))~ 
~ P2l(v) + p2l(«)> 

+ p4l(v) - p4l(«) - P32{v) + p 3 2(«)) + 
+ P3l(") ~ P31 («))• 



+ P22{u) - p3l{u) - P22{V) + P3l{v)), 

and formulas for higher genera described here are, to the knowledge of authors, 
new. 



CHAPTER 6 



Reduction of Abelian functions 



We are considering here reduction of Abelian functions constructed by an al- 
gebraic curve to Abelian functions of lower genera. Nowadays that's the well de- 
veloped theory that grows from known cases of reduction of holomorphic integrals 
of genust two curve to elliptic integrals and associated ^-functions to Jacobian 9- 
functions. We will start with two examples of such reduction. 

6.1. Two examples of reduction of Abelian integrals 



r dz if 

J v/(z 2 -a)(8z 3 -6az-b) ~ 3 J ^/(2a£,-b){e -a 

£ = i(4z 3 -3az) 

/zdz 1 r dij 

y/(z 2 -a)(8z 3 -6az-b) ~ J vV - 3, 



ia-q + b 

2z 3 -b 



V = 



The elliptic curves 
and 

are different: 



3(z 2 - a) 
Si- C 2 -(2<-6)(e 2 -a) 
£ 2 : v 2 = of - 3ai] + b 
16(b 2 + 12a 3 ) 3 . 6912a 3 



J£l 'If a Q 7 9\ ' 



a 3 (4a 3 -6 2 ) ' JC2 4a 3 - b 2 

Branch points of the first cover are: ±y/a/2, ±y/a, because the Puiseux expansions 
near these points are 

z = t±^, £ = W5±^ + 0(t 2 ) 

In all other points puiseux series are different, for example near z — a we have 

z = a + t, £ = 4a 2 - 3a + (12a - 3)i + ... 

i.e. branch number is zero. Moreover one can check that branch points of the 
underlying elliptic curve are lifted to branch points of the covering curve with zero 
branch number. 

We conclude that branch number of the first cover B — 2 and degree of cover 
n = 3. 

The second cover has the same values for B and n 
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6. REDUCTION OF ABELIAN FUNCTION 



Let 7r be the cover 



7T : X -> X' 



and the genera of the curves X, X' are correspondingly g ^ g' > 0. The curve 
X is called a covering curve and X' is called underlying curve. The following 
Riemann-Hurwitz formula is valid 

B 

g = — +ng - n + 1 

In the case of covering over the Riemann sphere, an extended complex plane 

\n-l~ 

a = 



where [•] is entire part of the number. 

The simplest reduction case was wound by Jacobi 



/ 



(Z ± y/c7p)d 



v/(l-a)(l-/?) 



with 



^z{z-l)(z- a )(z- p){z~ap) 
(l-a)(l-p)z 



fci = - 



± (l-a)(l-/3)' 
Therefore the curve 

X : w 2 = z{z- l)(z - a)(z - (3)(z - a/3) 
covers two elliptic curves 

£±- »? 2 = £(l-0(l-*±0 

i.e. 

7T± : X £± 



Let 7r± : X — > £± 

6.2. Weierstrass-Poincare theorem on complete reducibility 

Like in the Jacobi reduction example non-normalized holomorphic differential 
d^> on £ + can be always expanded in normalized holomorphic differentials of genus 
two curve, 

j> dvi = 5 iyk , j> dvi = T it k, 

namely 

dip = — = cidvi + c 2 dv 2 , 
V 



6.2. WEIERSTRASS-POINCARE THEOREM ON COMPLETE REDUCIBILITY 
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where ci , c 2 G C are constants. Evaluate periods a, b 
ci = 1m\\(jj + 2mi2w', 

cmi + c 2 Ti2 = 2m 31 uj + 2mzW , 
c\T\2 + c 2 r 22 = 2m 4 iw + 2m 42 w'. 



(6.1) 



Introduce Ricmann period matrices 



n 



/ 1 \ 

1 

Til Ti2 

\ r 12 7"22 y 



n' 



Then the above condition can be rewritten as 

LTA = MIT' 



2lo 
2lo' 



A = 



Cl 
C2 



M 1 = 



ran m 2 i m 3 i rn\i 
mi2 rri22 rn^ TriA2 



This statement is a particular case of the Weierstrass-Poincare theorem (WP- 
theorem) on complete reducibility. 

' A 



WP-theorem A 2g x g Riemann matrix II 



B 



admits a reduction if 



there exists a g x g\ matrix of complex numbers of maximal rank, a 2gi x gi matrix 
of complex numbers IT and a 2g x 2gi matrix of integers M also of maximal rank 
such that 

nA = Miii 

where 1 < gi < g. When a Riemann matrix admits reduction the corresponding 
period matrix may be put in the quasi-block-diagonal form 



T = 



Tl Q 

Q T T> 



where Q is a gi x (g — gi) matrix with rational entries and the matrices n and t' 
have the properties of period matrices. 

Since Q here has rational entries, there exists a diagonal (g — gi) x (g — gi) 
matrix D = (di, . . . , d g - gi ) with positive entries for which (QD)jk € Z. 

With 

(z,w) = Diag(zi, . . . ,z gi ,W!, . . . ,w g - gi ) 

the ^-function associated with r may be then expressed in terms of lower dimen- 
sional theta functions as 



0((z,«;);t)= Yl 

m = (mi, . . .,m g _ gi ] 
< mi < di — 1 



(Hz - Q;n: n)0 [ ° J"* )(/>«;: Dr'D) 
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6. REDUCTION OF ABELIAN FUNCTION 



6.3. Humbert varieties 

Consider again relations (|6.1j) . A compatibility condition with respect to vari- 
ables ci , ci , 2wi , 2uj 2 is of the form 



3.2) det 






mn 


Wl2 \ 


1 


TO 2 1 


m 22 


712 


m 3 i 


m 32 


T22 


TO41 


m i2 J 



= 0, 



Denote 2x4 matrix with integer entries 
M = 



mn m 2 i m 3 i m4i 
m i2 m 2 2 m 32 m, i2 



Write the compatibility condition (|6.2j) in the form 

am + /3ti 2 + 7T 22 + 8{rl 2 - t 1x t 22 ) + e = 0, 



where 



a = m 4 iTOi2 - miim 42 , 7 = m 21 m 32 - m 31 m 22 , 
S = m 21 m 12 — mnm 22l e = TO 3 im 4 2 — m^m^, 
P = 77iiiTO 32 - m 31 mi 2 - (m 2 im 42 - m^m 22 ). 



Set 



N = \mnm 32 — m 3 \m\ 2 + m 21 m 42 — m 41 m 22 \ 
Calculating from the first four equations 

m 2 i = A(mu7 + TO 3i<5), ?™22 = A(mi 2 7 + m 32 5), 
m 4 i = A(mne + m 3 ia), m 42 = A(mi 2 e + m 32 a) 

where A -1 = ra\\m 32 — m 3 \m\ 2 , we get the equality 

e5 + cry 

m 2 im 42 - to 4 ito 2 2 = 1 

mnm 32 - m 3 im 12 

which helps to transform the fifth equation to the quadratic one with the following 
roots: 

mn"i32 - m 31 m 12 =^(j}±^/3 2 - 4(e5 + cry)) , 

m 21 m 42 - m 41 ra 22 =- ^-/3 ± ^ (3 2 - 4(e<5 + cry) 

Taking in account the definition of N we get the condition 

N 2 = p 2 -4(e<5 + cry) 

Definition 6.3.1. The Humbert variety with an invariant with respect to 
symplectic transformation A is the subset in the 3-dimensional space with coordi- 
nates Tii,Ti2,T22 given by the conditions 

own + /3ti2 + 7T22 + S(ti 2 - t 1x t 22 ) + e = 0, 

with integer a, /3, 7, <5 € Z satisfying 

N 2 = ft 2 -4(e<5 + cry) 

The invariant A equals 

A = iV 2 



6.3. HUMBERT VARIETIES 
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That's possible to show that there exist such an element T G Sp(4, Z) that 

1 1 



Transformed period matrix gets a form 
(6.3) t = Tot = 



N T 22 



That means that V is a covering of N-th. degree over elliptic curves £±. In the 
Jacobi reduction example N = 2. 

The period matrix r represents a component of the Humbert variety other 
components results the action of the group Sp(4,Z). 

6.3.1. Krazer transformations of the period matrix. We will explain 
here how to construct transformation (16.3[) in the case of reduction being induced 
by the cover over an elliptic curve, i.e. g\ = 1 by following to Krazer monograph, 
p. 474-475 In this case the integer Matrix M is of the form 

T _ / mil mi\ ■ ■ ■ m g ,x 

\ 77112 ™22 ■ • • ™ S ,2 

To find necessary transformation we introduce matrices Aj, Bi 7 C^j, Dij £ Sp 2g (Z), 

Ai = (Sk.l + 6k,iSk+g,l))k,l=l,...,2g 

Bi = (Sk,l(l — <5fc,g+i)(l — Sis) + 5k,iSl,g+i — Sl t iSk,g+i) k j =1 2 g 

Cij = (S k ,i + Si tj 5 kt i - ^,s+^fc,5+j)fc,i=i,...,2 S 

Dij = (6k,iSl,j + §k,jSl,i + §k,g+i8l,g+j + 8l,g+iSk,g+j 

The action of Ai results the adding of i-th column to the g + i-th. Bi inter- 
changes i-th and g + i-th columns with multiplication of the last by — 1. C^fc adds 
i-th column to the fc-th and subtracts g + k-th column from g + i-th. The matrix 
Di j interchanges i and j-th and g + i and g + j-th columns. 

Mg = 2, M T =( mi1 m21 ■ ■ m ^ ) 

\ 77112 "122 ■ ■ ■ m Sj 2 / 

x . = / mil m 2 i mil + m 3 i m 4 i 

1 Y 77112 "122 "712 + "732 "742 
M T Bi _ ( -"731 "721 "711 "741 



M T 73l = 
M T Ci2 - 



-77132 77122 "7l2 "742 

-m 3 l 77121 mil "741 
-77l 3 2 77122 "7i 2 77142 



ran "In + 77721 "7 3 l — 77141 "7 4 1 
"712 "7l2 + 77122 "7 32 — 771 4 2 777 4 2 
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6. REDUCTION OF ABELIAN FUNCTION 



At the first step of the algorithm transform using A% and ^-matrices the matrix 
M T to the form 



* ... * * ... * 
... * ... * 



g a 

At the second step use Cij and Dij to transform the above matrix to the form 



±fc * ... * * * ... * 
... ±1 ... 



That's possible to turn ± signs in this expression by using operation B\. At 
the next step the system is reduced to the form 

c ... a b ... 
... 1 ... 



g 

33 E>3 



Finally apply operators Bf, B~^ to transform M to the form 

N ... 1 ... 
... 1 ... 



6.3.2. Variety i? 4 . Following to Shaska and Volklein |SV04| write the gen- 
eral genus two curve which covers two-sheetedly two elliptic curves can be written 
in the form 

Y 2 = X 6 - Sl X 4 + s 2 X 2 - 1 

with the discriminant 

27 - 18s lS2 - s 2 4 + 4s? +4s| ^ 

. Introduce coordinates 

U = S\S2, v = si + s 2 
The relative invariants are given as 

J 2 = 240 + 16m 

J a = 48v + 4u 2 - 504u + 1620 

J 6 = 24?i 3 + 160w - 424u 2 - 20664it + 96v + 119880 
J w = 64(27 - 18it - u 2 + Avf 

Eliminating u, v from these equations we get modular form X30 of weight 30 that 
vanishing provides condition r € H^. That is 
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97 



X30 = -125971200000^0 + 41472J 10 J| + 159jf jf - 80 Jj J 2 - 236196J 1 2 Jf 
+ 972Ji J 2 6 J 2 + 8748 J w J$ J 6 2 - 1728J| J 2 2 J 6 + 6048J|j 2 J 6 2 
+ 1332Jf J|j 6 - 8910J| J| J 6 2 - 592272J 10 J| J| + 77436J 10 j£j| 
+ 31104J| + 29376J 2 2 J 4 2 J| - 47952J 2 J 4 Jg + 12Jfjf J 6 - 54J 2 5 j| J 6 2 
+ 108J|J 4 J| - 2099520000J 2 J 4 </ 6 - 9331200Ji Jf J 6 2 + 104976000 J 2 J 2 2 J 6 
- 3499200 J w J 2 Jl - 78J| J 2 5 + 384J 4 6 J 6 - 6912 Jljfjjj^ - 81J 2 3 J^ 
+ 507384000 JfoJfJs: - 19245600J 2 J 4 Jf - 5832 J 10 j| J 4 J 6 
+ 4743360Ji J| J 2 J 6 - 870912Ji Jf J| J 6 + 3090960Ji J 4 Jf J@ 



r 2 = X(X - 1)(X - Ai)(X - X 2 )(X - A 3 ) 



Then direct calculation leads to the decomposition of X30 



x (AiA 2 - Ai + A 3 Ai + A 3 A 2 ) 2 
x (AiA 2 -A 3 Ai + A 3 A 2 + A3) 2 
x (AiA 3 -Ai-A 3 A 2 + A 3 ) 2 
x (AiA 2 + Ai-A 3 Ai+A 2 ) 2 
x (AiA 2 — A 4 — A 3 Ai + A 3 ) 2 

x (A!A 2 -A 3 ) 2 
x (A!-A 2 A 3 ) 2 
x (AxA 3 -A 2 ) 2 



We refer here to the result by Pringsheim [Pri875j. Let the curve V and its 
Riemann period matrix are given in the Richelot form 



y 2 = x(l - x)(l - \ 2 x){\ - M 2 s)(l - k 2 x), 



\ T12 T 2 2 J 

The aforementioned 15 components of the variety i? 4 Pringsheim distributed in 4 
groups 



2t 42 + TnT 22 - T 2 2 = K 2 = \ 2 H 2 



T11 + 2r 12 r 22 = o- n 2 - A 2 = ^ 2 (1 - A 2 ) 
Til + 2r 12 - (r n T 22 - t 2 2 ) = O k 2 (1 - ^ 2 ) = A 2 (k 2 - /i 2 ) 



Let the curve 



X30 — (A1A2 — A 2 — A 3 A 2 + A3) 




I 



II 



III 



98 



6. REDUCTION OF ABELIAN FUNCTION 



2Ti2 — T22 = 

/i 2 = k 2 A 2 

2T12 - T 22 + TiiT 2 2 — rf 2 = 

A 2 = «V 

Til - T 22 = 

K 2 -A 2 = A 2 ( K 2 - M 2 ) 

Til — T22 + TllT22 - T 2 2 = 

2 2 2/2 \2\ 

<=> K — (J, = (1 («T - A J 

IV 

2ri2 = 1 

A 2 - M 2 = - K 2 (l-A 2 ) 



According to the Bierman-Humbert theorem the associated Riemann period 
matrix is of the form 

V 2 T 2 

Denote 

fc =i?fc(O,2Ti) ) 9 fe =tf fc (0,2T 2 ), fc = 2,3,4. 
Then the following decomposition formula are valid for ^-constants 



[00] = 61 [01] 



^2^036364, [?5] - [85] - ^2^46263, 
[00] = - i0 [11] = V^ 2 o 4 e 2 e 4 , 



o[^]=^/olQl + e 2 et + etel e [°°] = ^|ei - 2 e 2 - # 2 e 

Plugging above ^-decomposition formulae to the formulae 



Ai = 
A 2 = 



e 2 [88] o 2 [85] 

2 □ 2 [55] 

fl 2 [85] e 2 [8?] 

2 [551 2 [5?] 

2 [88] Q 2 [8?] 



^3 ... . I 1 m . . 1 () 



2 [58] e 2 i 



01J 



we get the following 



T12 = ^ (1 - Ai - A 2 )A 3 + AiA 2 = 

what accords to the corresponding Pringsheim component moduli A, /x, k are rede- 
fined as 

A 2 = I/A3, m 2 = IM2, k 2 = 1/Ai 
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6.3.3. p-functions on H4. Consider again the curve. 

w 2 = z(z — l)(z — a)(z — j3)(z — aj3). 
This curve is a 2- fold cover of two tori (elliptic curves) 7r± : X = (w, z) — > E± = 

^=e ± (l-e±)(l-4C±) 

with the Jacobi moduli 

± (l-a)(l-/3)- 
Consider the Abel- Jacobi mapping 

f-xi /-a 2 



r 1 dz r X2 dz 
/ — + / — = «1, 

Ao w Ao w 
W Xo 



/a; w «/xo 

= «2- 

W 



Again, we want to express the points (xi,yi) as functions of u — {u\ 1 U2) T ■ 

It is convenient to write down the integrals in the Abel mapping in the following 
form: 



r z -^dz + ( 

Jx n W J x 



1 x ^ J x a w 



dz = u + 



r z -±^idz + r z -±^dz=u_, 

Jx W J X0 W 

where 

u± = -VTl - a) (l - j3){u 2 T \/aPui) 
Denote the Jacobi elliptic functions: 

sn(w± , k± ) , cn(u± , k± ) , dn(u± , k± ) 
Define the Darboux coordinates 

Xi = sn(u + , fc + )sn(u_, fc_), 
X2 = cn(u + , fc + )cn(w_, fc_), 
A3 = dn(w + , fc + )dn(u_, fc_). 

Reduce the hyperelliptic integrals in the last Abel mapping to elliptic ones, 
then, using an addition theorem for the Jacobi elliptic functions, we get 

(l-a)(l-/3)(a/3 + p 12 ) 

Ai = — 



A 2 = - 
A 3 = - 



(a + /3)(pi2 - a/3) + af3p 22 + P11 ' 
(1 + a(3){a(3 - pig) - a^p 2 2 - P11 
(a + /3)(pi2 - a/3) + a/3p 22 + pu ' 
a/3p22 - pn 



(a + /3)(pi2 - a/3) + a^p22 + P11 ' 
Here py = pij{ui,u 2 ) are second derivatives of log cr(wi, -^2)- 
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6. REDUCTION OF ABELIAN FUNCTION 



These formulae can be inverted: 



Pn 




A(X 2 + X 3 ) - B(X 3 + 1) 



Pl2 



P22 



A(X 2 - X 3 ) + B(X 3 - 1) 
Xi+Xt-1 



where A = a + /3, B = 1 + a/3. 



6.4. Applications 



6.4.1. 2-gap elliptic potentials of the Schrodinger equation. We al- 
ready shown that 2p22(M)-function with u 2 — x, u\ = c = const represents a 2-gap 
quasi-periodic potential of the equation. 

Lemma Let a genus two curve X is an TV- fold cover of an elliptic curve £. 
According to the Weierstrass-Poincare theorem exist such homology basis that Rie- 
mann period matrix is of the form 



where ui^ 1 = (U,V) is the matrix of a-periods. Then the condition U 2 = is 
sufficient for the p 22 (c, x) to be an elliptic function in x 

Consider the case N = 4. Using Rosenhain representation of the winding vector 
we conclude that condition U 2 = requires vanishing of the derivative 6*-constant 



Decomposing genus two theta-constants to elliptic ^-constants by means of 
second order addition theorems, we reduce the above condition to the form 



where k and k are Jacobian moduli corresponding to the moduli T and T respec- 
tively. Using the obtained condition we get 



That is the Darboux-Treibich-Verdier elliptic potential associated to a 4-shcetcd 
cover of elliptic curve. 




0i [i?]=o. 



k = k'(l-Ak 2 ) 



(6.4) 



P22 (c, x) = 6p(x) + 2p{x + lu) 



CHAPTER 7 



Rational analogs of Abelian functions 

7.1. Introduction 

In the theory of Abelian functions on Jacobians, the key role is played by 
entire functions that satisfy the Riemann vanishing theorem (see, for instance, 
|Mum984] V Here we introduce polynomials that satisfy an analog of this theorem 
and show that these polynomials are completely characterized by this property. By 
rational analogs of Abelian functions we mean logarithmic derivatives of orders > 2 
of these polynomials. 

We call the polynomials thus obtained the Schur-Weierstrass polynomials be- 
cause they are constructed from classical Schur polynomials, which, however, cor- 
respond to special partitions related to Weierstrass sequences. Recently, in con- 
nection with the problem to construct rational solutions of nonlinear integrable 
equations |AM978"l IKri979| . a special attention was payed to Schur polynomi- 
als |DG986l IKac93j . Since a Schur polynomial corresponding to an arbitrary 
partition leads to a rational solution of the Kadomtsev-Petviashvili hierarchy, the 
problem of connecting the above solutions with those defined in terms of Abelian 
functions on Jacobians naturally arose. Our results open the way to solve this 
problem on the basis of the Riemann vanishing theorem. 

We show our approach by the example of Weierstrass sequences defined by a 
pair of coprime numbers n and s. Each of these sequences generates a class of plane 
curves of genus g = (n — l)(s — l)/2 defined by equations of the form 

yn -X S -J2 Kn+0sX a Y^ = 0, 

where < a < s — 1, Q < /? < n — 1, and an + (3s < ns. The dimension of moduli 
space of this class is d n , s = (n + l)(s + l)/2 — [s/n] — 3. We constructed [BEL999 
entire functions a(u;X), where u E C 9 and A e C dn s , on the universal space 
of the Jacobians of such curves. Similarly to the elliptic Weierstrass cr-function, 
in a neighborhood of the point € C 9 , the function a(u;X) has a power series 
expansion in u\, . . . , u g whose coefficients are polynomials with rational coefficients 
in A. The limit lim.\->o o~(u; A) is defined and leads to a polynomial, which satisfies 
the analog of the Riemann vanishing theorem. As an application of our result we 
prove that o~(u; 0) is equal to the corresponding Schur-Weierstrass polynomial up 
to a constant factor. 

7.2. Weierstrass sequences and partitions 

Let n and s be a pair of coprime integers such that s > n ^ 2. Consider the 
set of all nonnegative integers of the form 

(7.1) an + bs, where a, b are nonnegative integers. 
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7. RATIONAL ANALOGS 



Definition 7.1. The positive integers that are not representable in the form 
(|7.1| constitute a Weierstrass sequence. The number of these integers is called the 
length of the sequence. 

The above Weierstrass sequence in ascending order is denoted by W n . s . To 
prove the main properties of Weierstrass sequences, the following elementary ob- 
servation is useful. 

Lemma 7.0.1. The elements w of the Weierstrass sequence W n s are repre- 
sentable in the form 

(7.2) w = —an + (3s, 

where a and /3 are integers such that a > and n > j3 > 0; the numbers a and f3 
in the representation (|7.2I) are defined uniquely. 



The next lemma gives a list of the properties of Weierstrass sequences that we 
need below. 

Lemma 7.0.2. A Weierstrass sequence W n>8 = {w\, W2, ■ ■ ■ } has the following 
properties : 

(1) its length g is equal (n — l)(s — l)/2 ; 

(2) its maximal element w g is equal 2g — 1 ; 
if w £ W n , s , then w g - w £ W n . s ; 

if w > w, where w € W n , s and w ^ W n ,s; then w — w € W n 



(3) 
(4) 

(5) i ^ Wi ^ 2i — 1 for all i = 1, . . . ,g. 



n,s ? 



Proof. (1) Let us find the number of integers of the form (|7.2p . For a chosen 
value (3 = £ G {1, . . . , n — 1}, the factor a ranges over the values {1, . . . , [£s/n]}; 
thus (see |PS964| viii. 17, viiLjm 

(n-l)(s-l) 



9=2^ 



i=i 

(2) Note that 2g — 1 = — n+s(n— 1). Let there be a number w of the form (|7.2[) 
that exceeds 2g— 1. Since n and s are coprime, it follows that in the representation 
(|7.2[) of w we have either a ^ 1 or /3 > n. The contradiction thus obtained proves 
assertion (2) of the lemma. 

(3) For an arbitrary number w £ W njS , consider the difference w g — w. Ac- 
cording to Lemma 17.0-H we have 

w g — w = — n + s(n — 1) — (—an + /3s) — (a — l)n + (n — 1 — /3)s, 

and the last representation is of the form (|7.1[) . 

(4) Let w ^ VFn.s and w 6 W^^,. Then the representations 

w = an + 6s and = —an + /3s 

hold, and hence 

w — w — —an + f3s — (an + bs) = —(a + a)n + (fi — b)s > 

by assumption; therefore, w — w € W„ iS by Lemma l7.0.1l 

(5) Consider the set W n ^ s — {2g — 1 — iu s +i-i}i=i,..., g . According to asser- 
tions (2) and (3), we have W n ^ s n = {0}, and hence W„ iS U W„ iS consists of 
2g nonnegative integers each of which is less than 2g — 1, i.e., this is a permutation 
of the set {0, 1, 2, . . . , 2g - 1}. 
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Now let N(L) be the number of integers of the form (17. 1| that are less than L. 
Since {wi, . . . , WNt Wi \} C W 7liS and {w%, . . . , Wi} C W n , s , it follows that the inter- 
section {w±, . . . , WN(u>i)} H . . . , Wi} is empty, and the union . . . , w^v^)} U 
{u>i, . . . , Wj} is a permutation of the set {0, 1,2,..., u>i} for any Wi £ W n ,s> which 
yields Wi = i + N(wi) — 1. 

Note that wq = < itfj, i.e., N(wi) ^ 1, and hence the inequality Wi ^ i holds 
for all Wi £ W n , t . 

On the other hand, by assertion (4) we have the inclusion {wi — w±, . . . , Wi — 
^N(wi)} C {loi, . . . , Wi}, which yields the inequality N(wi) ^ i. Thus, w% = i + 

i\r(iojj - 1 < 2« - 1. □ 

We denote by WS m the set of all Weierstrass sequences w — (wi, . . . ,w m ) of 
length m. 

In what follows, we use the agreements and notation adopted in [Mac995 . 

Definition 7.2. A partition tv of length m is a nonincreasing set of m positive 
integers TTj. Denote by Par m the set of all partitions of length m. 

On the set of partitions, a conjugation operation is defined as follows: 

7r' = {tti, . . . , 7r m }' = . . . ,7c' m ,}, where tt- = Card{j : tTj ^ i}. 

In particular, the length m' of the conjugate partition tt' is equal to tti. Obviously, 

TT" = 7T. 

Lemma 7.0.3. XTie formula 
(7.3) >r(to) = 7r, where -Kk = w g -k+i + k — g, 

defines an embedding x: WS S — > Par s . 

Proof. We must show that >e(W n s ) is a partition. Let us show first that 
7Tj = w g -j + i + j — g > for all j = 1, ... ,g. By assertion (5) of Lemma 17.0.21 we 
have Wi — i 0, which implies the desired inequality for i = g + 1 — j. 

It remains to show that irk — Tfc+i for ir^ = w g -k+i + k — g and itk+i = 
Wg-k + k — g + 1. Indeed, the difference 

TTfc - 7T fc+ l = Wg-fc+l - Wg_fe - 1 

is nonnegative because W n . s is a strictly increasing sequence by definition. □ 

Definition 7.3. A partition tt that is the image of a Weierstrass sequence un- 
der the mapping >c is called a Weierstrass partition. Let us introduce the following 
notation for Weierstrass partitions: 

7r n , s = x(W n:S ). 

Lemma 7.0.4. The Weierstrass partitions have the following properties : 

(1) tt„ jS = 7v' n s ; 

(2) Tv rlyS C {g,g- 1,...,1}, w/iere g = {n - l)(s - l)/2. 

Proof. It is known [Mac995, p. 3-4] that, for any partition fi £ Par„ such 
that fix = m, the set consisting of m + n numbers 

Hi + n-i (1 < i < »), ti - 1 + j - (1 < i < m) 

is a permutation of the set {0, 1, 2, . . . , m + n — 1}. 



104 



7. RATIONAL ANALOGS 



Let us apply this result to the Weierstrass partition 7r n>s . Its length is equal 



to g, and the element m is equal to w g 
numbers 



1 — g = g. Thus, the set formed by 2g 



TTi+ g-i = w g+1 - 
g-l+j-n'j =2. g -l 

is a permutation of the set {0, 1,2,.. 
j)}j=l,...,g is the complement of the sequence W, 



(i = l,...,g) 
, 2g - 1}. That is, the set {2g - 



1 



fJ 



l,....g ls wie compiemem oi me sequence vv n , s in the set {0, 1,2, . . . ,2g — 1}. 
Since the complement of the sequence W n ,s in the set {0, 1, 2, . . . , 2g — 1} is of the 
form {2g — 1 — iu s +i— j}j=i,..., g and {tt^, . . . , ir' g } is a partition, it follows that 

A = w a+i-i +3-9= g)- 
The condition 7r„. s C {g,g — 1,...,1} means that, for the elements of the 
sequence W n ,si the inequalities Wi ^ 2i — 1 hold for all i, 1 ^ i ^ g, according to 
assertion (5) of Lemma 17.0.21 □ 

7.3. Schur- Weierstrass polynomials 

We present the notation and the results following [Mac 995] as above. Let 
A TO = fc ^ o be the graded ring of symmetric polynomials with integer coef- 
ficients in variables x±, . . . ,x m , where Aj^ consists of the homogeneous symmetric 
polynomials of degree k. Here the number m is assumed to be large enough as 
usual and, for this reason, below we denote the ring A m by A. 

Let us introduce the elementary symmetric functions e r by means of the gener- 
ating function E(t) — J2 r >o er ^ T = Ili>o(l +X{t). As is known, A = Z[ei,ea, . . .]. 
Let us introduce the elementary Newton polynomials p r by means of the generat- 
ing function P(t) = J2r>iPr^ r l — Si>i x i/(1 — Xit). The generating functions 
P(t) and E(t) are related by the formula P{-t)E(t) = E'(t). The function e k is 
expressed in terms of {pi, . . . ,Pk} in the form of the determinant, 

1 ... 



(7.4) 



Pi 
Pi 



Pi 







p k -l Pk-2 Pk-3 ■■■ k-1 
Pk Pk-l Pk-2 ■■■ Pi 

The functions p r are algebraically independent over the field Q of rational 
numbers, and Aq = A®zQ = Q [pi , p2 , . . . ] . Set p^ = p-n 1 Pir 2 Pir3 ■ ■ ■ for all partitions 
7r = {tti, 7T2, . . . }. Thus, the elements p n form an additive basis in Aq. Using this 
fact, we endow the ring A with the inner product given by 

(7-5) ipw,P P ) = Siv,pZp, 

where z p = Yik>i k mk mk\ and uik = rrik(p) is the multiplicity of a number k in the 
partition p (see |Mac995l p. 24, 64]). 

To an operator of multiplication by an arbitrary symmetric polynomial /, the 
conjugate linear operator T>(f) with respect to the inner product (|7.5|) corresponds, 
which is completely determined by the formula (T>( f)u, v) — (u, fv) for all u, v G A. 
For instance, we have the relation 

d 
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where it is assumed that the symmetric polynomials are expressed as functions 
of e r . Representing a function / € A in the basis p^ as a polynomial </>(pi,p2, • • • ) 
with rational coefficients, we obtain (see |Mac9951 p. 75-76]) 

(7.7) w> -♦(£,.. .,„JL. 

The classical Schur polynomial corresponding to an arbitrary partition 7r 
has the following representation in the form of a determinant (sec Mac995, p. 41]): 

(7.8) Sit = det(e 7r '_i + j)i^i J ^ m , where m is the length of the partition 7r. 

We denote by S n>a the Schur polynomial (|7.8| corresponding to a Weierstrass par- 
tition 7r niS . By (|7.8p we have 

S n , s = S n ,a(ei, . . . , e 2g -i), where g = (n - l)(s - l)/2. 

Theorem 7.1. In £/ie representation via the elementary Newton polynomials, 
any S n s is a polynomial in cj vaviablcs \_Pwn • • • )Piv, 

} only, where {w\, . . . , w g } = 

PROOF. Note that, for any symmetric function u, it follows from the relation 
(u,pkf) = for all / € A that u does not depend on p^ because the inner product 
(|7.5[) is nondegenerate. By (|7.6p . the latter condition is equivalent to the relation 
D{pk)u = (— l)* -1 X)r>o 6r 9u/de r+ k = 0, where the function it is regarded as a 
polynomial in e r . 

For some g £ {1,2,. ..,2g— 1}, consider the action of the linear operator 
2?(p ? ) on the polynomial S n ,s corresponding to the Weierstrass partition 7r„. s = 
{tti, . . . ,7r 9 }. By differentiating the determinant given by formula (|7.8|) . we obtain 

(7.9) T>(p q )S n , s (ei,e2,...,e 2 g-i) = (-l) 9 " 1 ^ ^ e ^-i-q+j M %h 

i=i j=i 

where we performed the change of the summation index by the formula r — i^i — 
i — q + j, and Mij stands for the (i, j)-cofactor of the matrix (e^— 
We need an auxiliary assertion. 

Lemma 7.1.1. If the equation 

(7.10) we-e-q = ni, -I' 

is solvable with respect to £' for a given q 6 N and for all £ G {1, ... ,5} such that 
tti — t — q + g > 0, then S n>s does not depend on p q . 

Proof. Note that, under the conditions of the lemma, the sum J2j=i z-ni-i-q+jMi^ 
is equal to S n , s 5i,i'- Then the double sum (|7.9p is equal to S n . s Yli=i anc ^ van " 
ishes for a nonzero q, which proves that S n . s does not depend on p q . □ 

Let us return to proof of the theorem. 

Let us rewrite Eq. (|7.10l) in terms of the Weierstrass sequence W n ,s- We obtain 
Wj> = Wj—q, where j = g + l—£ and j' = g+l—£'. By assertion (3) of Lemma r7.0.2l 
we have w g — Wi ^ W„. s , and hence the conditions of Lemma 17.1.11 do not hold 
for any q = W{ € W n ,s- On the other hand, by assertion (4) of Lemma [7.0.21 the 
conditions of Lemma l7.1.1l hold for any q ^ W njS , and hence we have T>(p g )S n>s = 
for any p q with such a subscript q . □ 

Let W Jl: s — {wi, . . . , w g } be a Weierstrass sequence as above. 
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Definition 7.4. A polynomial o~ n ,s(z\, . . . , z g ) in g variables that exists by 
Theorem 17.11 and is given by the identity 

(7-11) o~ UiS (pwi j ■ • ■ j Pw g ) = S n , s , 

is called a Schur-Weierstrass polynomial. 

Any Schur-Weierstrass polynomial is homogeneous with respect to the natural 
grading of the ring A in which deg A (e r ) = deg A (p r ) = r for r > and deg A (e r ) = 
deg A (p r ) = for r < 0. In this grading we have deg A (zg) = we and, as follows from 
formula (|7.8jl . the weight of the polynomial o~ n , s (zi, ■ ■ ■ , z g ) is equal to the sum of 
the elements of the partition 7r„ iS . We have 
g g 

deg A (cr„ jS ) = 2J = X!( Wfe ~ fc + !) 

e=i k=i 

9(9-1) | ^ 1[i ffl r: . 
= 2— + ^ L( is -^) = 24 ■ 

i=l 3=1 

Lemma 7.1.2. The weight of the Schur-Weierstrass polynomial o~ n ,s(zi, . . . , z g ) 
is equal to its degree with respect to the variable Z\, deg A (er„ iS ) = deg Zl (a niS ). 

Proof. It follows from relation (|7.4I) that e r = p\/r\ + . . . . Further, by formula 
1)7.80 we have S n>8 = pjdet(x(w l - j + l))i<i,j< fl + ... , where 7 = Ya=i % i = 
deg A (er„, s ) and x( n ) = l/ n - for n ^ and = for n < 0. 

It remains to prove that the determinant det(x(wi — j + l))isSi,j<s is nonzero. 
Consider the Wronskian W t (t Wl , t W2 , . . . , t w a ) of the system of monomials {< Wl , t W2 , . . . , t w « } , 
which is obviously nondegcncratc. The immediate calculation gives 

m=i^ ! 

This proves the lemma. □ 



Example 7.1. Let us give the explicit expressions for the Schur-Weierstrass 
polynomials with g — 1, 2, 3, 4. 

For g = 1 and 2 we have (72,3 = Zi and 02,5 = \ {z\ — Z2), respectively. 
For g — 3 we have 172,7 = — ^ z i z 2 + 9Z]Z3 — 5z§) and 03,4 = ^(^1 — 



hz\zk + 4^3 



45 v~i "~i~i2 1 "«2y "j,4 — 20* 

For g — 4 we have (72.9 = 4=^5 ( z i° ~~ V?>z\z<i + 63zfz3 — 22hz\z^ + 315zfz2Zs — 
175^1 z| + 9(— 21jzf + 25z 2 Z4)) and cr 3 , 5 = jjgCzf — 14ziZ% + 56z1z 2 z 3 — 64ziz 4 — 
7(z 2 2 -2z 3 )(^ + 223)). 

Theorem 7.2. Let i: C 9 — > C 9 , £ i— > — £, 6e t/ie canonical involution. In this 
case, 

!(*«,.(€)) = *»,.("€) = (-l) ( " 2 - 1)(s2 ~ 1)/24 ^n, s (l). 

Proof. Consider the involutions to and w on the ring Aq that are defined on 
the multiplicative generators by the formulas 

uj{p r ) = (-l) r ~ l p r and Q(p r ) = (-l) r p r . 

As is known, u>(s p ) = s p i for any Schur function }Mac995l p. 42]. Since w{e r ) = 
(— l) r e r , we have u>(s p ) = (— l)^ Pi s p by (|7.8p . The desired assertion follows from 
the fact that the involution i is the composition oj ■ u>. □ 
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For an arbitrary Wcicrstrass sequence W n ,s = {wi, . . . , w g }, for the corre- 
sponding Schur-Weierstrass polynomial <J niS (zi, ■ ■ ■ , z g ), and for a chosen value of 
the vector z = (z\, ■ ■ ■ , z g ) G C ff , we introduce the following polynomial in x E C: 

i?„, s (x; z) = ct„, s (zi + x™ 1 , . . . , z g + x w "). 

Theorem 7.3. For a given £ E C 9 , the ■polynomial R n , s (x;£) either does not 
depend on x or has at most g roots. 

Proof. Let us consider cr„ jS (£i, . ..,£ s ) as a function belonging to the ring of 
symmetric functions A in formal variables Xi, . . . , x^ with N sufficiently large (for 
instance, the number 2g — 1 is sufficiently large indeed because, in this case, for 
any £ G C 9 , the system of equations & = J^i^i 1 X T* w ^ tn res P ec t to x\, . . . , x 2g -i 
is solvable). Denote the function thus defined in the basis e r by S (ei, e2, . . . ) = 
°n,s(£) 5 and we have expression (|7.8p for the function 5. In this representation, the 
polynomial R n ^ s (x;£) is the same function, which is however calculated on the ex- 
tended set of variables x, xi, . . . ,xn- Let us use the property of the elementary sym- 
metric polynomials given by ei(x, xi, X2, ■ ■ ■ ) = xei-i(x\, X2, ■ ■ ■ ) + ei(xi,X2, ■ ■ ■ ) 
to express R n>s via S. We obtain 

(7.12) R 7hS (x;£) = S(x + e\,xe\ + e 2 , . ..) = det(a;e 7ri _ i+ j_i + e^-i+j)].^,^. 

The determinant in (|T. 12[) is a polynomial of degree not higher than g, which proves 
the theorem. □ 

Let us represent the polynomial R n .s(x',£) in the form 

9 

RnA^t) = J2 R e(® xi - 

Among the polynomials Rt(£), there are relations 
1 9 d 

R r{i) = - Y2 w i ~aF Rr - W A£)' r = l,...,3g-l, 

r ?=i °^ 

where we set Ri(£) — for i < and for i > g. The first g relations in this list lead 
to expressions for the polynomials i? r (£) with r > in terms of the derivatives of 
the polynomial Ro(£) = o~ nyS (£), and the other 2g — 1 relations form a system of 
linear differential equations such that <7„ lS (£) is a solution of this system. 

Let us introduce the special notation cr n ,s(£) f° r the coefficient R g (£) of the 
polynomial Rn, s (%i£)- As follows from the expansion 

det(ice 7r< _ i+ j_ 1 + e„ i .. i+ j) = x 9 ■ det(e ir( _ i+ j_ 1 ) + . . . , 

the polynomial a n . s {£) corresponds to the Schur polynomial s^ n s , where the par- 
tition 7r„ iS is {7r 2 , . . . , 7r g }, in the same sense in which the Schur-Weierstrass poly- 
nomial <T n , s (£) corresponds to the Schur polynomial s nn s . By construction, the 
polynomial a n ,a(£) does not depend on £ g . We can readily prove this fact by using 
formula (|7.4|) . Indeed, the dependence on p Wg can be caused only by means of 
the function e w , which does not enter into the expression for a n ,s (£)• The weight 
deg A ((7„, s ) is equal to deg A (er„ )S ) - gr. 

We also note (see the proof of Theorem I7.2f) that the involution Q acts by the 
rule Q(d n , s {£)) = (— l) dcSA ^ CT "' s ' l Sv liS (£), while the involution w can be represented 
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as the composition ui = u) ■ i, 

(7.13) = (-l) dcgA(S "' s) ^,,(-6- 
We finally obtain 

(7.14) R n , s (x; -€) = (-l)^ 2 - 1 )^- 1 )/ 24 ^^,^-^ £))• 
Example 7.2. Let us study the case n = 3, s = 4. We have 

<?3,4(z) = - z 2 ), i? 3 ,4(a;;2) = CT 3 ,4(^)(a; 3 + zix 2 + ±(z 2 + z 2 )a;) + 03,4(2). 

On the two-dimensional subspace (a) in C 3 given by the parametrization z(r], £) = 
(77, n 2 ,£), the polynomial 173,4 is identically zero and the polynomial i? 3i4 does not 
depend on x, 

Finally, on the one-dimensional subspace (<?)sing C (a) C C 3 defined by the equation 
z(rj) = (r], rj 2 , « 5 ), the polynomial #3,4(2;; z{rj)) is identically zero. Thus, on the set 
C 3 \(ct), the polynomial #3,4(2;; z(r])) is nondegenerate and has three roots. 

7.4. Inversion problem for the rational Abel mapping 

Consider the graded ring of polynomials C[X, Y], where dcg(A) = n and 
deg(F) = s. A polynomial of the form 

(7.15) f(X,Y;\o,\ n ,...,Ai n+ j S ,...) = Y n — X s — X an+ ^ s X a Y^ 

0^a<s-l 
0^/3<n-l 

is called an (n, s) -polynomial if deg(/(X, Y; A)) ^ ns. For ^ r < ns, the represen- 
tation of a number r in the form an + /3s is unique. Therefore, an (n, s)-polynomial 
depends on the collection A = {X an +i3s}, ^ a < s— 1,0</3< n— 1, an+/Js < ns, 
which consists of d n . s — ns — g — {[s/n] + 1) — 1 = (n + l)(s + l)/2 — [s/n] — 3 
parameters, the so-called moduli. In the general case we may assume that these 
parameters belong to a graded ring, and if we set deg(A r ) = ns — r, then the (n, s)- 
polynomial f(X, Y;\) becomes homogeneous of degree ns with respect to X, Y, 
and A. 

For the case in which A is a set of complex numbers, an (n, s)-polynomial is 
said to be nondegenerate if 

A x (A Y (f(X,Y;\)))^0, 

where At stands for the discriminant with respect to the t. 

If f(X, Y; A) is a nondegenerate (n, s)-polynomial, then the algebraic variety 

(7.16) V(X, Y) = {(X, Y)eC 2 : f(X, Y; A) = 0} 

in C 2 is a nonsingular affinc model of a plane algebraic curve V of genus g without 
multiple points, which realizes an n-shect covering over C. 

On the rth symmetric power of the Riemann surface of the curve V we define 
the so-called Abel mapping A: (V) r — > Jac(V), where Jac(V) stands for the Jacobi 
variety of the curve V. This mapping is defined by the holomorphic integrals 

(7.17) u i = (-o i n + ME/ x^-iyn-ft-i a ; i = l,...,g, 

where fy = df(X, Y; X)/dY, and the pair of integers on and /3j represents the ith 
element — c^n + /3jS = Wi of the Weierstrass sequence W„, s . 
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Let us introduce the space C n . s of all nondegenerate (n, s)-polynomials. This 
space is a subspace in C d ™- a , and it is the complement to the algebraic variety 
formed by the points A G C d ™<= such that A x (A Y (f(X,Y; A))) = 0. 

On the space £„. s , the group C* of nonzero complex numbers acts by the 
transformations r(A) = {Afc(r)} = {r™ s_fe Afc} (the action is defined by the grading) , 
where t G C*. Using this action, we define the rational curve 

Vq = lim ( (X, Y) G C 2 : lim f(X, Y; t(A)) = Y n - X s = o) 

as the canonical limit of any nondegenerate curve associated with an (n, s)-polynomial 
f(X, Y; A) with a set of parameters A G C n ,s- 

In the canonical limit, the Abel mapping (|11.56|) passes to the limit mapping 
Aq. Let us introduce a parametrization C — > Vo by the formula t H> (t~ n ,t~ s ). In 
this parametrization, the mapping Aq reduces to the integrals of the form 



r X^^Ytty-^X'it) = -J t -^i-l)ns{n-^-l)-{n+l)+{n-l)s dt 



s 1 

r-^dt = — C- 

Wi 

Definition 7.5. For a Weierstrass sequence W„ iS = {u>i, . . . , w g }, we define 
the mapping A ns : (C) r — > C 9 , the so-called rational analog of the Abel mapping, 
by the formula 

/ T r 
A n .s [x\ , • . • , Xr) = I ^ ] Xj i ■ • ■ j ^ ] £j 

For the mapping A n , s , the following analog of the Abel theorem holds. 

Theorem 7.4. Let {x±, . . . , xn} G (C) , where N ^ g, be a collection such 
that Xi ^ Xj for all 1 ^ i ^ j ^ N and a n ^ s (A n , s (xi, . . . , x./v)) 7^ 0. TTien there 
exists a set {t\, . . . , t g } G (C) 9 suc/i i/ia£ 

A„ jS (a;i, . . . ,x N ) + A ni „(ti, ...,t g ) = 0. 

PROOF. Let Q N = {qo, . . . , qn} be the complement of the Weierstrass sequence 
W n , s — {wi, . . . , w g } in the set {0, 1, 2, . . . , N + g}. Denote by b(x) the column 
vector of the form ((x N+9 ~ qj )j—o n) T - Let us consider the polynomial 
(7.18) 

ip(x) = det(b(x),b(x 1 ), b(x 2 ), b(x N )) = ip x N+9 +ip 1 x N+9 1 -\ \-<fN+ g -ix+<p N + g , 

in which the coefficients ip m are zero for alii = 1, . . . , g by construction. 

Let us show first that ipo is nonzero. We set Wj — for j < 1 and Hj = for 
j > g; then N+g-q t = N+g-(2g-l-W g -i) = N + n l+1 -i for alH = 0, . . .,N+g. 
We have ipo = \x^' +1+N i |i,j=i,...,jv- Hence, by the direct definition of the Schur 
polynomials [MacQQS, p. 40], we obtain 

and therefore (p ^ under the assumptions of the theorem. 

Thus, the equation (f(x) = has N + g roots, N of which form the set 
{xi, . . . ,xat}; we denote the other g roots by {ti, . . . ,t g }. 
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The polynomial 

is the generating function of the elementary symmetric functions of{xi,...,xjsr,ti,..., t g }. 
Consider the generating function of the power sums of these quantities, 

Let us show that the coefficients ip Wi vanish for alH = 1, . . . , g. Indeed, as is known, 
there is the following expression for %\) k in terms of {ip , ■ ■ ■ , (fk} ( sce Mac995 ): 

ipi cpo ... 

2(p 2 ipi ipo ... 



(k - l)<fik-i 

kifk tp k -i ipi 

Hence, rp Wi is a sum with rational coefficients of products of the form 

9 P i V P 2 <Ppi 
¥>o fo <Po 

such that pi + p-2 + ■ ■ ■ + pi = Wi . 

Lemma 7.4.1. // w e W n _ s , then any partition p = {p\, . . . , pe} of the number 
w contains at least one element of the sequence W„ iS . 

Proof. This follows from the fact that, in the set of positive integers, the 
complement of a Weierstrass sequence is a semigroup. □ 

According to the lemma, since <p Wl = (p W2 = ■ ■ ■ = (p W( = 0, we have ip Wi = 0, 
that is, 

N g 

(7.19) E x r + E**' 1 =0, i = l,...,5- 

3=1 k=l 

□ 

Let us show that the condition Xi ^ Xj in the assumption of Theorem 17.41 is 
not restrictive. 

Lemma 7.4.2. Let K, N be the subspace of vectors in C N that have no equal 
coordinates. Consider the composition K. N A- ^> C N C^ -1 , where i is 
the embedding, Af(x 1: ..., x N ) = (zi, . . . , z N ), z k = J2q=i x g' an d ll{ z U z n) = 
(zi, . . . , Z£+i, • • . , zn). The composition 7^ o J\f o i is onto if and only if either 
N = or N = 1 mod t. 



' k = 1 — k 



7.4. INVERSION PROBLEM FOR THE RATIONAL ABEL MAPPING 
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PROOF. The preimage of a point £ £ C N 1 under the mapping jioJ\f is the 
set of roots of the polynomials (see, for instance, [BR998J) 



P(t) 




for all possible values zg £ C. If N ^ 0, 1 mod£, then any point of the preimage of 
the point £ C N ~ X has a pair of equal coordinates. If N is either or 1 modi', then 
the discriminant of the polynomial P(t) is a polynomial in zg of degree N(N — l)/£ 
for any value of £ £ C , i.e., it vanishes only for N(N — l)/£ particular values 

of Zf. □ 



Consider the Jacobian of the mapping A n>s : (C) fi 



C 9 : 



d(zi, ...,Zg) 



= f[w k \tf -'U^ = f[w k \f t - 1) - t+B \i <td<B 



fc=i 



k=l 



d(tl, ...,tg) 

It follows from the direct definition of the Schur polynomials [Mac 995| p. 40] that 
\t^ e - 1) - e+g \i^ g =u(a n , s (A ntS (ti,---,t g ))) II (**"*<)• 

l^k<i^g 

Hence, applying formula (|7.13l) . we obtain the following expression for the Jacobian: 



d(z!,...,z g ) = & 

d(h,...,tg) [ ' 



Y\_Wj ■ 5 B ,,(-A.,,(ti 



Let us show that the Schur- Weierstrass polynomial of the form 

<r„, s (A n , s (x) - £) = R n ,s(x; -£) 

leads to the solution of the inversion problem for the mapping A n>s . Set (<7n, s ) = 
£ C 9 : ^n,s( — = 0} and introduce the mapping B n:S : C 9 \(a n ,s) — > (C) ff that 
sends a vector z £ C 9 \(a n , s ) into the set of roots {x\, . . . , x g } of the polynomial 
Rn, s {x\ -z). 

Theorem 7.5. The mapping B ntS solves the inversion problem of the mapping 
A n>s , that is, for all £ £ C 9 \ (<5Vi,s) the relation A ntS (B n ^ s (£)) = £ holds. 



Proof. The representation (|7.12j) of the polynomial R n ,s(x; £) can be reduced 
to the following form: 



Rn,s(x; £) 



— 1 &W2 — 1 



(-x) 9 
(-x)f- 1 



"W\-\-\— g ^i(J2 + l— g 



e W!-g 



--wi—g 



-w g +l-g 
e w g -g 
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Hence, applying the transformation (|7.14[) . we obtain 





h"wi 


h W2 




x g 




hw\ — 1 


— 1 


hwg-1 




l)(s 2 -l)/24 












<l"W\-\-\ — g 


hw?+l—g 


hwg+l—g 


X 




hw±—g 


h"W2—g 




1 



The functions hk are complete symmetric functions [Mac995 , which are the images 
of elementary symmetric functions under the action of the involution to and 
satisfy the relations X^=o(~l) J e jhk-j = for any fc > 0. Note that 2g — 2 = 
w g — wi £ W n ,s- By Lemma [7.4.21 in the case of N = 2g — 1 and I = 2g — 2, 
we can use the result of Theorem 17.41 Hence, it is sufficient to restrict ourselves 
to the case £ = An >a (ti, . . . ,t g ), i.e., we may assume that e q = for q > g. Thus, 
Ylj=o(~ e jhwi-j = 0, i = 1, . . . ,g, and consequently 

g g 
(7.20) Rn^x; -£) = ^(-1) V - - *0- 

i=o »=i 

This proves the theorem. □ 
Formula (|7.20l) immediately implies the following assertion. 

Corollary 7.5.1. For an arbitrary point {x\, . . . ,x g } of the space (C) 9 we 
have either a ntS (-A ntS (xi, ... ,x g )) = or B n>s (-A ntS (xi, . . . , x g )) = {xx,...,x g }. 

7.5. Rational Riemann vanishing theorem 

Let a polynomial P(£i,...,£ g ) in g variables be given. For every z e C 9 , 
using a Weierstrass sequence W„ iS of length g, to this polynomial we put into 
correspondence a polynomial in x of the form 

R P (x, z) = P( Zl -x w \...,z g -x w °) = P(z- A n>s (x)). 

Definition 7.6. We say that a polynomial ■ . ■ ,£ 9 ) satisfies the (n,s)- 
analog of the Riemann vanishing theorem for polynomials if the polynomial Rp(x, z) 
for z = A n , s (xi, . . . , x g ) either has exactly g roots {ti, . . . , t g } = {xi, . . . , x g } or is 
identically zero. 

According to Corollarv l7.5.1[ the Schur- Weierstrass polynomial a n ,s introduced 
above satisfies the 

(n, s)-analog of the Riemann vanishing theorem for polynomials. 

Theorem 7.6. If a polynomial P satisfies the (n, s)- analog of the Riemann 
vanishing theorem for polynomials, then it is equal to the Schur- Weierstrass poly- 
nomial a„ tS up to a constant factor. 

Proof. Applying Theorem 1 7. 5 \ we see that, for any z £ C 9 \(a njS ), the poly- 
nomial Rp(x,z) either has exactly g roots, which coincide with the roots of the 
polynomial R n ^ s (x, —z), or is identically zero. Thus, on an open everywhere dense 
subset in C 9 we have the relation 

P(z)R n , s (x, -z) = R P (x, z)o- n ^ s (~z), 
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and therefore this relation holds for all z £ C 9 and x £ C. Using the parity 
properties of the polynomial o~ n ,s, we can rewrite this relation in the form 

P{z)a n . s {z - A n . s {x)) = P(z - A n . s (x))cr n . s (z). 

Applying the induction on q to £ = X)fc=i An,s{ x k): we can see from the last relation 
that 

P{z)a n:S (z - £) = P(z - £)a nt8 (z), 
which obviously proves the theorem. □ 

Theorem 17.61 has an important application in the theory of Abelian functions 
on the Jacobi varieties of curves of the form (|7.16j) associated with nondegenerate 
(n, s)-polynomials. 

We recently developed an approach in the theory of Abelian functions that 
generalizes the theory of Weierstrass elliptic functions to higher genera. The func- 
tion <t(m; A) associated with a nondegenerate curve of the form (|7.16[) is an entire 
function, which has a power series expansion 

a(u;X) = S{u) + 0(\) 

in a neighborhood of £ J&c(V); here S(u) is a polynomial in Ui, . . . , u g of weight 
(n 2 — l)(s 2 — l)/24, and O(A) denotes the rest part of the power series in which 
the constants A r raised to positive powers enter as factors. 

The function a(u; A) satisfies the Riemann vanishing theorem in the following 
form. Let (X, Y) € V and let z be a point in Jac(V r ); by using the Abel mapping 
(|11.56l) . we define the function 

K((X,Y);z)=a(A(X,Y)-z;\). 

In this case, 1Z((X, Y); z) is either identically zero or has exactly g roots {(Xi, Yi)}i = i g € 
(V)« such that A((X 1 ,Y 1 ),...,(X g ,Y g )) = z. 

For any set of parameters A £ C n . s , the above canonical limit leads to the 
function cr(w; 0) = S(u). Since the Abel mapping A passes to a rational mapping 
A n ^ s under this limit process, we obtain the following result. 

Theorem 7.7. The canonical limit of the Kleinian a-function o~(u; 0) is equal 
to the Schur- Weierstrass polynomial a ntS (u) up to a constant factor. 

Proof. Consider the polynomial a(Ao(X, Y) ~ z;0) at some value z £ C 9 . 
We have a(Ao(X, Y) — z; 0) = S(A, liS (x) — z), where we used the parametrization 
(X = x~ n , Y = x~ s ). The last expression shows that the polynomial a(z;0) 
satisfies the (n, s)-analog of the Riemann vanishing theorem for polynomials. □ 

Note that, in the canonical limit, the function 1Z((X, Y); z) either does not 
depend on the parameter a; or is a polynomial in x and has at most g roots. 



CHAPTER 8 



Dynamical system on the cr-divisor 



Most of known finite-dimensional integrable systems of classical mechanics and 
mathematical physics are also algebraicaly completely integrable, i.e. their invariant 
tori can be extended to specific complex tori, Abelian varieties, and the complexified 
flows are straight-line flow on them. In certain cases, like the famous Neumann 
system describing the motion of a point on a sphere with a quadratic potential, 
or the Steklov-Lyapunov integrable case of the Kirchhoff equations, the complex 
tori are Jacobians of hyperelliptic curves that genera equal to the dimension of 
associated Liouville tori. 

On the other hand a number of dynamical systems of physical interest admit the 
spectral curve whic genus is bigger than the dimension of the invariant tori, and the 
latter are certain non- Abelian subvarieties (strata) of Jacobians. Algebraic geomet- 
rical properties of such systems and types of singularities of their complex solutions 
were described in |Van995l IAF001 IEPR031 IFG071 IEEKL9931 IEEKT994) . 
There are know a number of examples of systems related to strata of hyperellip- 
tic Jacobians and only recently a new case of dynamic over strata of Jacobian of 
trigonal curve was considered [BEF12 

8.1. Restriction to the sigma- divisor 

Write Jacobi equations as x 2 — ¥ oo, (£2,2/2) = ( x ->y)i i- e - 

^• v) dx [ {x ' v) xdx 

— =Ul, / =u 2 

/oo V Jog V 

Now variables ui,u 2 are related. Because 

/ r(xi,yi) r(x2,y2) \ 

Lmx^oo^i + x 2 ) = P22 / dw + Lim^^oo / du 

\ J 00 J 00 / 



(T22C — 02 



OO 



The aforementioned dependence is given by the equation 

a(u) = 

That is equation of cr-divisor , i.e. 

dwj = VP € X 

In what follows we denote cr-divisor as (cr), that is one-dimensional sub- variety 
in the Jacobi variety: 

(cr) c Jac(A) 
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Represent xi coordinate 



xi = Lim^^oo = -Lim 



xi + x 2 
<j\ 2 a — <J\o 2 



22 a — cr 2 



P12H 

X2— >0O / \ 

P22{U) 
C7i («) 



Therefore 



(a) CT 2(M) 
CTi (u) 



to 



ct 2 (m) 

We also derive similar expression for the y coordinate of the curve we use the 
formula 

x iU2 - xjyi _ P112W 

V1-V2 P222{u) 

and approach to (a) in its both sides. In this limit 



■ r -' = £2' W = |6 I 1 + ^ A4 ^ 2 



0(0 



and the left hand side of this equality (LHS) expands as 

LHS = x\ - \y^ + ± yi A 4 £ 3 + O(f) 
Let us expand the right hand side, RHS. To do that we denote 

rPi rPi 

v\ = I dtii,t> 2 = / dw 2 , 



Further we expand 



-p 2 



/ dui 

J 00 

w 2 = du 2 
J 00 

Plug into RHS 
and expand in £. We get 



*2 = l/« 2 



RHS 



a(ui,u 2 ) = (t(vi +wi,v 2 +w 2 ) 



cr 2 («; 



(a:?o-2,2(t;) + 2xa lt2 (v) + ai,i(v)) + 0(£ 3 ) 



Equating coefficients in of linear term of expansions in the LHS and RHS we 
derive necessary result. We summarize the obtained formulae 

The genus two curve is locally uniformazed by the functions x and y defined 
on ex-divisor that are given as 

0-1 (w) 



(8.1) 



0-2(1*) 
1 

02 («) 



to 



(011 (u) + x 2 (7 22 (u) + 2xai 2 (u)) 



to 
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Further we present equivalent representation of the y coordinate, 

1 a{2u) 



V 



2 0-2 (m) 



8.2. Remark on the cr-series 

(c) is given by condition 



to 



dx f xdx 

ui, / = u 2 



2 



Expanding these conditions near point x = l/£ and keeping the lower terms in £ 
we get equation 

1 „ 

Eliminating £ we obtain the following expansion in the vicinity m ~ 

cr(u) = u\ u\ + highr order terms 

3 

Further terms of u-series can be obtained as series with coefficients defined recur- 
sively (Buchstaber-Leykin, 2005) 

Let us check that pole behavior of x and y at infinity in virtue of formulae 
LB: 



d/dui (u\ — \u^) 
d/du2 {u\ - |it|) 



1 

e 



i i i 

--5 0-— 2u 2 



2 2 



8.2.1. Schur polynomials. Polynomial u\ — l/3u| has a deep sense, that's 
the Schur function corresponding to the partition (2, 1) and Young Diagram 



Recall definitions. For any partition: 

n 

A : a\ > a 2 > . . . > a n , |a| = ^ a„ 

i=i 

the Schur polynomial of n variables x±, . . . ,x n defined as 

s x = det(p Qi _ l+i (a;)) 
where elementary Schur polynomials p m (x) are generated by series 

m— I. n—1 ) 
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Few first Schur polynomials are 

Si = Xi 



s 2 = x 2 + -x 1 



si.i = -x 2 + -x 1 

1 3 

«3 = x%+ xix 2 + -x\ 





s 2 .i = -x 3 + ~xf 



Sl.1,1 =X3~ XiX 2 + -x 1 



□ 



8.2.2. Weierstrass gap sequences. Consider the set of all monomials 

x n y m , n,meZ+ 

Order N of the monomial x n y m is the order of the pole at infinity, i.e 2n + 5m. We 
call a number p e Z + an non-gap number if exists monomial of order p and gap 
number otherwise 

Weierstrass gap sequence at oo 

2 3 =4 



3=2 



, 




|2.g = 


4 




0, 1, 


2, 3, 


4, 5, 


6, 


7,... 


t 


t 


t t 


t 


t- 


const 


x 


x 2 y 


x 3 


yx . 



Weierstrass gap theorem Exists exactly g gap numbers 

1 = w\ < w 2 < . . . < w g < 2g 
These are 1 and 3 in our case Denote partition numbers 

ai > a 2 > . . . > a g 

Then 

a k = Wg-k+i + k - g, k = l,...,g 
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8.3. Second kind integrals on (a) 

The following formulae are valid: 

022 («) 



P„ 2(72 (U) 

P 

dri 

Pa 



+ C 2 



0-12 («) 



CT2 («) 



(<7)=0 



W=0 



022 (") 



20 2 (m) 



Cl 



(<r)=0 



For the proof we use alredy derived representations 
/p n %i 



-CiN 



dxi + 



/ 

JP 



dri 



12/1-2/2 



2 — X2 
(•(si.l/i) t.2 



+ Ci 



'Po 

We have expansions 



C 2 («)= / ^dxr+ / dr 2 + C7 2 

JPo 2/1 Jp 



dui 



oo 

p 



/ du s 

</ oo 



dri 



Po/oo 

p 



dr2 



Po/oo 



x=l/£ 2 =oo 



x=l/£ 2 =oo 



X — l/^ 2 — oo 



X— l/^ 2 — oo 



1 A 4 



a + o(e) 



And also 



Pi 



Pi 



X2=i/e, 



10i_ 
? 02 



Oj,2 
02 



01022 



2a| 



(°0 



Plug these to the above representations, poles in £ will cansel; the necessary result 
follows. 



8.3.1. Restriction of 5 Baker equations to (a). The third order cr-derivatives 
restricted to cr-divisor are expressible in lower derivatives as 



0222 



0122 = 



0112 



0111 



3 0^2 , ^4 

4 172 4 



02 + 01 



022012 1 02201 01 1 x 

h -A 4 01 

02 4 (7 2 02 4 

CTj 01012022 1 0? 022 1 \ 



4 of 



-A 4 — 

4 cr 2 



3V 2 2 ,3(7?! 1 1 

■- h h -A 2 o~i + -CT2A1 

4 cti 4 cti 4 4 



1 011022 012 

2 (72 02 



:A3<7i 
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Figure 1. Planar double pendulum 




These formulae were given in Oni998 . For the proof one should expand 

du 

--i/e 

at £ = at equate to zero principal parts of poles. Various representations of 
three index symbols are compatible because of the equation of the curve to which 
expressions (|8.ip are plugged. 

Using method of expansions one can get higher derivatives 

3 022 1 , 

0222 = h <Jl + -A4O-2 

4 (72 4 

_ 1 022 , 2cr 2 20"l . 1 . 

0"2222 — 77 — 2" r -A 4 (T22 

2 O-jf (7 2 2 

5 cr| 2 5(Ti(T22 5 <jf 5 cr| 2 1. 1. 1 ,2 

0"22222 = -tA 4 h 7 2 1" o !" — 3" + 7 A 40"i + 7A302 + ;j7:A 4 (72 

16 (T 2 4 cr| 2 (72 32 (72 4 4 32 

8.4. Double pendulum and (<r) 

The first pendulun swings around a fixed axis A\ and carries the axis Ai of the 
second apart from axis; the distance between A\ and A2 is a. The configuration is 
determined by the two angles <j>\ and 02 

8.4.1. Lagrangian and Hamiltonian formalism. Lagrangian is 
L = +m2a 2 )(t)\ + ~(0i + 2 ) 2 + m 2 s 2 a0i(0i + 2 )cos 2 

where 9i, 62 are the moments of inertia of the two bodies with respect to respective 
suspension points, m-2 is the mass of the second pendulum. Scaling the energy and 
introducing parameters 

61 + 77J 2 a 2 TO2S20 

rewrite the Lagrangian in the form 

L = \a$\ + + 2 ) 2 + «0i(0i + 02 ) cos 02 
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Introduce the angular momenta 

Pi = (A + 1 + 2a cos 02)01 + (1 + a cos 02)02 

P2 = (1 + a COS 02)01 + 02 

The Hamiltonian becomes 

H _ 1 p| - 2Q(cos 2 )piP2 + Pi (cos 2 )j?2 
~ 2 P 2 (cos 02 ) 

where; 

Q(x) = l + ax, Pi(x) = A + 1 + 2ax, P 2 (x)=A-a 2 x 2 
Energy H and the angular momentum p\ are the first integrals that we will fix on 
levels h and I. Hamiltonian equations are easily reduced to the inversion problem 
for function z — cos 02 



8.4.2. Solving the inversion problem. 

(A - z 2 )dz 



y/(l - z 2 )(A - a 2 z 2 )(2hA + 4ahz - 2h - I 2 ) 
That is inversion problem of the second kind integral 

'■ p {A-z 2 )dz 



= dt 



I 



= t + C 



+ Aui =t + C 



ipo v 

Using the derived formulae for the second kind integrals expressed in terms of a- 
derivatives restricted to (a) rewrite the last relation 

2<T 2 (u) 

Uing this relation as well condition u e (a) we find (locally) functions 

Ux = Ui(t), U 2 — U2(t) 

that should be then plug to the formula 

(8-2) , = cos (0 2 ) = -^4%^ 

That is inversion of the second kind integral by the method of restriction to (<r)- 
divisor. Details and numerics are given in Enolski, Pronine, Richter (2003). 

8.5. On the inversion of one hyperelliptic integral 

We want to invert one integral, 

f P dx „ 
t= — , P= (x,y) EX 



y 

The integral has 4 independent (and non-commensurable) complex periods 

f dx n f dx 

2w M = * — , 2wi i2 = f — 

j a y J a-2 y 

„ , f dx „ , f dx 
2w, , = <b — , 2u, 9 = * — 

• Jbi v L 2 y 

Inverse function x(t) of one complex variable should be 4-periodic, but that is not 
possible. 



122 



8. DYNAMICAL SYSTEM ON THE cr-DIVISOR 



Proposition (Fedorov-Gomez-Ulate, 2007) Under the i3-rule the values of the 
integral t(P) range over the whole complex plane C exept for infinite number of non- 
intersecting identical domains Wij, i,j € Z which called windows. Each window is 
a parallelogram spanned by the forbidden periods 2wi t i, 2uj[ x while the complement 
to the windows is generated by the allowed periods 2wi i2 , 2uj' l 2 



The functions x and y are quasi-elliptic i.e. they are double periodic but not 
defined on the whole complex plane but only on the complement to the windows. 



CHAPTER 9 



cr-function of (n, s)-curves 

9.1. Heat equations in a nonholonomic frame 

9.1.1. Introduction. We start to consider the following problem. 

Let linear differential operators 

n 

(9.1) Li = ^2vi, k (\)d Xk , i = 0,...,n, 

define a nonholonomic frame. Find second-order linear differential operators of the 
form 

m 

(9.2) Ht = *W(A) + a%{\)8 Ua , Ub + 2^ b {X)u a d Ub + ^l(X)u a u b 

a, 6=1 

such that the system of equations 

(9.3) LiW) = HiW), i = 0,...,n, 

is compatible, i.e., this system has nonzero solutions tp — ip(ui, . . . , u m , Xq, . . . , X n ). 

We refer to system (|9.3|) as the heat equations in the given nonholonomic frame 
(EH). 

We construct a transformation which assigns to any differentiable mapping 

J: C" +1 4Cx PSp(2m,C) 

a set of operators {H} compatible with the frame {Li} in the above sense. Us- 
ing the classical parametrization of PSp(2m,C), we construct the operator alge- 
bra A(X) on the space 3? of solutions of system (|9.3p and also a "primitive solu- 
tion" 4>o( u j X) and the primitive Z 2m -invariant solution <pi(u, X) obtained by averag- 
ing the solution <fio over the lattice contained in the algebra A(X). One of the main 
our results in this problem is that the primitive Z 2m -invariant solution coincides 
with the "general sigma function" on the bundle of Abelian tori (see Chapt. 1). 

Further the results obtained are applied to the important case in which both 
the frame and the mapping 5" arc defined by a family of plane algebraic curves. We 
show all substantial details of the general construction by the classical example of 
elliptic curves and functions which is far from being trivial. This construction for 
the family of elliptic curves enables us to present the very essence of the matter 
(not complicated by technical details unavoidable for curves of higher genera) . 

In the case of higher genera we consider the family of plane algebraic curves 
defined by the algebraic variety V = {(xi,X2,A) G C™ +3 | f{x\,X2',X) = 0}, where 
f{x\ , X2', X) — x\° + + XiXi x^* . Using the methods based on fundamental re- 
sults of singularity theory [Arn96|, IZak76j . we construct vector fields {Li} tangent 
to the discriminant variety S = {A | A(A) = 0} of the family V. By regarding V as 
an algebraic bundle with the projection p: T —> C n+1 : (xi,X2,X) M- A, we choose 
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J in the form (log A, 17), where A(A) is the polynomial defining the discriminant 
and f2(A) is the period matrix for the vector of the first- and second-kind basis 
Abelian differentials with respect to a symplectic basis of cycles on the fiber over a 
point A. Finally, using some classical [Bak897] and results of the ChaptJT] results, 
we obtain a construction for which the difference between the left- and right-hand 
sides of system (|9.3|) gives the linear operators annihilating the sigma function of 
the family of curves T. For the hyperelliptic sigma functions, an explicit form of 
generating functions defining the frame {Li} and the operators {Hi} is indicated. 
In this way we derived the system of differential equations that uniquely define 
cr-function among solutions of this system with given initial data. Writing the so- 
lution cr(it, A) as a series in vector u we derive from this system recursive family of 
polynomials in A defining coefficients of this expansions. 

Now we are ready to describe our problem formally. Let A = (Ao, . . . , A n ) be 
a set of commuting variables. Denote by C(A) the ring of differentiable functions 
of A. Consider a matrix V{X) = (Uj,j(A)), i,j = 0, 1, . . . , n, where w;j(A) S C(A), 
and set A(A) = det V . In what follows we assume that A ^ 0. Introduce a moving 
frame {L , . . . , L n } by setting Li = E^o"'.?^)^^ Let c i,jM ^ e structure 
functions of the frame. 

Regarding Xi as the operator of multiplication by the function Xi in the ring 
C(A), we see that the commutation relations 

n 

(9.4) [i i ,i i ]=5^^(A)i fc , [L i ,\ q ]=v i , q (\), [A 9 ,A r ]=0 

k=0 

define a Lie algebra structure on the C(A)-module with the generators 1, Lq, ■ • • , L n . 

Let u = (ui, . . . , u m ) be another set of commuting variables and let C(u, A) be 
the ring of differentiable functions of u and A. Set 

(9.5) Qi = Li + *«(A) + otf b (A)d Ua , Ub + 2p%{X)uA b + >y® b (\)u a u b . 

a, 6=1 

Problem 1. Find sufficient conditions on the data {a w (A), /3 w (A),7 (l) (A), <!)W(A)} 
for the operators (|9.5p to realize a representation of the Lie algebra (|9.4p in the ring 
of operators on C(u, A). 

9.1.2. General solution. Note that the relations [Qi, X q ] — Wi, g (A) automat- 
ically hold for the operators (|9.5p . Consider the system of equations 



(9-6) [Q ll Q J ]=Y J cl J {X)Q k 



k=0 



Defining the operators Qi of the form (|9.5[) is equivalent to defining the triples 
Qi=(Li, Af«(A), <5«(A)), 



, a^tX) (B^(X)) T \ 
where M W (A) = ^(A) ) ^ s a s y mme tric (2m x 2m) matrix. Note 

that the mapping Qi H t Q{ is linear. We have 

[Qi, Q 3 Y= {[Li, Lj], M« JM« - M« JM« + L t {M - L^M®), 
I T r(a^ 7 (^ - a (j) 7 w ) + L^) - 
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where J = ( ^ ^O^j ' Thus, construction of a solution of (|9.6p is reduced 
to the solution of two systems of equations 

(9.7) AfW JM (i) - M« JM W + Li(M^) - Lj(M®) - ^ c^M« = 0, 

(9.8) iTiW } - £* W) 7 W ) + Li(<5 w ) - ij(<5 (i) ) ~ c lj 5[k) = °' 
In particular, it follows from (|9.7|) that 

o (0 7 (fl _ a 0') 7 W _ [fi^\(3^] + L, ; (/3 W ) - LjGSW) - J] c^/3 (fc) = 0, 

and hence we can simplify system ([9l5]) . Set <?W = x [i) + |Tr/3W. We obtain the 
equations 

(9-9) L4X°VMX W )-E c t-X (fe) = ' 

This system is the compatibility condition for the system {Li(ip) — x^^ = 0}; an d 
therefore a set of functions {xi} is a solution of (|9.9[) if and only if = ij(<^(A)) 
for some function ip(X) e C(A). Thus, 

<5«(A)=L^(A)) + iTr/3M(A). 

Let us proceed with system (|9.7|) . Set AfW = XAW. Since the matrices AfW 
are symmetric, it follows that A^J+J(A^) T = 0, i.e., A® € sp(2m,C(\)). 
Then 

(9.10) [A^ ,A^} + Li{A^) - L 6 {A^) -Y^ctj^ {k) = 0. 
System (|9. 10|) is the compatibility condition for the system of equations 

(9.11) Li(0 + £lW=0, £=(6(A),...,6 m (A)), i = 0,...,n. 
Denote the space of solutions of (|9. 1 1[) by A". For any £, £ € A we have 
Li(£J£ T ) = U&je+lJHf) = J+J(v4 W ) T )e T = =>■ £J£ T = const. 
Thus, the skew-symmetric bilinear function 

is defined on the linear space X . 

Let S1(A) be a nonsingular matrix such that Jil T — const. Then the matrices 
{^M = — n _1 Li(fi)} give a solution of (I9.10[) . Moreover, if if is a nonsingular con- 
stant matrix, then the solutions defined by matrices KQ(X) and f2(A) are equal. Let 
us use this fact to fix the normalization f2 Jf2 T = 2iri J. The choice of normalization 
provides the principal polarization of the Abelian tori arising below. 

We have obtained the following solution of Problem [TJ 

Theorem 9.1. Let Q = fi(A) be a nonsingular (2m x 2m)-matrix such that 
HJil T — 2tti J and <p = (p(X) £ C(A). Then the operators {Qq, ... , Q n } of the form 
(|9.5p that are defined by the triples 

QC= (Li, JLifSl-^Sl, Lifr) + iTrtPLiCQ- 1 )^)), 
where P = ( ^™ ^ J , realize a representation of the Lie algebra (|9.4p in the 



x -1,^ 
ring of operators on C(u, A). 
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Thus, the space of the above representations of the Lie algebras (|9.4|) is the 
space of differentiable mappings "J: C n+1 ->Cx PSp(2m, C). 

For a Lie algebra (I9.4p . denote by Q the set of all representations of (I9.4[) 
described by Theorem 19. II The set Q is equipped with the following natural action 
of the group PSp(2m, C(A)). 

Lemma 9.1.1. Let T(A) G PSp(2m,C(A)). The operator T: Q ->• Q takes a 
representation {Qi} with Qj A = (L i ,M^(X),S^(X)) to the representation {Qf} 
with 

(Qjy=(L h -JTJM®T~ l + JLi(T)T-\ 8® + lTr(PLi(T)T- 1 )). 

Let us use Theorem 19.11 to construct an explicit solution of Problem [T] 
We parametrize the set of matrices O satisfying the equation O JO T = 2ni J by 
the triples (w,t, x), where u> G GL(to,C(A)), r T = r, and x T = x, in the following 

way. Represent a matrix O as a (2 x 2) block matrix Q = [p. 1 ' 1 ri 1 ' 2 ] and set 

\"2,1 "2,2/ 

(9.12) Oil = w, ili2=u>e, Q2,x=tlj, O2.2 = Tw>r + 27ri(w T ) _1 . 

One can immediately see that the relation O JO T = 2tti J holds identically. The 
set {w(A), t(A), >t{X),ip{X)} is referred to as the parameters of the representation 
of the Lie algebra (|OJl . 

By applying Theorem l9.1l to the parametrized matrix 51, we obtain the following 
result. 

Theorem 9.2. Let 0(A) &e a matrix parametrized by the data {cj(A), t(A), x(A), <£>(A)} 
according to (I9.12[) . TTien £/iere is a representation of the Lie algebra (|9.4[) realized 
by the operators {Qi} of the form (|9.5p . where 
(9.13) 

a« = -^w T ij(T)w, 7 W = -xa (,) x+^^'> + (/3«) T >r+L l (x), 

(^W) T = xa W + w - 1 L 4 (w), = ±Tr(a«x) + Li(^+ ±log(detw)). 

Problem Q] is completely solved. 

9.1.3. The basic solution. Fix a representation {Qi} G Q and some parametriza- 
tion {w, r, x, y>} of {Qi} according to (|9.13[) . 

Consider the system of linear differential equations 

(9.14) Qi{4>{u, A)) = 0, i = 0,...,n, 

Definition 9.1.2. Define by H the set of solutions of (|9.14[) that are entire 
functions with respect to u. 

Lemma 9.1.3. A function of the form 

(9.15) cj>(u, A) = /i(A) exp{u T $(A)u}, 

where $(A) is a symmetric (to x m) matrix over C(A) and /u(A) G C(A), gives a 
solution of (|9 . 14[) . i.e., <fi G 3i, if and only if 

$(A) = -±x, ^(A) =Mo(dcta;)- 1 / 2 e-^( A ), /l*o G C. 

Proof. Let us substitute (|9.15[) into (|9.14p . We obtain the system of equations 

2$a w $ + + (/3 W ) T $ + 7 (l) + = 0, 

Li(log(f«)) + Tr(a (i) $) + = 
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for $ and [i. By comparing the above equations with (|9. 13|) . we immediately obtain 
the assertion of the lemma. □ □ 

Definition 9.1.4. By the basic solution of system (|9.14l) with the parameters 
{w(A), t(A), x{\), y(A)} we mean the function 

(9.16) (f) (u, A) = — exp { - (p(X) - \-u T xu\ . 

Vdetu; L l ) 

Note that (j>o does not depend on r. 

9.1.4. Operator algebra. Let £ = (£i(A), . . . ,£>m( A ))- Set 

m 

Lemma 9.2.1. The following conditions are equivalent 

(a) [S € ,Qi] = Q, 

(b) £((0 + ^=0, i.e., £ e X. 

Using the nondegenerate bilinear form (•, •), introduce the algebra A{X) as the 
quotient algebra of the tensor algebra TX = C-1+X + X®X + ... of the linear 
space X by the relation £ ® £ — £ ® £ — (£, £) • 1 = 0. 

Lemma 9.2.2. Assigning the identity operator on 31 to the identity element 
1 G A{X), the operator to any element £ € X, and the composition S~o S% to 

any element ^® £ X ® X , we obtain an action of the algebra A(X) on the set 31 
solutions of the system [9.14\ l- 

Lemma l9.2.1l implies the following assertion. 

COROLLARY 9.2.1. Let £ e X. Then the operator W% = expSj acts on 31, i.e., 
it takes a solution of (I9.14[) to a solution. 

Set gx = (£i,...,£m), Q2 = (£m+i, ■ • ■ ,6m), Si = V'" ; ^j'h, ■ and S 2 = 
J^jLi^m+jUj. Since [Si, £2] = Q1Q2 ', an d therefore [Si, [Si,Sj]} = 0, i,j = 1,2, we 
see by the Campbell-Hausdorff formula that 

W% = expS^ = exp{5i + S 2 } = exp{S 2 - \[S 2 , Si]} o exp{Si}. 

Thus, the operator — Wr gug3 \ is factorized into the composition of the shift 
operator exp{Si} with respect to the variables u and of the operator of multiplica- 
tion by the exponential of a linear function in the variables u. The action of this 
operator is given by the formula 

(9.17) W (eug2) ((f>(u,\)) = cj)(u + QT,\)ex P {Q 2 {u+±Ql)}. 

Every composition of transformations (|9.17p is a transformation of the same form 
up to multiplication by a function of A; under the conditions of our construction, 
this holds up to multiplication by a constant. 

Let us extend the algebra A{X) by including the operators W(, £ € X, into the 
algebra. We keep the same notation for the extension thus obtained. 

Lemma 9.1.5. Let £, £ € X. The operators and commute if and only if 
[St, S^ = I J£ T = = 27riiV, N e Z. 
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PROOF. Proof Consider the composition W$ o Wj. By applying the Campbell- 
Hausdorff formula under the assumption that [S^, Sg] = £ J£ T € C, we obtain 

exp{S ? + S r } = o W~exp{-£[S f , = W~o W« exp{±[S f , S c ]}. 
The assertion of the lemma follows from the equation 

exp{-i[5 r , S ( }} = exp{i[5 r , □ 

□ 

Denote by W the Abelian group generated multiplicatively by the commuting 
operators W^. 

By Theorem 19. 1[ the rows of the matrix 17(A) form a basis of the linear space X. 
Using the normalization condition f2J17 T = 2n'\ J, we obtain the following result. 

COROLLARY 9.2.2. The group W is isomorphic to Z 2m . An isomorphism 
H : l? m — > W is given by the formula H($) = explni^fiyW^n, where 3 = (31,32) 
and fi, fie Z m . 

The transformation W 3 q acts by formula (|9.17[) in which the parameters (gi, Q2) 
are given according to the parametrization (I9.12|) by the expressions 

Qi = (3i + 32t)w, q-2 = £>ix+ 27ri3 2 (w T )~ 1 . 

9.1.5. Realising of cr-function in terms of basic solutions. Let us apply 
the operator H(i) to the basic solution (|9.16j) . We obtain 

H{h)(<t>o{u, A)) = ti(\)H( }u32 )e- uT ™/ 2 = cf> (u, A) exp Trifer^ + 2 i2 (u T )- 1 u}. 
Write 

<j)i(u,X)= ^2 H(0,q)^o(u,X) = (f>o(u,X) ex P 7ri{qrq T + 2q(w T ) _1 u}. 

Lemma 9.1.6. The function 4>i(u, A) € 31 is invariant with respect to the action 
of the group W - Z 2m . 

PROOF. Apply if (31, 32) to X . We obtain 

#(3i,32)(<£i) = o e 7ri{32T ^ +232( " Trlu} e^ l{qTqT+2 ^ Trlu+2 ^ il+1 

q^ez™ 

= 0o ^2 e 7ri{(q+32)T(q+32)T+2(q+32)( " Trlu} = 0i. 
q r ez m 

□ 

Definition 9.1.7. The function 
(9.18) 

01 (it, A) = : exp — </?(A) — -u T ku > exp7ri{qrq T + 2q(w T )~~ 1 w}, 

Vdetw ^ 2 J 

q J ££ m 

is called the basic Z 2m -invariant solution of system (19 . 14[) with the parameters 
MA), r(A), x(A), y>(A)}. 

Using definition of a on the universal bundle of 2m-dimensional principally 
polarized Abelian tori given in Chapt. 1 we come to the results 
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Theorem 9.3. The basic Z 2 ™ 1 -invariant solution of system (|9. 14|) with the pa- 
rameters {cj(A), r(A), >r(A), (/?(A)} coincides with the function a up to notation. 

Proof. We need the following result. Suppose that 

(9.19) K K)( ? U)2 )=-2*il( ? V), ^N. 

\LJ2 r/2 J \-l m / \r)i r) 2 J \ _1 m y 

Lemma 9.1.8. Let e,e' g C m . The linear space £(e,e') of all solutions of the 
functional equation 
(9.20) 

0(u + wiq+o;2q') = exp{±(?7iq + ri 2 q') T (2u + cj x q + w 2 q') + £ T wiq + (e') T w 2 q'}^(u), 

where q, q' g Z m , in the class of entire functions is of dimension i m . 

Proof. The standard proof is to reduce the functional equation (|9.20p to the 
case in which 

u 2 \ _ fl m T 
v »7i m) \0 -27ria, 

Let us parametrize relations (|9.19[) by setting u>2 = wit, i]i — —xlji, and r/2 
—xojit — 2iri£(ojf)~ 1 . As usual, t t = r and x T = x. The function 

= exp | Q v t uj[>c - e T ^j cjiw|(/) ^wi + ^r r ( £ ' - ^ 

satisfies the equations 

$(v + e k ) = d(v) and -d(v + re k ) = exp{-7ri^(2i; T + el r)e fc }i9(u), 

where e k is the kth basis vector, k — 1, . . . ,n. It follows from the first equation 
that "d(v) admits a Fourier series expansion, 

•&(v) — 2^ c q exp{27riq T i>}. 

By substituting the series into the other equation, we obtain the recurrence for the 
coefficients c q , 

c q+eek = c q exp{7ri(2q T r + £e k r)e k }. 
Thus, <&(v) is defined by the l m coefficients c r , r 6 Z m /£Z m . □ □ 

It follows from the above lemma and Lemma 19.1.61 that, since the matrix £7(A) 
satisfies (|9.19j) with £ = 1, any function il>{u, A) invariant with respect to the action 
of W given by the operators H{%) can differ from <fii(u, A) by at most a factor 
depending on A. 

The invariance of 4>i under the action of modular group Sp(2m, Z) follows from 
the invariance of the construction of the operators, see Theorem 19.11 and Lemma 
|9~TT1 □ □ 

9.1.6. Case of algebraic curves. In the above constructions, the moving 
frame {L , L n } G DerC(A) and the pair (ip, O) G C(A) x PSp(2m,C(A)) defining 
a representation of this frame were assumed to be independent from each other. 
Here we turn to the consideration of a construction in which the objects are defined 
by a family of plane algebraic curves. 

Let us begin with the general outline of the construction. 
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Consider a family of plane algebraic curves denned by an algebraic variety of 
the form 

T = {(x\, X2, A) g C"+ 3 I f(x u x 2 ; A) = 0}, 

where /(xi, X2; A) = fo(%i,X2) + Y2^i x i x 2 i * s an irreducible polynomial. The 
mapping p: T — > C™ + , where p: (x\, X2, A) H> A, defines an algebraic fiber bundle. 
Assume that the fiber over a generic base point is a nonsingular curve of genus g. 
By the discriminant £ of the polynomial f(x\ 1 X2] A) we mean the variety 

£ = {A G C n+ I the set of solutions of (d xl ,d X2 )f(xi,X2' : A) = is not empty}, 

i.e., the fibers of the bundle T over the points A G £ are singular curves. For 
the moving frame {Li} we take a set of vector fields tangent to E C C" +1 . One 
can efficiently construct vector fields of this kind by using methods of singular- 
ity theory |BL02aj . The structure functions Vij(X) and c^ -(A) of the frame are 
polynomials. The determinant of the matrix V = (vij(X)), i.e., the polynomial 
A(A), defines the discriminant £ = {A | A(A) = 0}. With regard to this fact, 
we take f(X) = <y9ol°gA(A), where <po G C; then the functions Xi(A) defining the 
representation of the frame at m — are polynomials. 

For the matrix f2(A) we take the period matrix of g holomorphic basis Abelian 
differentials and g meromorphic ones with respect to a symplectic basis of cycles 
in the fiber over a point A. A basis of differentials such that fi Jf2 T = 2tti J always 
exists (e.g., the basis of normalized differentials). Actually, we do not need the 
matrix Q. To calculate, say, the matrix A^ l \ it suffices (1) to compose the vector 
D{x) = (ni(xi, x 2 ; A)) dxi/f2{xi, X2] A) of basis differentials and (2) to apply the 
operator Li to D(x). Then the relation 

L t (D(x)) = A [i) D(x) + exact differential 

defines the matrix uniquely. It is of importance for our construction that one 
can choose basis differentials in such a way that the entries of the matrices {j4.W} 
are polynomials. One can extract the classical method of constructing the bases we 
need from [Bak897j . 

According to Theorem 19.31 for an appropriate value of the constant ipo , we 
obtain the set {Qi} of linear differential operators (with polynomial coefficients) 
annihilating the sigma function a(u, A) of the family T. By definition, this is the 
sigma function on the bundle Jac(r) associated with T. A fiber of the bundle Jac(r) 
over a point A is the Jacobi variety of the algebraic curve p _1 (A). 

The value of ipo is chosen on the basis of the following facts. Using the cho- 
sen basis of holomorphic differentials, we define the fiberwise holomorphic mapping 
A : r — > Jac(r) whose restriction to a fiber is the classical Abel mapping. If the 
curve defined by the equation fo{xi,X2) — (i.e., the curve p _1 (0)) is rational, 
then the restriction of the mapping A to the fiber p _1 (0) is a polynomial map- 
ping. In [BEL999 , polynomials (Tq(u) were constructed that satisfy an analog of 
the Riemann vanishing theorem, and it was proved that this completely defines 
the polynomials. It follows from Lemma 19.1.61 that a(u, A) satisfies the classical 
Riemann vanishing theorem. The choice er(u,0) = (Jq(u) defines the value of ipo 
uniquely. 

Demonstrate the main steps of general construction for the case of elliptic 
curves. To this end we consider the family of curves of the form 

r = {(x, y, 32,53) G C 4 I 4a; 3 - y 2 - g 2 x - g 3 = 0}. 
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(i) The frame and the discriminant. The discriminant of the family is given by 
the formula E = {(52,53) | <?| ~ 27g| = 0}. The vector fields tangent to £ are 

L = 4:g 2 d g2 + 6g 3 d g3 , L 2 = 6g 3 d 92 + ^gld 93 , (L Q ,L 2 )A = (12,0) A, 

where A (52, (73) = ^(g 2 — 27<?f) is the determinant of the coefficients of the frame 

{I,, I,:}. 

(ii) The vector of canonical differentials. Consider the differential D(x) T = 
dx 

(—x, 1) — with the period matrix 

y 



n 



277 2rf 
2lu 2uj' 



D{x), (p D{x)), (a, b) G H±(r,Z), aob 



1, rer, 



which satisfies the Legendre relation n T JIl = 27ri J, J = 



1 

-1 



The further steps of the construction are as follows. 

(iii) Calculation of AW — .Lj(n)n _1 . By applying Lo and L 2 to D(x), we 
obtain 



L (D(x)) = 



L 2 {D{x)) 





-1 







D(x) - X 



2x 
2x 

-2x 



D(x) 
1 



2 93 
\92 



D(x) 



Neglecting the exact differential, we obtain 



A (0) 

which implies that 

M<°> = 



1 

-1 



-1 
-1 



A (2 



T2-92 



- 





T2-92 



(iv) Calculation of ifQ. We have Xi — <PoLi{A)A 1 . Set ipo = (a* + l/2)/12. 
Then 

Qo = -ud u + 4g 2 d g2 + 6g 3 d 93 + fi, Q 2 = -~d% - t^u 2 + 6g 3 9 92 + ^gld 93 . 



Make the change of variables (32,53) 
We obtain the linearized operators 



(tg 2l tg 3 ) and pass to the limit as t — > 0. 
1 



Qg° = -ud u + 4g 2 a 92 + 6g 3 d g3 + M , Q 2 in = - -c£ + 653^ • 

Consider the system (|9.14l) . Let 4>(u,g 2: g 3 ) be a solution of this system in the 
class of entire functions of (u,g 2 ,g 3 ). Then (f>(u, 0,0) is a solution of the system 
Q' ln (-0) = 0, i = 0, 2. The nontrivial solutions of the latter system are ip = u (then 
/i = 1) and ip = 1 (then = 0). To the nonconstant polynomial 0(u,O, 0) = ?i, 
there corresponds the value ipo = 1/8. 

Remark 9.1. Along with the linearization, it is useful to consider the degen- 
eration of the operators Qi for arbitrary values of \i. Set (52,53) = (3t 4 ,i 6 ). Wc 
obtain 
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The general solution of the system Qf ng (ip) — 0, i — 0, 2 has the form 

iP(u, t) = r» exp{iV/4}[C cos(twv/^ + 1/2) + d sm(tuyjfj, + 1/2)]. 

For the integer values \x $J 0, the solution tp(u,t) is an entire function for arbitrary 
values of the constants Co and Ci. For \i — 1, an entire solution is obtained only 
if Co = 0. Moreover, a function ip(u,t) can be not representable as an entire 
function of the form (j>(u, 3i 4 , t 6 ). For instance, the representation is impossible for 
/i = —1,-2; it is necessary that Ci = for the even values of fi and that Co = 
for the odd values of [i. 

(v) The sigma function. The entire function satisfying the system Qi(ijj) = 
and normalized by the condition t/>(u,0, 0) — u is the Weierstrass elliptic function 
o-{u,g2,gz)- 

The relations (for their original proof, sec [Wei894 ) 

Qo{a) = -ua u + 4g 2 a g2 + 6.g 3 cr g3 + a = 0, 

Q2(o-) = ~\o- UtU - ^g 2 u 2 a + 6g 3 a 92 + \g\a gi = 0, 

lead, in particular, to the following results. 

One has the power series expansion [Wei894 

with the integer coefficients Ojj defined by the recursion 

aj,j = 3(i + l)a i+ ij_i + ^(j + l)a 4 _ 2 ,j + i - ^ (2z + 3j - l)(4i + 6j - l)o<_i,j 

with the initial conditions {ao,o = 1; Qi.j = 0, min(i,j) < 0}. 

Let £ be the field of elliptic functions, i.e., doubly periodic functions of u with 
the "invariants" (52, 53)- Let us use the standard notation £ = d u loger, p = — 9 U £, 
and p' = d u p. The operators |FS882j 

£0 = -u9u + L , £1 = d u , £ 2 = ~(d u + L 2 , 
are the generators of the Lie algebra Dcr£ of the derivations of the field £. 

Remark 9.2. We have 
(9.21) = Ki,6] = P&. 

On the other hand, according to the formulas 

[(Co, 6, £2),. 92] = (4 ff2 ,0,6 ff3 ), [fe),£i,6),03] = (6 53 ,0,g 2 2 /3), 
[(Co, 6, 6), P] = (2p, p', 2p 2 - ,g 2 /3), [(&, a, 6), p'] = (3p', 6p 2 - sa/2, 3pp'), 

the operators act on the ring of polynomials C[p, p', g 2 , 33] as vector fields. One can 
immediately show that the vector fields thus defined satisfy relations (|9.21[) only if 
p' = 4p 3 — .92 p — 33- Any elliptic function / G £ has a unique representation of the 
form / = /i(p, g 2 , 33) + Mp, 92,ga)p', where /1 and / 2 are rational functions. The 
mapping p: f 1— > (fi,f 2 ) establishes an isomorphism between the field £ and the 
two-dimensional module -E over the field C(p, 52, 53)- The ordinary multiplication of 
elliptic functions defines an associative commutative bilinear mapping * : E x E — > 
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E. Let f,hEE. Then p(fh) = p(f) * p{h) = (Mi + pf 2 h 2 ,hh 2 + hif 2 ), where 
p = 4p 3 — g 2 p — g3- We obtain 

h) = X (hJ 2 ) + (0, 3/ 2 ), h) = (0, 1) * X_ 2 (f u f 2 ) + X_ 2 ((0, 1) * (A, /a)), 

6(/i,/2)=X 2 (/ ll / 2 ) + (Q,3p/ 2 ), 

where AT_ 2 = 5<9p, -^o = + 2pd p , and X 2 = L 2 + jj(6p 2 — g 2 )d p are operators 
generating the polynomial Lie algebra 

[X ,X_ 2 ] - -2X_ 2 , LY ,X 2 ] - 2X 2 , [X_ 2 ,X 2 ] - 4pX_ 2 . 

Definition 9.1.9. Let n and s be a pair of coprime integers such that s > n ^ 
2. We will call (n, s)-curve an algebraic curve that belongs to the family 

r = {(x 1 ,x 2 ,\) G C d+2 | /(zi,z 2 ; A) = 0} 

with the polynomial 

(9.22) f(xi,X 2 ; A) = x\ + X r 2 L + ^2 Ks-an-bsXtx^, 

a . b 

where O^a^s — 2, O^&^n — 2, and an + bs < ns. 

We have d = (n + 1) (s + l)/2 — [s/n] — 3. Set degxi = n and dega; 2 = s. Then 
/(x, A) is a homogeneous polynomial of weight ns. 

Let us describe principal steps of the construction in the case of (n, s)-curves. 
It is convenient to introduce the following grading. Write degA^ = i, degUi = —i, 
and dcgL; = i. In contrast to the previous sections, the number of the parameters 
A is denoted below by d. 

(i). The polynomial o~o(u). The Weierstrass sequence (w\, w 2 , . . . ) is the as- 
cending set of positive integers that are not representable in the form an + bs with 
nonnegative integers a and b. Set io(£) = ^2 i £, Wi - We have 

1 1 - £ ns 

«>(0 = - (l-e)a-e) ■ 

This implies that the length g = w(l) of the Weierstrass sequence and the sum 
G = w'(l) of the elements of this sequence are given by the formulas 

(n-l)(s-l) ns(n - l)(s - 1) In 2 - l)(.s 2 - 1) 

q = . G = . 

y 2 4 12 

Define the Schur- Weierstrass polynomial a® (u Wl , . . . , u Wg ) by the formula 
' p wi Pw g \ = c det(^ 3 ) 
w\ ' " " ' w g J ° det(er 1 ) 
where pj = Xli=i £i is Newton's symmetric polynomial and c G C. We have 

(g-l)g (n 2 -l)(s 2 -l) 



(9.23) a [ ^,...,^)=c i i,j = l,..., 5 , 



degcr (u Wl ,. . . ,u„, s ) = -J^Wfe - fc + 1 = -G , ( )( 

fe=i 

Let us normalize the polynomial cto(w) by the condition 

( n (n 2 -l)(s 2 -l)/24 
cto(«i,0, ...,0) =«i 

(ii). The frame and the discriminant. For brevity, we denote below the poly- 
nomial (I9.22[) simply by f(x), its derivatives with respect to x\ and x 2 by fi(x) 
and f 2 (x), and (fi(x), f 2 (x)) by d x f(x), respectively. 
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Let P = C[A]. Consider the local ring 1Z = P[x]/d x f(x). The set of monomials 
M = {x^x^l, O^i^s — 2, O^j^n — 2, forms a basis of the ring 1Z. Denote 
by / = {ii = 4g — 2, i 2 , . . . , i 2g = 0} the descending set of weights {in + js} of 
the elements of M. The ordering of / is strict, and therefore we can introduce the 
vector e(x) = (e^ (x), ei 2g (x)) T , where ei n +j S (x) stands for the monomial x\x 2 . 

Let 3 be the ideal in P[x, z] generated by the polynomials fi(x), fi(z), f 2 (x), f 2 (z). 
Write 

fi{x 1 ,x 2 ) - f 1 (z 1 ,z 2 ) f 2 (xi,x 2 ) - f 2 {z\,z 2 ) 



H(x,z) = - 



xi — z\ X\ — z\ 

fi{zi,x 2 ) - fi{x!,z 2 ) f 2 {zi,x 2 ) ~ h(xi,z 2 ) 



x 2 - z 2 



x 2 - z 2 

The polynomial H (x, z) has the following properties: 

(a) H(x,x) = Ress x f(x); 

(b) H(x,z) = H(z,x); 

(c) H(x, z)F{x, z) = H(z,x)F(z,x) mod 3 for an arbitrary F(x, z) S P[x, z]. 
The formula 

^ Vi,j(X)ei(x)ej(z) = f(x)H(x,z) mod 3 

defines a symmetric polynomial matrix V(X) = (v-ij). The matrix defines 2g vector 
fields whose generating function is 



(9.24) 



L(x) = ^2 e i( x ) L 2 



ns~n—s ) —% 



iei 



Note the following important fact: L(x)A(X) — H(x,x)A(X) — A(A)hesSa;/(:r). 
(iii). The vector of canonical differentials Bak897 . Introduce the operator 



V,. 



f2(x)d Xl - fi{x)d x 



Write 



D(x,z) = V Z 



f(zi,x 2 ) - f(z 1 ,z 2 ) 



(xi - zi)(x 2 - z 2 ) 
Let * be a (2g x 2g) matrix ^ = 



V 



f(x!,Z 2 ) - f(x!,X 2 ) 



*1,1 #1,2 
,*2,1 #2,2, 

^2,1 = 0, x f , 2,2 = lg, and ^1,2 is lower triangular with zeros on the principal 
diagonal. 



(zi - xi)(z 2 - x 2 ) 
which is a polynomial in A, where 



Lemma 9.1.10. There exists a unique matrix "J" of the above form that satisfies 
the equation 

e(z) T * T J*e(a;) = D(x,z). 

Using the matrix, one can represent the vector D(x) of the canonical basis differ- 
entials as 

dxi 



D(x) = fe(x) 



Hx) ' 



and degD(x) = (-wi,...,-w s ,wi,...,w 9 ) r . 
iv. Calculation of A^. Set R(x) = ^e{x). 
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h(x) 



f2(x) 



Lemma 9.1.11. Let 2) be the linear space spanned by the functions V, 
where h(x) ranges over the ring P[x\. Then 

A^Rfx) = Li(R(x)) - R(x) ■ L ^J 2 ^ mod £. 

h{x) 

PROOF. By definition, Li(D{x)) = A^D(x) + dr(x), where r(x) is a 2g- 
dimcnsional vector of functions in the field P{x). On one hand, 

i , (D(l)) = (^ + ii (_i_)« (l) } dl , 

On the other hand, the differential along the fiber p _1 (A) of a function r{x) in P(x) 

is represented as drtx) = T> x [r(x)} 1 . Setting r(x) — \ \ , where h(x) is a 

h{x) fc{x) 
polynomial vector in ir, we obtain the assertion of the lemma. □ □ 

v. Calculation of ipo. The grading introduced above enables us to evaluate Oo- 
lemma 9.1.12. For any pair (n, s) we have <po = 1/8. 

Proof. The vector field Lg = J2i£i( ns ~ i)^ns-id\ ns -i is an Euler operator. 
Its representative is the operator Qo = Lq — '^2 l 9 j =l WjU Wj d Uw . + (cf. Lemma 
19.1. 10p . Consider the equation 

Xo + ^Tr/?(°)+dega = 0. 

Note that (3^ — — diag(iui, . . . , w g ) and that xo = VodegA anddegA(A) = ns(n— 
l)(s — 1) by construction. We obtain 

, G (n 2 -l)0 2 -l) 
^ nS {n-l){ S -l)--- y - g L=0. □ 

□ 

(vi). The sigma function. Summing up, we come to the following constructive 
description. 

Theorem 9.4. Let the family of (n, s)-curves defined by a polynomial of the 
form (I9.22p be given. Take operators Qi, i G /, of the form (I9.5|) such that 

(a) the polynomial vector fields Li are given by the generating function (|9.24p ; 

(b) the polynomial matrices M^' = JA^ are defined by Lemma \9.1.11\ 

(c) the functions 8® have the form x + l/2Tr/3^- ) , where the generating 
function of the polynomials x is the Hessian of the defining polynomial 
multiplied by 1/8. 

Then the entire function satisfying the system {Qi(ip) = 0} ond normalized by the 
condition 

^(ui,0,...,0)=u5, where £ = ( " ^ - ^ , 

is the sigma function of the family of (n, s)-curves. 

In the case when (n, s)-curve is hyperelliptiv more effective description of 
principal steps of the construction can be presented. The case of hyperelliptic 
curves is related to (n,s) = (2,2<? + 1); the corresponding Weierstrass sequence is 
(1,3, . . . , 2g — 1), and hence G = g 2 and degcro(w) = —(g — l)<?/2. 
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The above desribed step leeds to more effective answers in the case of hyperel- 
liptic curve Let T be the family of plane hyperelliptic curves of the form 

2g-l 

T = {(x, y, A) € C 2 * +1 | y 2 - f(x) = 0}, f(x) = 4x 2 » +1 + £ X k x k . 

fc=0 

We have deg x = 2, deg y = 2g + l, deg X k = 2(2g+l — k), and deg U{ = —2(g — i) — l. 

Let us use the technique of generating functions. In particular, we consider 
f(x) as the generating function of Ao, • • • , Aa ff -i. Set 

29-1 

L(x) = x 29 - 1 x ~ kL k 

k=0 

for the generators of the frame Lq, ■ ■ ■ , L^g-i, where deg Lj = 2j. 

Theorem 9.5. The structure functions of the polynomial Lie algebra generated 
by the frame associated with the family F of hyperelliptic curves are given by the 
formulas 

29-1 

[L{x),L{z)\ = x l z^l 3 {\)L k = (d x - d z ) 

i : j,k—0 
2g-l 



f(z)L(x)-f(x)L(z) 



mod (/'(*), /'(*)), 



[L( X ), f(z)] = J2 «v« w (a) = iMIM—IMlM mod {f(x) , f{z)) , 

i,3=0 

For an arbitrary polynomial F(x), write d^F(x) = (F(x)/x k )+, where the 
symbol (-) + indicates that the terms containing negative powers of x are discarded. 
Then it follows from Theorem 19.51 that 

2g-l 

L(x) = f{x) J2 < +1 (f(x))dx k mod f(x). 

k=0 

The canonical basis differential is given by the formula 

da; 1 

D(x) = (Ri(x), . . . , R 2g {x)) T — , where R t {x) = -x z d x A 2 ^ f (x) and R g+i (x) = x 1 ^ 1 , i = 1, . 

Our construction leads to the following result. 
Theorem 9.6. Set 

9 9 -, . ,. , ■ _ 

h(x) =J2x l - 1 d Ut +R l (x)u l , t(x) = J2 ^2 J"J d^H^du.+M^i), 

i=l i,j=l 

and define the generating function Q{x) of the second- order linear differential op- 
erators {Qk}, k = 0, . . . , 2g — 1, by the formula 

29-1 -, 
Q(x) = x 2g - x V x- k Q k = L[x) + -f"{x) - f(x)t(x) - h(x) o h(x) mod f'{x). 

k=0 

Then the entire function ip(u, A) normalized by the condition V>(0, . . . , U g , 0, . . . , 0) = 
u e g , where I = (g — l)g/2, and satisfying the equation Q(x)ip — identically with 
respect to x is the hyperelliptic sigma function o~(u,\). 
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9.2. Differentiation of Abelian functions on parameters 

9.2.1. Statement of the problem. Recall that an Abelian function is a 
meromorphic function on a complex Abelian torus T 9 = C 9 /T, where F C C 9 is a 
lattice of rank 2g. In other words, a meromorphic function / on C 9 is Abelian if 
and only if f(u) = f(u + co) for all ueC 9 and cj e T. The Abelian functions on 
T 9 form a differential field. 

Let T be the field of Abelian functions on the Jacobian of a genus g curve. 
The differential field T has the following properties: 

1. Let / e J 7 ; then d Ui f£j 7 ,i = l,...,g. 

2. Let /i, . . . , f g+ x be any nonconstant functions in F; then there exists a 
polynomial P such that P(/i, . . . , f g +\){u) = for all ueT 9 . 

3. Let / € J be a nonconstant function; then any h e J 7 can be expressed as 
a rational function of (/, d Ul f, . . . , d Ug f). 

4. There exists an entire function d: C 9 — » C such that logi? G J 7 , 

Further we need the following interpretation of the general construction from 
the Chapt. 1. Let B be an open dense subset of C d . Consider a family V of 
algebraic curves that have constant genus g and smoothly depend on the parameter 
b G B. We use the family V to define a space U of Jacobians over B. The space U 
has a natural structure of a smooth manifold and is the total space of the bundle 
p: U — > B, where the fiber over a point b £ B is the Jacobian Jb of the curve with 
parameter b. 

Let F be the field of C°° functions / on U such that the restriction of / to 
each fiber Ji, is an Abelian function. 

This section deals with the following problem which is natural to divide in three 
parts: 

(a) Find generators of the F -module Deri 7, of derivations of the field F . 

(b) Find commutation relations with coefficients in F for the generators of the 
F -module Der F, that is, describe the corresponding Lie algebra structure of Der F 
over F. 

(c) Describe the action of Der F on F. 

9.2.2. Case of the family of elliptic curves. Consider the family 

V = {{x, y, g 2 , 93) e C 2 x B | y 2 = 4x 3 - g 2 x - g 3 } 

of plane algebraic curves with parameter space B = {(32,53) £ C 2 | A ^ 0}, where 
A = g\ — 27 g 2 . The curves in this family have constant genus g = 1- These curves 
are called Weierstrass elliptic curves. 

The fiber T 1 of the bundle U over a point b — (32,53) € B has the form CyF. 
Here F = { § where 7 runs over the set of cycles on the curve V4 = {(x, y) <G 
C 2 I y 2 — 4x 3 — g 2 x — g 3 }, is a rank 2 lattice. 

The vector field i\ — d u is tangent to a fiber of U, while the vector fields 
^0 = 492<9 ff2 + 6g^d g3 and l 2 = Qgzd g2 + \g 2 d gs are tangent to the discriminant 
{(52, 33) € C 2 I A = 0} of the family (because 4)A = 12A and ^ 2 A = 0) and hence 
form a basis of vector fields on the base B. 

The field F of fiberwise Abelian functions is generated by the coordinate func- 
tions 32 and 33 on the base and by the Weierstrass elliptic functions p{u 1 g 2 ,gz) 
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and p'(u, 52,93) = d u p(u, 32, 93), which are related by the identity (p') 2 = 4p 3 — 
92p - 33- 

The operator L\ = l\ = i9„ is obviously a derivation of .F. 

To find the other two generators of the .F-module Der F , which correspond to 
the basis vector fields £q and £2 on the base, we use the following properties of the 
Weierstrass sigma function a(u, 32, 33), which is an entire function of the variables 
(u,g 2 ,g 3 )£C 3 : 

(a) <9 2 logcr(u,52,53) = ~p(u, 32,53) € F. 

(b) The function a(u, 32,33) is a solution of the system of linear differential 
equations Qo& — 0, Q2C = 0, where 

Qo = 432<9 g2 + 633^3 - ud u + 1, Q 2 = 6g3d g2 + \gld 93 - \d 2 u - jiQ2U 2 . 

It is important to note that the coefficients of Qo and Q2 are polynomial in the 
variables (^,32,33) € C 3 , see details in preceeding section. 

Let us show how properties (a) and (b) can be used to reveal the form of 
the derivations of F. Let us start from the equation Q 2 cr = 0. We have Q2 — 
^2 — \du ~ ^i92U 2 . Let us divide Q20 by a and rearrange the terms with the use 
of the Weierstrass functions ( = d u log a and p = —d 2 log a. We obtain £2 log a — 
\C 2 + \p — j^92U 2 = 0. Let us apply d 2 ; then, since [d u ,£2] — 0, we arrive 
at the relation — £ 2 p + Cp' — p 2 + \p" — ^92 = 0, where p" — d 2 p. Thus, 
(£2 - C,d u )p = -p 2 + \p" - j^g 2 E F. Further, since [£ 2 ~ (d u ,d u ] = -pd u , it 
follows that (£2 — (,d u )p' £ F. By applying £ 2 — (d u to a function that depends only 
on the base coordinate functions 32 and 33 we obviously obtain a function of 32 and 
33. Therefore, the linear differential operator L2 = £2 — takes the generators of 
F to elements of F. Consequently, L2 is a derivation of F. 

A similar calculation for the operator Qo, which also annihilates the sigma 
function, yields one more derivation Lo = £ — ud u . 

The three generators 

L = -ud u + ig 2 d g2 +6g 3 d g3 , L 1 = d u , L 2 = -({u,g2,g3)d u + 63 3 9 92 + 532^93 

of the ^-module Der F were originally found by Frobenius and Stickelberger [FS882 . 

The F-module Der F with generators Lo, L\, and L2 is a Lie algebra over F 
with commutation relations 

[Lo,L k ]=kL k , fc = l,2, [Li,L 2 ] = p(u, 32, 53)^1 • 

9.2.3. Case of family of (n, s)-curves. Our aim is to single out cases of 
the derivation problem that are sufficiently general and at the same time can be 
solved as efficiently as the elliptic case above descibed. To achieve this, we 

1 . Choose a special family V — > B of plane algebraic curves of constant genus 

9- 

2. Construct a basis £\, . . . , £d of vector fields on B acting on functions / £ F 
as linear first-order differential operators in the coordinates of the base B. 

3. Construct operators Hi, . . . ,Hd acting on functions / £ F as second-order 
differential operators along the fibers of the bundle U —> B and such that the sigma 
function a associated with the family V satisfies the system of linear differential 
equations (£i — Hi)a = 0, i = 1, . . . , d. 

In the previous section the most part of the program was realized for the family 
of (n, s)-curves. In this section we suggest a certain different approach, that permits 
to comlete the program. We will come back to the description of (n, s)-curves within 
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this new approach. For the convenience of a reader we are collecting together 
necessary facts and details on the family of (n, s)-curves, partially repeating the 
material of previous chapter. 

Let V be an irreducible algebraic curve of genus g > over C. 

Let p be a point on V. Consider the ring M(p) of rational functions on V that 
have poles in p only. Construct a sequence S(p) = (S\,S2, • ■ • ) by the following 
rule: Sfc = 1 if there exists a function in M(p) with a pole of order k; otherwise, 
S k = 0, k e N. 

Definition 9.2.1. A point p is said to be regular if the sequence S(p) is mono- 
tone. If S(p) is nonmonotone, then p is called a Weierstrass point. 

Example Let p be a regular point; then S(p) = (0, 0, . . . , 0, 1, 1, 1 . . . ). The 
Weierstrass points are classified according to the number of places where S(p) 
fails to be monotone. A point with a single failure is said to be normal, and 
a point with the maximum number of failures, which is equal to the genus, is 
said to be hyperelliptic. Thus, if p is a normal Weierstrass point, then S(p) = 
(0, 0, . . . , 0, 1, 0, 1, 1, . . . ), and if p is a hyperelliptic Weierstrass point, then S(p) = 

(0,1,0,1,. ..,0,1,1,...)- 

Let p G V be a Weierstrass point. By V p we denote the curve V with puncture 
at p. Consider the ring O of entire rational functions on V p . 

Definition 9.2.2. Let (j> e O be a nonconstant function. The total number of 
zeros of <j> on C p is called the order of <p and is denoted by ord0. We set ord0 = 
if (j) is a nonzero constant. 

If <f>, ip € O, then ord((j)ip) — ord</> + ordp. 

Note that every </> e O uniquely extends to a rational function on V with a 
pole of multiplicity ord0 at p. 

Lemma 9.2.1. Let <fi, (p e O be nonconstant functions. Then ip is an entire 
algebraic function of <j>. 

Suppose that x,y e O are nonconstant functions such that n — oidx is mini- 
mum possible and s = ordy is minimum possible under the condition gcd(n, s) = 1. 
By multiplying y by an appropriate numerical factor, one can always ensure that 
ord(y" — x s ) < ns. Then, since y is an entire algebraic function of x, the function 
y n — x s can be represented as a linear combination of monomials x t y J such that 
ord(x l yi) = ni + sj < ns. 

Definition 9.2.3. The equation 

q(i,j)>o 

y n -x s = a i,j xi y j > 

where q(i,j) = (n — j)(s — i) — ij defines a Weierstrass model of the curve V with 
parameters ctij. In the case of a general Weierstrass model the parameters a.ij 
considered as algebrailcally independent with gradding q(i,j) 

The best-known example of a standard Weierstrass model of elliptic curve is 
given by the cubic equation y 2 — 4x 3 — g2X — gy, (n = 2 and s = 3). The previous 
analysis leeds the following result 
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2+d 



Lemma 9.2.2. Let V be an irreducible algebraic curve that admits two non- 
constant functions cj> and tp with coprime numbers ord </> and ord tp Then V has a 
Weierstrass model. 

Note that For g > 1, the Weierstrass model is not unique. All Weierstrass 
models of a same curve are birationally equivalent. 

Following an idea due to Weierstrass |Wei904] . instead of a "generic curve" 
we consider classes 

q(i,j)>o 
= x s + ^2 \(i,j) x V 

of models of plane algebraic curves, where d = i(n + l)(s + 1) — 1 and q(i,j) — 
(n — j)(s — i) — ij. These classes are indexed by pairs (n, s) of integers such that 
s > n > 1 and gcd(n, s) = 1. 

The genus of a curve defined by a Weierstrass model in an (n, s)-class does 
not exceed g = ^(n — l)(s — 1). For example, (n,s) — (2,2g + 1) in the case of 
hyperelliptic curves of genus ^ g. 

We present below necessary notions and results of singularity theory |AGZV85,88| . 
In singularity theory, the zero set of the function 

n-2 s-2 

(9.25) f{x, y, A) = y n - x s - ^ £ X q{hj) xW 

arises as a miniversal deformation (also known as a semi-universal unfolding) of 
the so-called Pham singularity y n — x s = 0. The miniversal deformation depends 
on the (n — l)(s — 1) coordinates of the vector A = (X q (o m, ■ . ■ , A 9 ( s _ 2 ,n-2))- The 
number m = #{Afe | k < 0} is called the modality of the singularity y n — x s = 0. 
The discriminant S C C 2s of the miniversal deformation / is defined as follows: 

(AGE) (3 (x, y) e C 2 : / = = f v = at the point (x, y, A)) . 

Thus, if A ^ E, then the genus of a curve in the family defined by the miniversal 
deformation (|9.25|) is not less than \{n — l)(s— 1). (Recall that the genus of a curve 
defined by a Weierstrass model in the (n, s)-class does not exceed^(n — l)(s — 1).) 

Let us impose the condition XqUj) — for q(i,j) < on a miniversal defor- 
mation, or, equivalently, the condition A g ( s _i.j) = \ q (i. n -i) — on a Weierstrass 
model. Then we obtain a family of constant genus g = (n — l)(s — l)/2 curves over 
the set B = C 2g - m H (C 2s \E).' 

Definition 9.2.4. The intersection of classes of miniversal deformations and 
Weierstrass models will be called a family of (n, s)-curves (compare with the Defi- 
nition\9JM 

In what follows, we consider the family V = {{x, y; A) € C 2 x B \ f(x, y, A) = 0} 
of (n, s)-curves defined by the polynomial 

q(i,j)>o 

f(x,y,X) = y n -x s - ^2 \dJ) xl y J ' where q(i,j) = (n-j)(s-i) -ij. 

0^i<s-l 
0^j<n-l 

Here dime B = d — 2g — m. 

Note some properties of the family of (n, s)-curves. The Newton polygon of / 
with respect to the variables (x, y) is a triangle. The polynomial / is homogeneous 
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with respect to the grading in which deg x — n, deg y = s, and deg Xk = k. A generic 
curve in the family V, viewed as an ro-fold covering over S 2 , has (n — 1) s + 1 = 2g + n 
branch points, of which the point at infinity has the branching number n — 1, while 
the other 2g + n — 1 branch points have branching numbers equal to 1 by the 
Riemann-Hurwitz formula. 

Let M(x,y) — (M±(x, y), . . . , M2 g (x, y)) be the set of monomials x l yi , i = 
1, . . . , s — 2, j = 1, . . . , n — 2, in ascending order of weights. 

Examples Let (n, s) = (2, 2g + l); then M(x,y) — (1, x, . . . , x 2ff_1 . Let 
(n,s) = (3,5); then M(x,y) = (l,x, y x 2 , xy,x 3 ,yx 2 ,x 4 ). 

For the miniversal deformation (19 . 25[) . there is an effective method, based on 
Zakalyukin's theorem |Zak76j . for constructing the discriminant and its tangent 
vector fields. Let f(x,y,X) be given by (|9.25j) . The relation 

2s 

M i {x,y)f(x,y,\)=J2 T ijW M i(x,y) mod (d x ,d v )f(x,y,X) 

3 = 1 

uniquely determines holomorphic functions Tij(X), i,j = X,..., 2g. We denote the 
2g x 2g matrix of these functions by T(A). 

Theorem 9.7. The discriminant E C C 2g of the polynomial f(x,y,X) defined 
in (|9.25|) is the set of zeros of the holomorphic function A(A) = detT(A), S = 
{A G C 2s | A(A) = 0}. Let I — . . . , i2 9 ) be the set of weights deg A arranged in 
ascending order. The vector fields £j — Xjb=i^2g-.j,2g-fc(A) d/dXi k , j = l,...,2g, 
are tangent to S; that is, ^TogA(A) € C[[A]]. Moreover, l\ — Y^l 9 =i'ikXi k d/dXi k 
is the Euler vector field. 

By taking linear combinations of the fields li with coefficients holomorphic in 
A, one can reduce the holomorphic frame C = . . . , t-2g) T to a special form with 
symmetric coefficient matrix (sec |BL02a ). Let us keep the notation T(A) for the 
symmetrized matrix. Then T(A) is Arnold's convolution matrix for the invariants 
of the Pham singularity y n — x s = (see |Arn96| . |Giv9 80 ). In the sequel, we 
assume that the frame C has been symmetrized. 

Let us proceed to the family of (n, s)-curves. We need to construct vector fields 
tangent to E = S n H, where H = {X € C 2g \ (X. n , . . . , A lm ) =0}. Clearly, the 
tangent bundle TEo consists of the vector fields in TE that are normal to TH over 
H, that is, at all points where (A^, . . . , A, m ) = 0. Consider the cases m = and 
m = 1 in more detail. 

If m — (this is the case of so-called simple singularities), then Eo = S, and we 
can use the frame C = (£i, . . . , i2g) T as a basis in TB. In this case, the coefficients 
of the frame are polynomials in A. 

If to = 1, then TH has the single generator 771 = d/dX^. Obviously, the Euler 
vector field £1 is normal to rji in H. Next, for each pair (j, k) such that 1 < j < k ^ 
2g the vector field = T k ^{X)£j—Tj^{X)£k is tangent to E and normal to rji in H. 
The vector fields satisfy the relations T^i(X)^k — 2fe,i(A)^j,; + Tj t i(X)^k.i = 0, 
1 < j < k < I ^ 2g. Therefore, for a basis in TB we can take the frame consisting 
of the 2g— 1 vector fields (£1, £2,3 ■ ■ • , ^2.2s) T - Being restricted to H, the coefficients 
of the frame prove to be polynomials in A. 

For arbitrary m, a similar construction leads to a collection of 2g—m polynomial 
vector fields. In what follows, we denote the frame in TB formed by these vector 
fields by C = (£1, . . . ,£2g-m) T ■ Let c^-(A) be the structure functions of the frame 
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£; that is, 

2g—m 

(9.26) [ti,tj]= c U X ) e >» i,j = l,...,2g-m. 

h—l 

9.2.4. Gauss Manin connection. In this section we present effective con- 
struction of the Gauss-Manin connection on the bundle associated with the family 
of punctured (n, s)-curves. The equation /(x, y, A) = in C 2+2s_m defines the 

family V of (n, s)-curves over B = C 29 - m \E . Consider the bundle p: V -> B with 

O 

fiber V& that is the curve Vz, with a puncture at infinity. 

o 

Let i7 1 (yf ) ,C) be the linear 2^-dimensional space of holomorphic 1-forms on 

o 

v b . 

Associated with the bundle p : V — > B is a locally trivial bundle w. Q. 1 — > B 

Q 

with fiber H 1 (yb, < C). A connection in Q 1 is called a Gauss-Manin connection on 

o 

V. 

Since the point oo belongs to all curves in V, we can construct a global section 
of Q 1 by choosing a classical basis of Abelian differentials of the first and second 
kind on V. 

Let D(x,y,X) — (£>i(x, y, A), . . . , D-2 g (x, y, A)) be the vector of canonical 1- 
forms in iJ 1 (Vf ) , C). Its period matrix fi satisfies the Legendre identitjQ 



f2 T JO = 2m J, where J = 




The differential D(x, y, A) can be constructed by techniques of the classical theory 
of Abelian differentials [Bak897j . 

For the vector field lj, j = 1, ...,2g— m, on the base, the corresponding 
Christoffcl coefficient Tj = (T^), j, k — l,...,2g, of the Gauss-Manin connec- 
tion is uniquely determined by the fact that the holomorphic 1-form £jD(x,y, A) + 
D(x, y, X)Tj is exact along the curve. Here the words "along the curve" imply that 
the variables x and y are constrained by the equation f(x, y, A) = 0. 

By integrating the exact form £jD(x, y. A) + D(x, y, X)Tj along the basis cycles 
of a fiber, we obtain djfl + HTj = 0. It follows from the Legendre identity that 
det SI 7^ 0. Thus, we have 

Lemma 9.2.3. r 3 = -fi-^-fi and JT 3 + TjJ = 0. 

This result permits us to construct the canonical differential D(x, y, A) directly, 
without using the classical techniques. Put R{x, y, A) = M(x, y) dx/f y {x, y, A). Ob- 
viously, the differential R(x, y, A) defines a basis in fi 1 , but its periods do not satisfy 
the Legendre identity. Let Xj(X) be the Christoffel coefficient of the Gauss-Manin 
connection for R(x, y, A) along if, that is, the 1-form £jR(x, y, A) + R(x, y, X)xj is 

exact along the fibers of the bundle p: V — » B. Then the differentials D(x,y,X) 
and R(x, y, A) are related by D(x, y, A) = R(x, y, X)K(X), where K(X) is a nondc- 
generate holomorphic matrix such that K(0) is a diagonal numerical matrix. We 



This is special case of the Riemann-Hodge relations. 
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have Tj = K^ 1 {x 1 K - IjK). Hence, by the Lemma l9T2~3l we obtain the following 
system of 2g — m equations for K: 

{XjK - ijK)JK T + KJ( X jK - i 3 K) T = 0, j = 1, . . . , 2g - m. 

9.2.5. Construction of cr-function. Consider the set Sh of operators W a b c 
that act on functions by the formula 

W ai b, c (f(u)) = f(u + a)exp[~{2u + a,b) + C7ri), 

where u, a, b 6 C 9 , c G C, i 2 = — 1, and (•, •) stands for the Euclidean inner product. 
We refer to W a ^, c as the covariant shift operator. The set Sh is closed with respect 
to composition, 

Wa 2 ,&2,caWai,&i,ci = W ai+a2 ^ bl+b2t ci+C3+^i((6 1 ,02>-(oi,6 3 » < 

We need the following representation: Z 9 x Z 9 — > Sh, (n,n') H> ((a, b),c) — 
((n,n'){l,<p(n,n')), where Q = fi(A) € Mat(2g, C°°(B)) is, as above, the period 
matrix of D(x,y,X) satisfying the Legendre identity and <j>: I? 9 — > Z 2 is an Arf 
function. 

Definition 9.2.5. A function 4>: I? 9 — > Z 2 is called an Arf function if the Arf 
identity 4>(qi + Q2) = 4>(qi) + 0(92) + QiJqE m °d 2 holds for all qy, g 2 € Z 2ff . 

To define an Arf function cf>, it suffices to choose a pair (e, e') € Z 29 . Then 

4>{n, n') = ((n + e, n' + e') - (e, e')) mod 2. 

Let us write 17 in block form, SI = [ ri 1,1 ^? 1,2 J ; then we can set WS' e (n, n') = 

\"2,1 "2,2/ 

W a b c, where a = (nSli 1 + nT22 1), b = (nOj 2 + n'Sl2 2), and c = (n + e, n' + e') — 
(e,e'). 

Since D(x,y,X) is the vector of basis differentials, it follows that Sl^i is non- 
degenerate and r = f2 2 ,i^7i is symmetric; moreover, Im(r) is positive definite by 
virtue of the Legendre identity. 

Set Gq(u) — lil^il -1 / 2 exp(— ^ uxu T ), i 2 = —1, where x = Sl^Oi^ is sj/m- 
metric by the Legendre identity. Consider the function 

(9.27) a(u,Q;s,e')= ^ W^' e '(n,n') G n {u). 

(n,n')GZ 2 s 

Theorem 9.8. The function a (it, S7; e, e') given by the formula \9.21^ is entire 
in u G C 9 . 

TTie meromorphic functions pij(u,Cl]E,e') — — d Ui , Uj log cr(u, S7; e, e') are Abelian 
functions with respect to the lattice generated by the rows of the matrices and 
02,1/ pi,j(u, SI; e, e') = Pij(u + nfli^ + ti'S1 2j i, Jl; e, e'), (n, ra') g Z 29 . 

Proof. By construction, <t(m, SI; e, e') is an eigenfunction of the covariant shift 
operator Wq E (n, n') with eigenvalue +1 or —1. Therefore, the function a(u, S7; e, e')/G 
admits a Fourier series expansion with coefficients independent of u. The series is 
convergent, since the imaginary part of t is positive definite. On the other hand, 
the difference logcr(u, SI; e, e') — log a(u + nSli,i + n'Sl 2j i, SI; e, e') is a linear function 
of u. □ 
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In what follows, we assume that the pair (e, e') is taken to be equal to the 
characteristic of the vector of Riemann constants; this characteristic can be assumed 
to be the same for all curves in the family V. 

Definition 9.2.6. The function a(u, A) = A(A) 1 / 8 cr(u, fi(A); e, e') is called the 
sigma function associated with the family V of curves. 

Clearly, the assertion of Theorem l9.8l remains valid if we replace a(u, f2(A); e, e') 
by a(u, A). In contrast with a(u, f2(A); e, e'), the function a(u, A) is holomorphic in 
A. In particular, it has the so-called rational limit as A — > 0. The function cr(u,0) 
is a polynomial, which is completely determined by the pair (n, s) and is known as 
the Schur-Weierstrass polynomial (see Chapt. [7|). 

Now we are ready to describe linear operators annihilated mult-dimensional 
(T-function in terms of the Gauss-Manin connection. To do that we define matrices 

a j = ( a f)> Pj = (Pjk)> and Tj = (ijkl), M = 1) • ■ • , 9, 3 = 1, . . . , 2fif - m, by the 
formula 

(9.28) W f)=~JT j , 

where Tj is the Christoffcl symbol of the Gauss-Manin connection, and set 

Hj = \af(\)d Uk d Ul +p] k {\)u k d Ul + \ lm {X)u kUl + ^(logA(A)) + 

Here and below, summation from 1 to g over repeated indices is assumed. 

Theorem 9.9. The sigma function a '(it, A) satisfies the system oflg — m, linear 
differential equations {tj — Hj)a(u, A) = 0, j = 1, . . . , 2g — m. 

Proof. By using the relations Tj = —il~ 1 £jil (cf. Theoremtheorem98), we 

find that {Zj-Hj)G a (u) = and [tj - Hj , W^ e ' (n, n')\ = for all j = 1, . . . , 2g~m 
and (n, n') £ I? 9 . Details of the proof can be found in |BL04| . □ □ 

9.2.6. Operators of differentiation. Now we intend to apply Theorems l9.8l 
and !9.9l to solve our problem for the fields of fiberwise Abelian functions associated 
with (n, s)-curves by the method described in details in Sect. 9.2.2 for the case in 
which n = 2 and s = 3. 

Let C = (ti, . . . 1 l2g-m) T be the frame with structure functions c& (see (|9.26p ) 
and let cij — {oq ), (3j — (^ fe ), jj — ("fjki) be the matrices defined in (|9.28[) 

Theorem 9.10. For families of (n, s)-curves, the problem in question has the 
following solution: 

(a) The F -module Der F is spanned by the Zg — m generators di = d Ui , i = 
1, ... ,g, andLj = £j-(afCk(u, X) + (3 l jk u k )d Ul , j = 1,.. .,2g-m, where ( k (u, A) = 
d Uk logcr (it, A). 

(b) The Lie algebra structure of Der F over F is defined by the relations 

[di,d k ] =0, [Lj,di] = ~(a.j q p iq (u,\) - f3jt)d k , 

1 2g — m 

[Li, Lj] = -{afaf - afaf)p klq {u, X)d r + £ c% L h . 

h=l 

(c) The action of Der F on F is defined by the relations 

diX = 0, dip qr (u,X) = pi qr (u,X), 

LjX = tjX, Ljp qr (u, A) = \ctj {pklqr - 2pkqPlr) + fijqPkr + fijrPkq ~ Ijqr- 
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Example, The case (n, s) = (2, 5) corresponds to the family of genus 2 curves. 
We have 

V = {(x, y, X) e C 6 | f(x, y, A) = 0, A(A) * 0}, 

where f(x, y, A) = y 2 — (x 5 + X 4 x 3 + X 6 x 2 + Xgx + Aio). The polynomial f(x, y, A) is 
homogeneous with respect to the grading in which degx = 2, degy — 5, deg Xk = k, 
and TTi — 0. The discriminant of f(x, y, A) is defined by the zeros of the polynomial 

A(A) = 3125At + 2(128A^-800A 6 AioA^ + 1000A4Ai A^ + 1125A^A? A 8 -1875A 4 A 6 A' 



3 ) 
10 J 



+ 108Ai A^ - 27A^ - 630A 4 A 8 Ai A^ 



144A 4 A 8 1 A 2 + 825A 2 A 2 A 2 + 560XlX 2 8 X w X 6 

- 128X 2 4 Xt - 900A^A 8 A2 + 4A|(4Ai A3 - A^A 2 - 18A 4 A 8 Ai A 6 + AX 4 X 3 + 27A 2 A 2 ), 

which can be calculated directly by taking the resultant with respect to x of the 
polynomials /(0, x, A) and d x f(0, x, A). 

The vector fields (4,4,4,4) T = T(X)(d X4 , d Xe , d Xs , <9 Al0 ) T , deg 4 = j, de- 
fined by the matrix 

/4A 4 

* 

T = 

* 

V * 



6A 6 
8A 8 — -^A 2 



8 - "g-'M 

* 



8A 8 

lOAio — f A 4 Ag 
4A 4 A 8 — s-Xg 



lOAio 

~|a 4 a 8 

6A 4 Aio 
4AeAio — §A| 



|AeA 8 



with detT(A) = ^A(A) are tangent to the discriminant, since 
(4,4,4,4) log A(A) = (40,0,12A 4 ,4A 6 ). 
The structure functions of this frame are polynomials, 

[4, 4] = ki k , k = 2, 4, 6, [4, 4] = 24 - |A 4 4 + |A 6 4, 



[4,4] = -|A 4 4 + |A 8 4, 



[4,4] = 2A 4 4 - |A 6 4 + |A 8 4 - 2A 10 4- 



In this case, M(x,y) 



(1, x, x 2 , x 3 ) and R(x, y) = 
diag(3, 1,-1,-3), 



dx 

M(x,y) — . We have 

2y 



Xo 



X2 = 



/o 


4 \ 

~ 5 A 4 





A 8 ^ 






/ A 4 — |A 6 


A 8 


2A 10 \ 


1 





-§A 4 


2A 6 









A 4 


-f A 6 


3A 8 





-1 





|A 4 




X4 = 


-1 





f A 6 







-3 


o J 








3 













( ° 


3 \ 
- 5 A S 


2A 10 ^ 














-A 4 





— iA 8 4Aio 












X6 = 











|A 8 














V-3 

















The general solution of the system of equations for the matrix K(X) satisfying the 
holomorphy and homogeneity conditions has the form 

(1 aX 6 bX A \ 

1 (6-l)A 4 

-1 

\0 -3 / 



K(X) = 
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where (a, b) e C 2 are free parameters. We set (a, b) = (0, 0), which corresponds to 
the classical construction ;B ak897] . Then 

/0 
1 



r = diag(3, 1,-3,-1), r 2 







4 
5 






A 4 



\\\ — 3Ag 



3 ^ 

f A 4 
-1 













\o 1 




|A 4 


/ 






A 4 




IA4A6 — 6A10 


-A 8 \ 




f° 




5 A4A8 


-2A 10 \ 


r 4 = 







1 


-A 8 
-A 4 





, r 6 = 



1 







— 2Aio 



gA 8 





V 1 





6 \ 


) 




V.0 





5A8 


/ 



Set degMi 
H = uxd Ul 



Then the operators Hj are homogeneous and deg Hj — j, 



3u 3 d-, 



■3- 



10H 2 = bd 2 Ul + W Ul d U3 - 8\ iU3 d Ul - 3A 4 m 2 + (15A 8 - 4A 2 )? 
5H 4 = 5d Ul d U3 + 5\iU 3 d U3 - 6X 6 u 3 d Ul - \ & u\ + 5\%uiu 3 + 3(5Ai - A 4 A 6 )u3 - 5A 4 , 
10H 6 = 5<9 2 3 - 6A 8 u 3 <9 Ul - A 8 u 2 + 2OA10U1U3 - 3A 4 A 8 u 2 - 5A 6 . 
The generators of the .F-module Der F are as follows: 

Lq = £ ~ uid Ul - 3u 3 d U3 , Li = d Ul , 
L 2 = £ 2 — Cid ui — uid U3 — |A 4 u 3 <9 M1 , L 3 = d U3 , 
L 4 = I4 — ( 3 d Ul — (id U3 + \±u 3 d U3 — ^\§u 3 d Ul , L 6 — £ 6 — ( 3 d U3 — ^Xsu 3 d Ul . 
The structure relations in the Lie algebra Der F over F have the form 
[L ,L k ]=kL k , k= 1,2,3,4,6, 
[Li 7 L 2 ] — p\.\L\ - L 3 , [Li,L 3 ]=0, [Li,Li] = pi^Li + pi, 1X3, 



[Li, Lq] — pi, 3 L 3 , [L 2 , L 4 ] — 2L e — \pis y \L 3 — |A 4 i2 + \pi, 1,3-^1 



|A6^0, 



[L 2 ,L 3 ] = 



'1,3 



|A 4 )Li, [L 2 , Lq] — 



|A 4 L 4 — |pl, 1,3-^3 + \pl, 3 , 3 L\ + |A 8 I/Q) 



[L 3 , L 4 ] = (pi j3 + A 4 )L 3 + (p 3)3 - |A 6 )Li, [L 3 , L 6 ] = p 3 ^ 3 L 3 - §A 8 Li, 

[L4,,Le\ = 2\ 4 Lq — |Agi 4 — ^1,3,3-^3 + §A 8 £2 + 2"P3,3,3^1 — 2Ai io- 

Let us write out the formulas that define the action of Lj on F. The action on the co- 
ordinate functions of the base is determined by the relation (L , L\, L 2l L 3 , L4, L 6 )X = 
(£q, 0, £ 2 , 0, £4, £e)X. According to items 2 and 3 in Section 9.2.1, it suffices to write 
out the formulas for Ljp\y. 



Lopi,i = 2pi 



Pi,i,i> 



i2pl,l = 5PI, 1,1,1 - Pi,i + Pl,3 
L 3 pl,l = pi, 1,3, ^4pl,l = Pl,l,l,3 - 2pi,ipi,3 + |A 6 , 

^6pl,l = 5PI, 1,3,3 - P?,3 + K As- 
All genus 2 curves are hyperelliptic. The universal bundle of Jacobi varieties 
of genus g hyperelliptic curves is a rational variety. This is Dubrovin-Novikov 
theorem, see Sect. 14.3.11 where a fiber of the universal bundle is viewed as a level 
surface of the integrals of motion for the 5th stationary flow of the KdV system, 
that is defined by a system of 2 g algebraic equations in C 3g whose degree increases 
with genus. In the Sect. 14.3. li the coordinates were introduced such that a fiber is 
defined by 2g equations of degree ^ 3. 



A 4 , 
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The Dubrovin-Novikov coordinates and the coordinates from Sect. 14.3.11 are 
the same for the universal space of genus 1 curves. Namely, in C 3 with coordi- 
nates (x2, £3, X4), degXi = i, the fiber over b = (32,53) € B is determined by the 
equations g 2 = \2x\ — 2x 4 , 33 = —8x2 + 2x4X2 — x 3 and is parametrized by the 
elliptic functions (x2,X3,X4) = (p(u, b), p'(u, b), p"(u, £>)), where u ranges over the 
Jacobian the fiber of the bundle U —> B. Further, in these coordinates one has 
A = —432x2^1 — 27x| + 108x2x^x4 + 36x3X4 — 8x|, and the derivations L , L\ and 
L 2 of the field F are represented by the vector fields 

L a = 2x 2 d X2 + 3x 3 d X3 + 4:X 4 d X4 , L x = x 3 d X2 + x 4 d X3 + l2x 2 x 3 d X4 , 

L 2 = |(x 4 - 3xj)d X2 + 3x 2 x 3 d X3 + (3xg + 2x 2 x 4 )d Xi , 

which are tangent to the zero set of A and have polynomial coefficients. 

For the universal space of genus 2 curves the fiber over a point b = (A4, Xq, As, A10) € 
B is defined in C 6 with coordinates (X2, X3, X4, 24, 25, zg), deg Xi = i, deg Zj — j, by 
the equations 

6X2 - x 4 + 4z 4 + 2A 4 = 0, 8x2 - 2x 2 (xi + 4z 4 ) + X3 + 2z 6 - 4A 6 = 0, 

824X3 — X2^ 6 + 2^4 — X4Z4 + X3Z5 — 2Ag = 0, 8x 2 ^4 — 2z 4 z 6 + z\ — 4A 10 = 

and is parametrized by the hyperelliptic Abelian functions 

(xi,x 2 ,x 4 ) = (l,Li,Ll)p 1A (u,b), (z 4 ,z 5 ,z 6 ) = (l,Li,L\)pi^(u,b), 

where u — (ui,u 3 ) ranges over the Jacobian J^, the fiber of the bundle U — > B. 
Note that, by analogy with the elliptic case, the derivations of F found above 
become polynomial vector fields tangent to the "discriminant." 

The Dubrovin-Novikov coordinates (U 2 , U 3 , . . . , U7), where deg Ui — i, are ex- 
pressed via (X2, X3, X4, z 4 , Z5, zq) by the formulas 

U 2 = x 2l U 3 = x 3 , U 4 = x 4l U 5 = 4(3x 2 x 3 + 25), 

U 6 = 4(3x3 + 3x 2 x 4 + z 6 ), U 7 = 4(36x3X2 + 20z 5 x 2 + 9x 3 X4 + 4x 3 z 4 ). 

Accordingly, the fiber over b £ B is parametrized as follows: 

(U 2 ,U 3 ,U 4 ,U 5 ,U 6 ,U 7 ) = (^L^LlLlL^LDp^b). 



CHAPTER 10 



Algebro-geometric tau function 

10.1. Introduction 

In the mid-1970s, the results of Its, Matveev, Dubrovin and Novikov (see 
DM N976) ) led to the discovery of a remarkable 9- functional formula to solve the 
KdV equation u t = 6uu x — u xxx . This solution was given as a second logarithmic 
derivative of a Riemann theta-function: 

d 2 

(10.1) u(x,t) = -—\n9(Ux + Vt + W) + C, U, V, W = const E C 9 

ox 2 - 

This theta-function was constructed from a hyperelliptic curve X g of genus g, while 
the "winding vectors" U, V are periods of Abelian differentials of the second kind 
on X g . Further, this formula is in a sense universal; it was generalized by Krichever 
|Kri977] to other integrable hierarchies - these solutions were associated with other 
algebraic curves. In this paper we consider the converse problem: 

Given an algebraic curve X g , its Riemann period matrix t, and its Jacobi va- 
riety Jac(A" g ) = C/(l g © t), we may construct 6-functions 9(z;M), z £E Jac(A s ); 
then the fundamental Abelian functions on J&c(X g ) may be realized as the second 

logarithmic derivatives of 9(u, M), py = — 9 g".^"'^ + Cy( r )- We wish to con- 
struct all differential relations between these Abelian functions on X g . 

In the simplest case, the Weierstrass cubic, y 2 — 4x 3 — gix — 53, that is an alge- 
braic curve of genus one. This is uniformized by the Weierstrass elliptic functions, 
x = p(u),y = p'{u), and these differential relations read: 

(10.2) p"-6p 2 -|, p' 2 = 4p 3 - 52 p-«? 3 . 

In the case of higher genera, g > 1, the derivation of analogous equations becomes 
much more complicated. In particular, the fundamental Abelian functions are now 
partial derivatives of a function of g variables. The different approaches to this 
problem form the main content of the paper. We restrict our analysis to the case 
of (n, s)-curves introduced and investigated in this context by Buchstaber, Enolski, 
and Leykin |BEL997bl IBEL999] 

(10.3) y n = x s + A <, 

si-\-nj<ns 

These represent a natural generalization of elliptic curves to higher genera, and 
include the general hyperelliptic curve (n = 2). 

To any such curve we may associate an object which is fundamental to all 
our treatments of this problem, the fundamental bi-diffcrcntial, that is, the unique 
symmetric meromorphic 2-form on X g x X g , whose only second order pole lies on 
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the diagonal Q = S, and which satisfies: 

where f(S,Q) is holomorphic, and £(Q),(,(S) are local coordinates in the vicinity 
of a base point P, £(P) = 0. Usually ui(Q, S) is realized as the second logarithmic 
derivative of the prime- form or theta- function [Fay 9 73] . But in our development 
we use an alternative representation of uj(Q, S) in the algebraic form that goes back 
to Weierstrass, Klein and which was well documented by Baker [Bak897 

(10.4) W (Q, S) = 77^%^ ^dxdz + du(Q) T Kdu(S) } 

where Q = (x,y), S = (z,w), and the function T(Q,S) = J 7 ((x,y),(z,w)) is 
a polynomial of its arguments with coefficients depending on the parameters of 
the curve V. T{Q 1 S) is sometimes called the Kleinian polar. Finally, x is a 
symmetric matrix expressed in terms of the first and second period matrices, 2u>, 
2r) respectively, as k = lu^ 1 ?] and providing normalization of uj(Q, S). We will refer 
to the first term on the right of (|10.4I) . which involves the polynomial T{Q, S), as 
the algebraic part, so that 

u(Q, S) = w alg (Q, S) + du(Q) T xdu(S). 

This representation was recently by discussed also by Nakayashiki [Nak08a . 

The algebraic representation of the fundamental differential, as described above, 
lies behind the definition of the multivariate sigma function in terms of the theta- 
function. This differs from 9 by an exponential factor and a modular factor: 

(10.5) er(tt) = C(M)exp { \u T oj' 1 r]u} 9 (^^u; M) . 

Here the g x g matrices 2w, 2r] are the first and second period matrices, and M = 
uj~ x u' . The modular constant C(M) is known explicitly for hyperelliptic curves 
and a number of other cases, but its explicit form is not necessary here, for the 
fundamental Abelian functions are independent of C(M). These modifications 
make <r(u) invariant with respect to the action of the symplectic group, so that for 
any 7 6 Sp(2g, Z), we have: 

(10.6) cr(M; 7 Af) = a(u;M). 

The multivariate sigma-function is the natural generalization of the Weierstrass 
sigma function to algebraic curves of higher genera, i.e. (n, s)-curves in this context. 
In his lectures [Wei893 , Weierstrass started by defining the sigma-function in 
terms of series with coefficients given recursively, which was the key point of the 
Weierstrass theory of elliptic functions. A generalization of this result to the genus 
two curve was started by Baker [Bak907 and recently completed by Buchstaber 
and Leykin |BL05j . who obtained recurrence relations between coefficients of the 
sigma-series in closed form. In addition, Buchstaber and Leykin recently found an 
operator algebra that annihilates the sigma-function of a higher genera (n, s)-curve 
BL08]. The recursive definition of the higher genera sigma- functions remains a 
challenging problem to solve, with |BL08] providing a definite step. We believe 
that the future theory of the sigma and corresponding Abelian functions can be 
formulated on the basis of sigma expansions that will complete the extension of the 
Weierstrass theory to curves of higher genera. 
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In this chapter we study the interrelation of the multivariate sigma and Sato 
tau functions. The r-function was introduced by Sato jSM980L ISM981] in the 
much more general context of integrable hierarchies. Here we deal with the 'algebro- 
geometric r-function' (AGT) associated with an algebraic curve. The AGT of the 
genus g curve X g is defined, following Fay, (Fay983, Fay989 , as a function of the 
'times' t = (ti, . . . ,tg,t g +i, . . .), a point u G Jac(A g ), as well as a point P € X g ; it 
is given by the formula 



T(t;u,P)=e[ yU k (P)t k +u}exp{ £ V u mn {P)t m t 





\fc=i 

Here the "winding vectors" Uk (P) appear in the expansion of the normalized holo- 
morphic integral v, the quantities uj mn (P) define the holomorphic part of the ex- 
pansion of the fundamental second kind differential uj{Q, S) near the point P. We 
then introduce the r-function by the formula: 

(1 °- 7) 7(0^P) = ^0 P { * ^ k " { ) k l 

This representation of r in terms of a was used by Enolski and Harnad |EH11] 
to analyze the Schur function expansion of r for the case of algebraic curves. Re- 
cently A. Nakayashiki [Nak09 has independently suggested a similar expression 
for the AGT in terms of multivariate a-functions and studied properties of the 
sigma-series. In this paper we concentrate on the application of this representa- 
tion to the derivation of the differential relations between Abelian functions of the 
(n, s)-curve, continuing and developing the work of |EHllj . 

Developing a further analogy with the Weierstrass theory of elliptic functions, 
we represent the Abelian functions, that is, 2<7-periodic functions on Jac(A s ), f(u + 
2nuj + 2n'uj') = f(u) \/n,n' € N, as second and higher logarithmic derivatives, 

(10.8) &(u) = -^-lna{u), 

Q2 Q3 

(10.9) pij(u) = -— — lncr(w), pijk{u) = ~ g M .g u .g Ufc lncr ( M )' etc 

where k etc. = l...,g. We should remark that the Ci( u ) are n °t Abelian 
functions. In this notation, the genus 1 Weierstrass equations (|10.2I) become 

pun=6p n -— , pin =4p u -g 2 pu -93 

Piji Pijk, ■ ■ ■ are called Kleinian p- functions. They are convenient coordinates to 
represent the dependent variables in the hierarchy of integrable systems. 

We compare and contrast here three approaches to obtain the partial differen- 
tial relations for the Abelian functions associated with the (n, s)-curve X g , using 
Kleinian p-functions as coordinates. 

The first of these, and the best known, is the classical approach of comparing 
two different expansions of the fundamental bi-differential; this yields first the solu- 
tion of the Jacobi inversion problem for the curve, and in higher orders, a sequence 
of differential relations involving the py . 
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The T-function approach to the derivation of completely integrable systems of 
KP type has led to two different ways [DJKM983 to obtain relations between Tay- 
lor coefficients of the r function expansion. The first of these specifically exploits 
the fact that these Taylor coefficients are determinants, i.e. Pliicker coordinates in 
the Grassmannian, and they hence satisfy the Pliicker relations Fay983 . The sec- 
ond is based on the Bilinear Identity, which leads to the Residue Formula |Fay989 
involving differential polynomials in r. 

We consider and compare these two techniques, based on the r- function method, 
which give a derivation of the required differential relations; specializing to a par- 
ticular algebraic curve, we consider its algebro-geometric r-function. The special 
feature of our development is that we define this r-function in terms of the mul- 
tidimensional cr-function of the curve, leading to coordinates that are explicitly 
written in terms of Kleinian p-functions. The differential relations we find be- 
tween these functions can be understood as arising from special solutions of in- 
tegrable hierarchies of KP type, associated with the given curve (see for example 
Bak 897|, IBEL997b], INak08aj ) . We will describe the correspondence between in- 
dividual differential equations for p-functions with Young tableaux defining Pliicker 
relations. We illustrate these approaches by considering two particular examples: 
the genus 2 hyperelliptic curves [Bak907i, and the genus 3 trigonal curve (which 
can be found in different places [BEL997U IBELOOl |EEM+07| ) The general 
approach based on Pliicker coordinates for deriving KP-flows in terms of Kleinian 
(j- functions was recently discussed by Harnad and Enolski [EH11 . Here we develop 
this work and consider some non-trivial examples to clarify the interrelation of the 
r-functional formulation of integrable hierarchies and c-functional approach. We 
will also consider the relationship between of this derivation based on the Pliicker 
relations and that based on the Residue Formula. Both give a systematic way of 
generating the required relations, but the differences between the two approaches 
are instructive. 

10.2. Models algebraic curves and their #,<7,T-functions 

Let V be a genus g > 1 algebraic curve given by the polynomial equation 

(10.10) f{x,y) = 0, f(x 1 y) = y n + y n - 1 a 1 (x) + ... + a (x). 

We shall consider in what follows two relatively simple curves of the class (|10.10|) . 
Example I: the hyperelliptic genus two curve 

(10.11) y 2 = 4x 5 + a 4 x 4 + . . . + a 
and 

Example II: the cyclic trigonal genus three curve 

(10.12) f(x, y) = y 3 - {x 4 + ^ 3 x 3 + ^ & x 2 + fi g x + fj, 12 ). 

We equip V with a canonical basis of cycles (en, . . . , a s ; f>i, . . . , b g ) £ H 1 (X, Z). 
We denote by du = (diti, . . . , du g ) T the vector whose entries are independent holo- 
morphic differentials of the curve V as well as their a and b-periods, 



(10.13) 2u = / dm] , 2u' = / dui 
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The period matrix (2w,2u/) is the first period matrix, and the matrix r 
belongs to the upper Siegel half-space, 6 : t t = r, Imr > 0. 



The function 6[o\(u;t) with characteristics [a] = 



[2a] e»xZ9 



of the algebraic curve V of genus g is defined through its Fourier series 
(10.14) 

9[a](u; t) = ^ exp {i7r (n + c*') T r (n + a') + 2i7r (n + a') T (u + a")\ 

We introduce the associated meromorphic differentials dr = (dri, . . . , dr ff ) 5 
and their periods 

(10.15) 2t] 

\ a J / i,j=l g V " 3 / i,j=l g 

form the second period matrix (2r), 2ry'). The period matrices satisfy the condition 

T 

(10.16) 



dr; 1 . 2rj' = -[ I dr, 



7? ?/ 





-h 







?7 



ITT 

T 



o 



o 



Here we denote the half-periods of the holomorphic and meromorphic differentials 
by (lj,u>') and {f],f)') in order to emphasize resemblance to the Weierstrass theory. 
We will also use the notation A = 2uj and B = 2u/ for the periods of holomorphic 
differentials. Further we denote 



(10.17) 



dv{Q) = (dwi(Q), . . . , dv g (Q)) = A~ l du(Q) 



as the vector of normalized holomorphic differentials. 

The explicit calculation of canonical holomorphic differentials and the mero- 
morphic differentials conjugate to them is well understood; in particular we have 



diti 



Example I 

x dx 



du? 



y 



dx 

y 



dri 



x 2 dx 

y 



dr 2 



x(a3 + 2a^x + 12x 2 ) dx 



Example II 



diti 



dx 
V 



du? 



xdx 

w 



dui 



dx 

V' 



dri 



x dx 



dr 2 



2xydx 

'"V"' 



dr.s 



{5x 2 + 3fi 3 x + (i 6 )y 



Remark 10.1. Note that our labeling of the differentials is the reverse of 
[EEM+07] . with the interchange 1 H 2 in example 1, and (1,2,3) «-> (3,2,1) 
in example II. 
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We introduce the fundamental bi-diffcrcntial co(Q, S) on XxX which is uniquely 
defined by the conditions: 

(i) it is symmetric: 

(10.18) u(Q,S) = u(S,Q) 

(ii) it has its only pole along the diagonal P = Q, in which neighborhood it is 
expanded in a power series according to 

(10.19) w(q, s) - ^q^^s)) 2 = S "rnnipmr-^isr-^mms) 

(iii) it is normalized such that: 

(10.20) f v{Q,S) = 0, j = l,-..,9 



The well known realization of the differential uj(Q, S) involves the Schottky-Klein 
prime form E(Q,S), which is a (—1/2, — l/2)-differential defined for arbitrary points 
Q,SGX 

6[a] (j%du) 

(10 ' 21) ^ )= M» 

where #[a](it) is a 9- function with non-singular odd characteristics [a] and 

9 f) 

h a {Q) 2 = V— 0[a](O)d« fe (Q) 

The bi-differential lu(Q, S) is then given by 

(10.22) u(Q,S) = d Q d s \nE{Q,S) 

We emphasize that in this paper, we will instead rely on alternative "algebraic" 
constructions of the differential u>(Q,S), as described in Fay973 . By following 
classical works such as [Kle886, Kle888 ], together with results documented in 
Bak897j we realize the differential ui(Q, S) in the forrrQ 

(10.23) w(Q, S) = —^r^P ^dxdz + du(Q) T ' xdu(S) 

fy{Q)fw{S){x - z y 

where Q = (x,y), S = (z,w), and the function F(Q, S) = J-{{x,y),{z,w)) is 
a polynomial of its arguments, with coefficients depending on the moduli of the 
curve V. Finally, x is a symmetric matrix x T = x that is chosen to provide a 
normalization of uj(Q, S); it is expressible in terms of the first and second period 
matrices x = a; -1 ?/. We will refer to the term of U)(Q, S) including the polynomial 
J-(Q, S) as its algebraic part, 

u(Q, S) = w alg (Q, S) + du(Qf xdu(S) 

In the vicinity of a point P, where points Q and S are represented by local coordi- 
nates £(Q) and £(<S) respectively, the holomorphic part of ui als (Q, S) is expanded 



lr The normalizing matrix x is chosen here twice bigger then x used earlier 
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in the scries 



J-(Q, S)dzdx 



fy(Q)fw(S)(x- z) 2 



dgQ)dgs) 



k,l=0 



where the set of holomorphic functions ojtf (P) defines a projective connection. 



An algorithm to construct the polynomial F(Q, S) is known, see e.g. |Ba k897 
and therefore functions such as u) k f (P) that are important for the construction are 
considered as known. We shall present below some explicit expressions for J- as 
well as the few first terms of the expansions tj als in the simplest cases: 

Example I: 



(10.24) ^ { ^ Q) _F{x,z)+2y W dxdz 



P = (x,y),Q = (z,w), 



A{x — z) 2 y w 
where 

(10.25) F(x,z) = 4x 2 z 2 (x + z) + 2a 4 x 2 z 2 + a 3 xz(x + z) + 2a 2 xz + a 1 (x + z) + 2a . 
Expanding this gives: 

alg _ "4 

"0,0 --g" 

<? = «8 - o, 



Remark 10.2. For hyperelliptic curves, the coefficients vanish if either of 
i or j is odd. 

Example II: 



(10.26) 



(x - zyfy{x,y)f w {z,w) 



with the polynomial T((x,y)] (z,w)) given by the formula 
F((x,y), (z,w)) = w 2 y 2 



(10.27) 

and 

(10.28) 
(10.29) 



+ w [ w 



f(x,y) 



+ T(x,z) ) + y\ y 



f(z,w) 



w 



+ T{z,x) 



T(x, z) — 3/ii2 + (z + 2x)[Iq + x(x + 2 z)\x§ 
+ 3/i3X 2 z + x 2 z 2 + 2 x z. 
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Expanding this about (00,00) gives: 



"0,0 



= 0, 



, , a lg , ,alg _ 2 

W 0,l - W l,0 - ~3^3, 

, alg _ , alg _ 2 1 5 ,,2 

, alg _ , alg _ 2 1 4 ,,2 

w l,3 - w 3,l --3M6+gAt 3 > 



Remark 10.3. w*? = unless (i + j) + 2 = 0mod3. This is a consequence of 
the cyclic symmetry of the curve. 

We restrict ourselves to the case of algebraic curves with a branch point at 
infinity, and take P — (00, 00) to be the base point where we expand all our 
functions. 

If A is the matrix of o-periods of canonical holomorphic differentials, u±, . . . , u g , 
then we define a set of 'winding vectors' as follows: 

(10.30) J7 fe (oo) = U k =A- 1 R k , k = l,...,g, 

where R\ , R2 , . . . are residues of canonical holomorphic integrals multiplied by dif- 
ferentials of the second kind with poles of order k at infinity, giving: 

Rk=1 kW^ dU{Q) W$) . 

Let v £ 3ac(X) and 6(v) be a canonical ^-function, that is, a ^-function with 
zero characteristics: 

9(v) — exp {mm 1 rm + 2i7rw T m} . 

The principal point of this paper is the transition from 8 to cr-functions. For any 
point u £ Jac(X) we define: 

(10.31) cr(tt) = C(t)6»(^ 1 u)cx P j ^u t ku^ , 

where 0(y) is the canonical 0-function, and C(r) is a certain modular constant that 
we do not need for the results that follow. We note that this cr-function differs from 
the "fundamental a function" of the publications mentioned in the introduction by 
the absence of a shift of the ^-argument by the vector of Riemann constants. Thus 
a(0) ± 0. 

We introduce the Kleinian multi- variable £ and p- functions as above (|10.9|) . 
These functions are suitable coordinates to describe Abelian functions and the KP- 
type hierarchies of differential relations between them. 

In higher genera, the relations between Abelian functions become somewhat 
lengthy. These relations can often be summarized concisely by developing a matrix 
formulation of the theory, as has been done L BEL997b] in the hyperelliptic case. 
However to avoid confusion we should point out that there is at present no known 
relation between the Pliicker method and such a matrix summary of the results. 
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The vector of normalized holomorphic differentials dv — (dvi, . . . , dv g ) T is 
given by 



(10.32) dv = A~ L du, A= yf dui J 

The Sato- Fay algebro-geometric r-function of the genus g curve V of arguments 
t = (ti, . . . , t g , tg+i, . . .) T , u £ Jac(X), P £ X is defined as 

(10.33) t(*;u) = 9 ljrU k {P)t k +u \ exp J X - ^ u mn (P)t m t n 

\k=l j [ m,n>l 

Here the winding vectors defined in (|10.30p . Uk(P), appear in the expansion of the 
normalized holomorphic integral v in the vicinity of the given point P G X , 



Q 



/r , , 

dv(Q')= dv(Q') + Y,U k (P)aQ) k 
J Pa u-i 

with £(Q) being the local coordinate of the point Q in the vicinity of the given 
point P, so that £(P) = 0. 

The quantities u) mn (P) define the holomorphic part of the expansion of the 
fundamental second kind differential cu(Q, S) near the point P according to (|10.19p . 
Using the above definitions, we can see that the algebro-geometric r-function is 
given by the formula, equivalent to (1.7): 



f 10 34) T{t;u) - g (5Xiflfc*fc+") exD J I V lo^U t 

(1(U4) r(0;«)" a{u) ^ 



Here ojf f is the algebraic part of the holomorphic part of the expansion of the 



bi-differential, as defined in Section 2: 



J-{Q, S)dzdx 



fy{Q)US){x-zf 



dg(Q)dg(5) 



= E ^u(Q) k t(s) l dt(Qms), 



k,l=0 

where T is a polynomial of its variables whose construction is classically known 
Bak897], see also the recent exposition |Nak08b] . One can see that the non- 
algebraic part, i.e. the normalizing bi-linear form, is absorbed into the cr-function. 

Once we have an expression involving derivatives of the sigma function, we need 
to convert this to an expression involving derivatives of the p-function. To do this 
we start with the definition of the £ function (|10.8[) . which we write in the form 

£7i(ll) = Ci(u)t7, 

then repeated differentiation gives us a ladder of relations which enable us to re- 
cursively express any derivative of sigma in terms of pij...k, d and a, all evaluated 
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at U. 



0~ij = (JjCi — Opij 
0~ijk — PjkCi — a Pijk — &kpij — PjPik 



In the following sections, we will look at different methods for constructing such 
relations between the derivatives of a, and hence between the Abelian functions 
associated with the curve. 

10.3. Solution of KP hierarchy 

The starting point for this approach is the Klein formula, which compares two 
different expressions for the fundamental bidifferential: 

Theorem 10.1. Let the canonical holomorphic differentials of the curve /(a;, y) = 
be represented in the form 

Uk{x,y) = ^ X ' V dx, k=l,...,g; 



then we have: 



(10.35) 




Ui{x,y)Uj(x kl yk) 



,aig^„-^ - \ hi x ^y) fy k ( x k,Vk) 



(x, y;x k ,y k ) — , k = l,...,g 

ax axk 

We note that the left hand side is singular where (x, y) equals any of the (x k , y k )- 
We now take the Laurent expansion of the two sides of (I10.35|) as (x,y) — > P. 
Equating corresponding terms on either side will give a polynomial equation in 
(xk,yk), whose coefficients are differential expressions in the pij. The leading term 
in this series leads to the Jacobi inversion formula for the curve; higher terms lead 
to other polynomials which must have the same roots, and differential relations 
between the pij then follow. 

10.3.1. Case of genus two. The er-functional realization of hyperelliptic 
functions of a genus two curve has already been discussed in many places, see 
e.g. |Bak897l BEL997bJ. But we shall briefly describe here the principal points 
of the construction to convey the structure of the theory that we wish to develop 
for higher genera curves. 

We consider the genus two hyperelliptic curve 

(10.36) y 2 = 4x 5 + a 4 x 4 + . . . + a 

The algebraic part of the fundamental bi-differential is given as above in eqn. 
(|10.24j) |Bak897j . The first term in the expansion is independent of y: 

Pl2 + Xpll ~ X 2 = 0, 

which is the x-part of the Jacobi inversion formula for this curve. This equation 
gives us a way of reducing quadratic and higher terms in x to linear terms. The 
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third term is also independent of y, and after elimination of higher powers of x 
gives a relation linear in x. 

(5P1111 - 3pfj - 5A4P11 - 2pi2 - |A 3 )a; 

+ 5P1112 - 5A4P12 - 3pnpi2 + P22 = 0. 

Equating the coefficients of different powers of x separately to zero, we can solve 
for pun and pm2 to find: 

(10.37) pun = 6pn + A 4 pn + 4pi2 + 5A3, 

(10.38) pni2 = 6pnpi2 + A 4 pi2 - 2p22, 

to get the first two 4-index relations in the genus 2 case. Higher order terms follow 
in a similar way from higher order terms in the expansion. The second term in the 
expansion, the y-part of the Jacobi inversion formula, is linear in y, so can be used 
to eliminate any y-dependent terms which arise at higher order. 

At every stage we need to substitute for higher derivative terms (such as pnm, 
for example) by using derivatives of previously derived relations. In addition, mul- 
tiplication by a 3-index pijk is sometimes useful, followed by substitution of known 
relations which are quadratic in the pijk ■ The first such relation is found to be 

Jac 6 : p nl = 4pf x + a 3 pn + a 4 p 2 u + 4p 12 pn + a 2 + 4p 22 . 

It is often possible to obtain all or almost all of the required relations using 
only terms from the expansion of (|10.35[) and differentiation or algebraic means, see 
EE M+07] for the case of the genus 3 trigonal curve. The two examples discussed 



in this paper, the genus 2 hyperelliptic and the genus 3 cyclic trigonal can be studied 
in this manner, although a small number of the high weight quadratic pijk relations 
in the trigonal case have not yet been derived in this way. A complication at higher 
weight is that equations from the Kummer variety (see below) appear in addition, 
and it is often difficult to separate these out. A similar complication occurs in the 
methods described below. 

A variation to the classical method described above, which avoids the prob- 
lems associated with ideals containing the Kummer relation, is to build up a series 
expansion of the er-function in parallel to deriving the PDEs in the p variables. 
This approach was followed in [BG041 |EEM + Q7 . The first equations from the 



expansion of (|10.35|) are used, together with various results about the vanishing of 
the sigma function on certain 8-strata, and a knowledge of the weight of the sigma 
expansion, to derive the first few terms in the sigma expansion. These can then be 
used to derive some PDEs in the p, which are then used in a bootstrap fashion to 
derive further terms in the sigma expansion, etc. In the case of the genus 6, (4, 5) 
curve, [?], this method is used exclusively to derive the required equations. 

10.3.2. Solving in Plucker coordinates. The key to this approach is Sato's 
formula, Theorem (5.1) below. This gives an expansion of a ratio of r-functions, 
^q'.") , as a series of differential expressions which are rational in the r-functions. 
The t-dependence is given in terms of Schur polynomials s\(t) in the times U. 
The coefficients of these polynomials are determinants of differential expressions 
of t, which are Plucker coordinates on a Grassmannian. Such coordinates satisfy 
the Plucker relations - each partition A can be expanded in hooks, and the corre- 
sponding Plucker coordinates are expressible, analogously to Giambelli's formula, 
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as determinants of single hook partitions. These relations give the differential rela- 
tions for the Abelian functions which we seek. 

For any partition A : ct\ > a 2 > . . . > a n of |A| = J27=i ai ' tne Schur polyno- 
mial of n variables xi, . . . , x n is defined by 

s\(x) = dct (p ai -i+j{x)) itj=h _ tn 
where the elementary Schur functions p m {x) are generated by the series, 

oo ( oo ^ 

m=0 {n=l ) 

The first few Schur polynomials are 
s\(x) = X\, 

s 2 (x) = x 2 + \x\, si,i(x) = -x 2 + \x\, 

s 3 (x) = x 3 + xix 2 + ±xl , s 2 a(x) = -x 3 + \x\, si,i,i(a;) = x 3 - x\x 2 + \x\ 
Si(x) = x 4 + x\x 3 + \x\ + \x\x 2 + ■ 2 \x\, etc. 

The Cauchy-Littlewood formula 



exp< 



where s\(x) is the Schur function of the partition A : a\ > a 2 > . . . > a n , leads to 
the Taylor expansion 



f(x) = exp \ V x n -^— \ f(y) 



y=0 A 

Giambclli's formula shows how to expand a Schur function s\ in hooks, 



s\(x)=dct (s ri] (x)) 



where hook notations, (n, l m ) are used. In what follows we shall also use the 
Frobenius notation to describe the decomposition of a partition into finitely many 
hooks: 

(A) = (ai,...,a r \pi,...,p r )- 
In particular, a single hook has the Frobenius notation: 

(n,V n ) = (n- l|m), 

with n ^ 1 and m ^ 0; while a partition which decomposes into two hooks is 
notated as: 

(n,m,2 k ,l l ) = (n- l,m- 2\k + l + l,k), 
where n > m > 1, fc^O and I ^ 0. 

Theorem 10.2 (Sato formula ). Let r(t;u) be any function of vector argu- 
ments 

Uih,U 2 t 2l ..., t = (ti,t 2) ...)eC oc 
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where Ui, U2 ■ ■ ■ is an infinite set of constant complex vectors from C 9 and u £ 
C 9 is a parameter. Suppose that t(0;u) 0. Then for any partition (A) = 
(at, . . . ,a r \/3t, . ■ ■ , /3 r ) and any u e C 9 



(10.39) 



r(t;u) 
t(0;u) 



= "£s x (t)det((-l)^+ 1 A {ailf} . ) (u)) 



where the j4( m | n )(ii) with m > 0, n > form a linear basis of the Grassmannian: 



(10.40) 



and 



= (-1) 



n+l 



Sm+ 



un^MtjtOl^Ttou)- 1 



= },Pn+a+l(-dt)Pm-a(dt)T(t; u) t(0;u)~ 



( d_ ld_ ld_ 

t ~ \dh' 2di? 3di 3 '""' 

Theorem 10.3 (Pliicker coordinates). For any partition (A) = (at, 
and any m £ C 9 , the t -function satisfies: 



, a r \Pi 



(10.41) 



T(0:u) r 1 s x (dt)T(t;u)\ t=0 = det (s Q . +1)1 ^ (d t )r(t; u) 



t=o 



In particular, for any curve V, its Sato algebro-geometric r-function has the 
expansion 

r(t;u) 



(10.42) 



t(0;u) 



1 + A (0 |o)(«)5i(t) + A m (u)s 2 (t) 



+ i4 (0 |i)(u)«i,i(t) + ... 

= 1 + i4 (0 |o)*i + A (1 | 0) (t 2 + 5*1) + A m) (u)(-t 2 + \t\) + 



where Ai m \ n ^(u) as defined in (|10.40l) are the elements of the semi-infinite matrix 



A 



( A {m (u) A (m {u) A m) (u) ^ 

^(i|o)(«) -4(i|i)( M ) A (l\2){u) 

A {m (u) A( 2 |l)(«) A(2| 2 )(«) 

V '■ '■ J 



= {Ao,At 



with infinite vectors Ai, i = 1,2,.... To more complicated partitions such as 
(mi, . . . , mk\ni, . . . , n&) we associate according to the Giambelli formula certain 
minors of A, 



A 



(m 1 ,...,m k \n 1 ,...,n k ){ u ) ~ det (^(m; K ) ( u ) ) i ,j=l. . . ,fc - 

Note that these A's are not independent - they satisfy the Pliicker relations. These 
are a family of differential equations satisfied by r, that represent a completely 
integrable hierarchy of KP-type. 

The definitions and relations given above are valid for any multivariate function 
r(t; u). Below we consider functions r- functions constructed on the Jacobi varieties 
of algebraic curves. 
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To each symbol we shall put in correspondence its weight 



Pi,..., 1,2^2,... ^2 k i W 3 

fel ^2 k g ^ ^ 

where Wi is the order of vanishing of the holomorphic integral J dui at infinity. In 
other words, if the curve has a Weierstrass point at infinity, then w; = f < W2 < 
. . . < w g is the Weierstrass gap sequence at infinity. 

For a given weight W consider all Young tableaux which decompose into only 
two hooks, and write corresponding relations between multi-index symbols pi lt ...,i n - 
The first non-trivial Young tableau corresponds to the partition A = (2,2). There 
is only one multi-index symbol of weight 4, that is pim(u) and its corresponding 
Pliicker relation of any curve is of the form 

(10.43) pim(ii) = polynomial of even symbols pij(u) 

For higher weights a larger number of multi-index functions can be constructed, and 
this number grows rapidly with increasing weight. To find them in terms in the 
form of polynomials of two-index functions, we shall write Pliicker relations corre- 
sponding to independent tableaux of the same weight, and solve the corresponding 
linear systems. The technique is best illustrated by examples. 

We consider the genus two hyperelliptic curve, with the differentials and the 
bidifferential chosen as in Example 1 above. The cr-functional realization of hy- 
perelliptic functions of such a genus two curve has already been discussed in many 
places, see e.g. [Bak897, BEL997b . But we shall briefly describe here the prin- 
cipal points of the construction to convey the structure of the theory that we wish 
to develop for higher genera curves. 

The algebraic part of the fundamental bi-differential is given as above in eqn. 
(TITP41I |Bak897j . 

aw,-, ^ F(x, z) + 2yw dx dz „ , , „ , . 

^ als P,Q = \ y , P = (x,y),Q = (z,w). 

4(a; — z) z y w 

The simplest class of non-trivial Pliicker relations is found from the class of 
Young diagrams which may be decomposed into two hooks, that is, those of the 
form (2 + m, 2 + n, 2 fe ,l'), with m ^ n ^ 0, k > 0, / ^ 0. In Frobenius 'hook' 
notation these are (m + 1, n\k + 1 + 1, 1). The corresponding Pliicker relations read 



(10.44) A {m+lMk+ i +u) 



^(m+l^+i + l) A(^ m + ii) 
A(n,k+l+l) ^(",0 



These equations are all bilinear partial differential equations in the r-function. They 
may be expanded in terms of the Kleinian and Q functions. 

The first Young tableau leading to a non-trivial Pliicker relation corresponds 
to the partition A = (2,2), with Young diagram 



Writing (|10.41j) in this case we obtain after simplification 

(10.45) KdV 4 : Pun(u) = 6pn(w) + 4pi 2 (u) + a 4 pii(u) + \a 3 . 

This is of course the same equation as ([10.371) . The weight of the tableau is 4 in 
this case, which is the same as the weight of the equation, defined as the weighted 
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sum of indices in which the index "1" has weight 1 and index "2" has weight 3. We 
will use this weight correspondence in other cases too, and will denote the weight of 
the object by subscript i + 3j where i and j are respectively the numbers of l's and 
2's in the multi-index relation. The relation (jl0.45l) is the analogue of Weierstrass' 
equation for p" in the genus 1 case. 

The next group of tableaux are of weight 5, and correspond to the partitions 
A = (3,2) and A = (2,2, 1), with their transposes, which give the same equations, 
in the hyperelliptic case. Both these Pliicker relations lead to the equation 

(^^ + i) KdV4 = ° 

i.e. the Young tableaux of weight 5 give no new equations and we conclude that 
the following correspondence is valid 

J A = (2, 2) )^„. v 

\ A = (3,3), A =(2, 2,1) |^ KdV4 

At weight 6 we have three independent Young tableaux with (2, 2) centres 



I I , I I I I . and 

The other two tableaux of weight 6 



I I and I 

again give the same results as their transposes. 

Remark 10.4. The Pliicker relations associated with any Young diagram and 
its transpose are always the same for a hyperelliptic curve; however for general 
curves, this is no longer true. 

These three independent tableaux give an overdetermined system of three equa- 
tions. After substituting for higher derivatives of the known relation (|10.45[) . we 
can solve for the two unknowns pm 2 and p 2 n to get 

(10.46) KdV 6 : pm 2 = 6pi 2 pn - 2p 22 + a 4 pi 2 

(10.47) Jac 6 : p? n = Ap\ x + a 3 pu + a±p\ x + 4pi 2 pn + a 2 + 4p 22 

The relation (|10.46l) is another generalization of the equation for p" in the genus 
one case, and is identical to (|10.38|) found using the classical method. The relation 
()10.47[) corresponds to Weierstrass' equation for (p') 2 in the genus one case. In 
what follows we will always assume that higher derivatives of the known relations 
at a lower weight have been eliminated. 

At weight 7 we have 5 independent Young tableaux with (2,2) centres. The 
resulting overdetermined system of equations, of weight 7, contain (1 multiplied by 
linear combinations of the two weight 6 relations f| 10 . 47110. 46)) . In addition we get 
a new relation at weight 7, namely 

p\2p\\\ — P122 — pii 2 pn = 
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We refer to relations of this type, linear in the three-index pijk, as quasilinear. 
These have no counterpart in the genus 1 theory. They can also be derived by 
cross-differentiation between the two relations (| 10 . 45110. 46)) . since 

d d 
-5 — Pim — ^ — pni2- 
0U2 au\ 

Equations KdV^ and KdVe describe the genus 2 solutions of the KdV hierarchy 
associated with the given curve. To describe the Jacobi variety and the Kummcr 
variety we must consider tableaux of higher weights. 

For the tableaux of weight 8 we find a set of eight overdetermined equations 
with solution given by 

Jac 8 : p\ l2 = a - 4p22pi2 + "4p? 2 + 4 PnPi2 
KdV 8 : P1122 = 2piip 22 + 4pj 2 + ±a 3 pi 2 , 

And at weight 9 the only new relation is the quasilinear relation 

8pl22pll - 4pi2pll2 - 4p222 + 2a 4 pi 2 2 — C*3pll2 - 4p m p 2 2 = 

At weight 10 we have 18 overdetermined system of equations, which can be solved 
for the 3 functions of weight 10, P1222, Pii 2 > P111P122, giving 

KdVio : P1222 = 6P12P22 + c*2pi2 - \a\pn ~ a a 

Jac^o : P111P122 = -^aipn + 2p 22 pi 1 + 2pnpf 2 + a 2 pi2 + 4p 22 pi2 + 2" a 3pi2pii 

Jacio : P112 = a - 4p 22 pi 2 + "4p? 2 + 4 Piip? 2 

The equations Jacs, Jac^, Jac^ represent an embedding of the Jacobi variety as 
a 3-dimensional algebraic variety into the complex space C 5 whose coordinates are 
P11, P12, P22, P111, P112 

At weight 12 we get the final 4-index relation for P2222 and two quadratic 3- 
index relations for P112P122 and piiip 222 . We can continue in this manner at weight 
14 to get more quadratic 3-index relations BEL997b . At the odd weights 11, 13, 
15, we get quasilinear relations which can also be found by cross-differentiation. 
As a practical point we note that the equations we derive can often contain ideals 
generated by the lower weight relations, and some work is required to identify 
genuinely new relations. 

At weight 16 we have 117 independent relations giving an overdetermined sys- 
tem of equations (we have checked only a selection of these). At this weight a 
new feature occurs. As well as the equations expressing the quadratic 3-index term 
P122P222 in terms of cubics in the pij, we have terms which are quartic in the pij. 
We can pick one of these quartic terms, say pf 2 , and solve for this and for P122P222 
to give us two relations. The relation involving a quartic in the pij is just the 
Kummer variety of the curve, which can also be found from the identity 

(piii)(pii 2 ) ~ (P111P112) 2 = 0. 

This is the quotient of the Jacobi variety, Kum(A) = Jac(A)/it — > —it. In the 
case g = 2, the Kummer variety is a surface in C 3 which is given analytically by a 
quartic equation. The same quartic also appears, multiplied by pn, etc., at weights 
18 and 20. 
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10.3.3. Case of trigonal curve of genus three. As before we consider our 
(3,4) ex ample, (2.3) whose holomorphic differentials are given in (2.x ). QpELOO, 
BELQOl lEEM+07] (here we generally follow the notation of [EEM+07] V The 
fundamental second kind differential is (|10.26[) . (| 10. 27[) . (110.29^ . 

The first Young tableau leading to a non-trivial Pliicker relation, as in the 
genus 2 case, corresponds to the partition A = (2,2). Writing (|10.4ip in this case 
we obtain, after simplification, 

Pun = Qpn ~ 3p 22 - 

The weight of the tableau is again 4 in this case, which is the same as the weight 
of the equation, defined as the weighted sum of indices in which the index "1" has 
weight 1, index "2" has weight 2, and index "3" has weight 5. We will use this 
weight correspondence in other cases too, and will denote the weight of the object 
by subscript i + 2j + 5k where i, j and k are respectively the numbers of l's, 2's 
and 3's in the multi- index relation. Note also that our notation is reversed with 
respect to [E EM+07] . with the interchange 1 « 3. 



In the trigonal case we no longer longer have the symmetry about the diagonal 
of the tableau that we have in the genus 2 case, but we can restrict ourselves to 
equations of even degree by taking the symmetric combination of the two tableaux 
related by transposition. In the weight 5 case we have the symmetric combination 



which gives the weight 5 trigonal PDE 

Plll2 = 6 pllpl2 + 3^ 3 pn. 

At weight 6 we have the three symmetric tableaux 



which give a set of three overdetermined equations with the unique solution 

Pin = 4 Pn + P12 + 4 Pi3 - 4 pnp22, 
P1122 = 4 pi 3 + 2^ 6 + 4p 12 + 2 pnp22 + 3yU3pi2. 

Continuing in this way we recover the strictly trigonal versions of the full set of 
equations given in [EEM+07 . 



10.3.4. Solving integrable hierarchies via residues. The this method of 
deriving integrable equations on the Jacobians of algebraic curves is based on the fol- 
lowing relation due to Sato, SM980], [SM981 , as applied to the algebro-geometric 
context by Fay, |Fay983| . 
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Theorem 10.4 (Bilinear Identities). If S is a small circle about the point 
P = {z, w) € X . and Q = (x, y) G X is an arbitrary point - then 



(10. 



where 



j> 1 6» (^J Q v - v{t) - u\ 9 (j Q v-v(T)+v\ 
xexp | J Q n(t + T) j E(P, Q) _2 | dx = 0. 



/Q CO oo 
1 ~~ 1 



X 

ran 



m 

n— 1 m,n— 1 



and quantities a mn are coefficients of the expansion of the holomorphic part of 
fundamental bi- differential U0.19\) . This becomes in terms of r- function: 



Res x=0 -^ 



(10.49) 



00 I 00 x" 9 I 

exp j £ t nX - j exp j - £ - — j r(t; «) 



ex P |f:T„x-4exp|-£^^-U(T;^) 







where r(t; u) is the algebro-geometric T-function defined above. 

Proof. To prove the equivalence of (fayl) and (bilinear) note first that 

(10.50) Q(t + t') = fi(t) +fi(t'). 
The factor in (fTU^5|) 

(10.51) L4(<z) - A(p) - J2 ViU - «j exp j y ^ O(t) j 

can be expressed as 
(10.52) 

t„C™ f A(q) - A( P ) - J2 U i*i - U eX P \ Qmntn— > ■ 

n=l ) \ i=l / lm,n=l U ) 

Taking into account the form (|10.33[) for r(t; it), the last two factors in the above 

formula may be expressed 

(10.53) 

A{q) - A{p) - ^2 U i f i - « J exp S ^2 Q mnt " — f = ex P ^ ~ — a — f r (* 

i=l / lm,n=l 71 J I n=l " ° Xn J 

which completes the proof of the equivalence of (|10.49j) and (|10.48|) . □ 

Remark 10.5. Equations of this form were first written down in terms of 
'vertex operators' 

e X pjI>x-»je X p|-i:--j 

for general r-functions in the works of Sato; they may be understood as generating 
functions for integrable hierarchies of Hirota bilinear equations. 
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Using this theorem we may obtain partial differential equations relating the 
Kleinian symbols, py, pijk etc. To do that we first insert the expression for the 
r-function (|10.7|) and compute the residue. Then we equate to zero all coefficients 
of monomials in t, obtaining partial differential equations for the er-function at 
argument u or —u. Next we let u —> 0, and so a(u),a(—u) —> er(0); the 'time' 
derivatives act on a via its u-dependence, though, so <Ji(u) — —<7i(—u) — > ±<7j(0), 
etc. We then replace the derivatives of the a- function by derivatives of the p 
function using the recursive relations described earlier. 

Example I 

In the genus 2 hyperelliptic case, the first nonvanishing relations occurs at t- 
weight 3 in the U, i.e. the coefficients of t\ or £3. Both these give the first 4-index 
relation 

pirn = Qpn + otipn + 4pi2 + \az. 
The next non-zero term is at weight 5, where we recover the relation for pm2, etc. 
In contrast with the previous section, this approach only gives the even derivative 
relations at odd i-weights. 

The calculations by this approach, because they involve bilinear products of 
r-functions, soon become very computer-intensive, and we have not pursued them 
very far. 

Example II within this method we are able to recover all quadratic relations for 
four indexed symbols pijku 1 > hj, k,l < 3 and cubic relations for three indexed 
symbols p^ fc . We report here the quartic relation between even variables, that 
should be one from relations defining Kummer variety of the (3,4)-curve, 

Pl2 - P22 - 2 P11P33 + 2pi 3 + 4 P12P13 + P1113P22 - 6pnpi3p22 + 4pnpi2p23 
+ PllP22 ~ 2pnPi 2 p 2 2 - §plll3Pll + 8pnpl3 + 2/112 + 4/i 6 pll - 4/l 6 pnp22 
+ 3/i 3 Pl2pl3 + 3/i 3 pllp23 + M3P?2 + 2 M6P13 + M6P12 + M9pl2 ~ ^ p\l 
- 3/i 3 pnpl2p22 = 0. 

The detailed structure of the Kummer surface in the (3,4) case is receiving 
further investigation and will be reported on elsewhere. 
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Applications of two-dimensional cr-functions 



11.1. Baker function for multi-dimensional er-function 

Let <j{u) = cr(u\ V) is multi-dimensional cr-function of the curve V. Following 
Baker |Bak8971 page 421] we introduce the function on C 9 x 3ac(V). 

Definition 11.1. Baker function $ : C 9 x JacV — ¥ C is given by the formula 

(11.1) a; V) = 4^w4 exp(C T (a)«), 

where £ T (a) = (Ci («),••-, <<?(«)) 

Periodicity property: for any point H € Ty under the shift at a period tti 

(11.2) $(u + Hi] a) = ^(q:)$(m; a), $(tt; a + f2 4 ) = a), 
where &(«), £ = 1, . . . , 2$ are functions on Jac(l^) with essential singularities, 

&(a) = exp(C T (a)a) - -Efa. 

From the definition follows that 

V m $(m; a; V) = -£(<* - it) - £(«) + C(«) 

be the vector- function on J&c(V) x Jac(V). 

In the case g — 1 the Baker function turns to 

(11.3) a) = t7 . (a .~ M | exp(C(a)u). 

(j(w)cr(Q:) 

with the standard Weierstrass cr and (^-functions. (II 1 .3[) represents a solution of 
Lame equation, 

(11.4) |^-2p(u)-p(a)| =0. 

11.2. Second order differential equation for Baker function 

Set 

(11.5) L= J2 a i,j( L i,j- 2 Pid( u ))- E, 

l>i<j<g 

where a^j and E do not depend in u. Natural to put the problem: 

For constant E find a symmetric matrix {(H j)i,i=\,...,g an d vector k independent 
in u such that 

(11.6) L^(u, a, k) — 0, where \jr(u, a, k) = $(«, a; V)exp{-u T fc} 
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Definition 11.2.1. The subvariety M(a,k,E) in Jac(V) x C 9 x C we shall 
call the variety of solutions of the equation 

(11.7) L(E)V(u,a,k) = 0, 

if for each its point (a,k,E), the equation \1 1.7\ l is satisfied identically in u. 
Further we will present solution of the formulated problem in the case g = 2. 

11.3. Solving the problem at the case g = 2 
11.3.1. General case. Let V is the curve of genus two, 

(11.8) V : ^ 2 -(4/i 5 + A 4 M 4 + A 3 /i 3 + A 2/U 2 + A 1 ^ + A ) 

u e C 2 For a given function 4>(u) put 4>i(u) = di4>(u),(f>ij(u) = dij<p(u) etc. 
i,i = l,...,2 

The function (f>(u) on C 2 belongs to the class of functions B(a(u), q), if a(u) q (f>(u) 
be entire function. 

Definition 11.3.1. The function <p(u) is called Block function associated with 
the curve V with the Bloch factor £ if 

(11.9) (p(u + 2Cl(n, n')) = £(n, n', ffi)(f>(u), 

and £ independent in u where fi(n, n') € Ty and DJl is the period matrix 



m = 



Introduce sub-class B(a(u),q, £) in B(a(u), q) of the Bloch functions with given 
Bloch factor £. Baker function 



\ o-(u + a) T 
o~{u)o-{ol) 



(11.10) 

belongs to the class B(a(u), 1,£) where 

(11.11) £ = exp ^2C T '(a)n(n, n') - £ T (n, n')a| . 

and at the fixed parameter a, vectors n, n' and matrix of half periods 971 is defined 
uniquely by the initial condition 

cr(u)$(it,c*)| u= o = 1 

Set 

Fij(u;a) = $»,_,•(«; a) - 2p iij (u)$(u; a), i,j = 1,2. 
Introduce the vector 

/ $(w;a) \ 
$i(«;a) 
$ 2 (m;c*) 
F M («; a) 
F 1 . 2 {u; a) 
V F a ,2(«;aj J 

The direct checking shows that components of cr(u) 2 W(u; a) belongs to B(a(u), 2, £(a)), 
where £(«)) is given by (jll.lip . Below we shall consider Bloch functions with the 
Bloch factor (jll.lip . 



(11.12) 



W{u;a) 
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Put into correspondence with each entire function <fi(u) the vector 

P {4>) = (^(O),0i(O),02(O),02,2(O)) T e C 4 

. The following lemma will play important role in what follows. 
Lemma 11.0.1. 

/ -1 



(11.13) p(a{u) 2 W) = 



Proof. 



1 p n (a) + f 
2pi 2 (a) p22(a) 
V p22(a) 2 2pi 22 (a) p222(a) 





P22(a) 
-2 




□ 



In the basis of the construction of the variety of solutions lies the following 
result 

Theorem 11.1. Let<j>{u) is a entire function such that <j>(u)/ a (u) 2 € B(a(u) 2 , 2, £(a)). 
Then (f>(u) = if p((f>) = 0. 

Proof. Let us note that all six components of the vector a(u) 2 W as well the 
functions 



(i) 



(it; a) = ct(m) 2 $(m; a), 



{2 \u-a) =a{u) 2 
1 



$i(tt; a) - -p22(at)$ 2 {u; a) 



(u; a) = ^<j(u) 2 $ 2 (u;a.) 



satify to the conditions of the theorem lll.il 
Put = p(0 (fe) ), k = 1,...,4. Then 



(11.14) 



(2) 
(3) 



{ 


i 





°\ 


-1 




















1 


V o 





-1 


o / 



□ 



V p (4) J 

Then we obtain from the lemma [1 1.0. II 

Proposition 11.2. The function 

(11.15) <j>(u) = a{u) 2 (exp(u T k)L exp(-w T fc)) $(«; a) 

satisfies to the conditions of the theorem ] 1 1 . 1\ and therefore equation \1 1.7ty is valid 
if and only if p(<f>) = 0. 

Proof. Direct computation leads to the formula 
(11.16) 
4>(u) — o-(u) 2 

x Ojj [Fi,j(u; a) - kj$i(u; a) - ki$j{u; a) + hkj<&{u; a)} + E$(u; a)X . 

It is easy to check that the function </>(u) is entire. To complete to proof is 
sufficient to notice that that after dividing by cr(u) 2 we obtain the Bloch function 
with the Bloch factor (111. lip . □ 
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Theorem 11.3. The subvariety M(\, k, E) in V\ x C 2 x C is described by the 
following system of equations 



ai,ifci + ai. 2 k 2 = 0, 

ai,ipn(a) - a 2j2 p 22 (a) + («n^ + 2a 12 k 1 k 2 + a 22 k\) + ^A 2 + E = 0, 

ai,ipi2(a) + ai,2p22(a) - a 2:2 = 0, 

aiapi22(a) + ai,2p222(a0 + 2ai :2 fci + 2a 2j2 /c 2 = 0. 

Corollary 11.3.1. The variety of solutions of the equation 7| ) is defined 
by the variety 

(11.17) M{i&c{V)) = {a e Jac(7)|ai,ipi 2 (a) + ai, 2 p 22 (a) - a 2 , 2 = 0} 
and the following functions on M(J&c(V)) 

(11.18) fei(a) = -^(oi,ip 12 2(a) +ai, 2 p222(a)), i = 1,2 

2d 

1 2 

(11.19) E = -—pan (ai ip 2 . 2, + ai 2 p2,2, 2(a)) + a2.2p2,2(a) 
The components of the quasimomenta Q are then given as 

(11.20) Qi(a) = -&(«) -*,•(«)> i = l,2. 

Using genus two formulae in the Appendix 2 we obtain effective description of 
the variety M(Jslc(V\)). 

The matrix defines the involution on C 

(11.21) x : C -> C : *c{p) — ► ai - 2// ~ ° 2 - 2 

ai,i/x - ai,2 

with the fixed points [i\ 2 defined as roots of the equation 



ai,i^ 2 + 2a i:2/ u + a 2 . 2 = 



Introduce the variety 



(11.22) X(Sym 2 (l/ A )) = {(m, 1^), (M2,^) € Sym 2 (U A ) : M2 = ^(mi)-} 

Direct checking leads to the following result 

Lemma 11.3.1. The Abel map 

Sym 2 (V) — > Jac(F A ) 

is setting the equivalence between _M(Sym 2 (VA)) and jVt(Jac(Vx) 

It is remarkable that by using the Corollary and Lemma (|11.3.1I) we find that 
the energy value is expressible in terms of Kleinian polar F(P, Q) being computed 
in the two fixed points [i\ 2 of the involution *c, namely 

Theorem 11.4. The restriction of the function hll.lSfy on the variety A4(Jac(Vx)) 
is independent in a and equals 
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(11.23) 
E= l -5al 1 F{n\,f 2 ) 

= -(ai^a^Ai + 4ai i2 a^ 2 + ai, 201,^302,2 + o^Ao + a\ 1 A 2 a 2 ,2 + ai^a\ 2 ^) 
Using results from the Appendix 2 we find description of Jac(Vx). Denote 

(Zl, Z 2 ) = (p222, P122), (Vl,V 2 ,V 3 ) = (p22, pl2, pll) 

, Then from the formulae given in the Appendix 2 we get equations 

(11.24) z\ - 4v 3 + A 3 wi + 4vf + 4v 2 v 1 + A 4 u 2 + A 2 = 0, 

(11.25) z lZ2 - + 2v\ - 2«i«3 + ^ + iv 2 x v 2 + XiV^ = 0, 

(11.26) zl - (A - 4u 2 W3 + A4W2 + ^vl) = 0. 
Direct calculations leads to the result 

Theorem 11.5. The variety Jac(V\) is described in the space C 3 with coordi- 
nates V\,v 2 ,z by the following equation 

(11.27) Aiv^v^z^ + B{v u v 2 )z 2 + C{v llV2 ) 2 = 
where 

(11.28) A( Vl ,v 2 )=v 2 + -vl 

(11.29) B(v u v 2 ) = -6v%v 1 - u|A 2 - w 2 A - v%\ 4 - 2v\v\ 

+ \^ 2 \ x v x - ^vlXzVx - ^Xivjv 2 - ^v 2 A 

(11.30) C(ui,w 2 ) = i(4v 3 - Wl Ao + 4v^2 +1 , 2 a 1 +w 2a 3 + t)l A 4 u|) 

Therefore we obtained the explicit description of the variety Jac(V\) in the 
terms of initial curve as 4-sheeted branch covering over the plane C 2 with coordi- 
nates vi,v 2 . According to the Corollary we obtain now the explicit description of 
At(Jac(V3k)) as a plane curve. 

(11.31) a(v)z 4 + b{v)z 2 + c{v) 2 = 0, 

Theorem 11.6. To complete the description o/Jac(VA) it is sufficient to con- 
sider the following cases 

• If a\ t i 7^ then the variety Ai(J&c(V)) is described as algebraic variety in 
C 2 with coordinates (v, z) by the following equation ( 11.31]) , where a, 6, c 
are obtained from A(vi,v 2 ), B(v±,v 2 ),C(vi,v 2 ) by the substitution 

V\ = V, V 2 — (a2,2 — CLlfiV) 

0-1,1 

• It a\.\ = 0,ai,2 7^ then the variety A4(Jac(V)) is described as algebraic 
variety in C 2 with coordinates [v, z) by the equation (11.31)) 

a.2.2 

Vi = , V 2 = V 

01,2 

• ai.i = 0,ai, 2 = 0, a 2 .2 7^ the variety .M(Jac(l^)) is empty. 
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11.4. Variety of solutions in the rational limit 

Tending parameters Afc — ?► of the curve V we get the equation 

(11.32) + (-18u 2 iti - 3u 2 )cn, 2 + {-Quml + 9uj + ul)a 2 - 2 = 

The curve (jll.321) can be uniformized as 



(11.33) ai {t)=\J — ^-sinhW 

3 \/ a, 9 af 



x [ 5 sinh(i) 2 + 302,201,21/ 1— cosh(t) — a\ , 



"2(0 =W--g— 3-sinh(t), 

V u 2,2"l,2 

where 5 = ai, 1(12,2 — a\ 2 - 

The potential and the Bloch function are of the form 

Q/ n 7 , „3ai,i - 3ai, 2 ul + 6a 2 , 2 M2Ui + 02,2^2 

Ul + ai (t) - ±(u 2 + a 2 (t)) 3 
[U ' a) ( Ul - |ui)(u!(t) - £«£(<)) 

(11.35) xexp (3 ~ Ml + - fc!(t)m - fc 2 ft)^2 

L 3ai(t) — a^W 

where 

W 2<5(3ai-a3)3 

(11.36) x (-18ai il a 2 (2al + 3ai) + 6a lj2 (9a 2 + 21aia 2 ! + a|)) 

and the uniformizing functions «i(a) are given in (| 1 1 . 33|) 
The energy in the rational limit is given as E — 5a\ t2 a 2 2 

11.5. Reduction to elliptic functions 

Let us consider the case N — 2. The corresponding algebraic curve has the 
form, 

(11.37) y 2 = Az(z - fc){z - fa){z - 7l )(z - 72 ), 
where /3i/?2 = 7172- Let us set 

Ii-Jl2\ 2 . ( \fWv - VS" ' 



>2 

Then the holomorphic differentials on the Riemann surface of (|11.37|) reduce to 
elliptic ones, 



(11.38) Z± ^ dz = 1 /(l-^-^ 1 )^. 
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where V± = (n±, v±) are elliptic curves with v± — ±(1 — /i±)(a ±1 — fi±)(b — fi±) 
and Jacobi moduli k± = (1 — a ±1 )/(l — 6 ±1 ) 



If we put c\ 
(11.39) 

(11.40) 

(11.41) 

where 



01 



02 — 71 — 72 and 

_ /3 2 P ft - ftPfe 



ft -ft 

P Pi02 + ft ftci - Ci 



6 = -P/Si/Sa - ftftei 

ftPft - ftP/j 2 



02 -ft 



ft = 



P 



07 



Pi 2 (m) + /3p 22 (m)-^ 2 , 

fap22{u) + {13 + 7)P12(") + Pu(«) 



P(/?,7) 



408-7)2' 

with the function F given in 1)13.770 ■ 

Then the associated with the considered reduction case singular Kummer sur- 
face or Pliicker surface is parametrised by Jacobi elliptic functions with the moduli 

k±, 



tit + c% + cdi + 2( C2Cl - 4)(e 2 e 3 + cie^i) 



c A c\c\i\ 

+2 Cl (c 2 - Cl uii\ + cUUi) - + c^Ui) = 0, 

ft + 02 - 71 - 72, C2 = 01 + 02, c 3 = ft - 02, c 4 = c\ + c\ - 2c 2 ci and 
Ci/^4i * = 1,2,3 are expressed in terms of Jacobi elliptic functions as 

fi(u) = (0i -ft)cn (u + :k + ) cn (u_;fc_), 

/ 2 (u) = (71 -72)dn dn (u_;fc_), 

/ 3 (m) = (ft -ft)sn (w+;fc+) sn (u_;fc_), 

where sn 2 (u±; k) = (1 — /i±)/(l — a ±:l ). 

Moreover, one can invert (|11.39IITl.41[l to find the expressions of the coordinates 
of the Kummer surface in terms of elliptic functions. Namely, we have 

A(h(u) + f 3 (u)) - B(fi(u) + f 3 (u) 



(11.42) 

where c\ 
ratios /, 
follows 



(11.43) 



(11.44) 
(11.45) 
(11.46) 



P11 



P12 



P22 



0102 



>1P2- 



A-B + f 2 (u)- fi(u) 
A-B + h{u)-h{u) 



'A-B + f 2 (u)-h(uY 
B{h{u) - h{u)) - A(h{u) - f 2 (u)) 



A-B + f 2 (u)-fi(u) 
where A = ft + ft , B = 71 + 7 2 

Theorem 11.7. The spectral problem 

d 2 ( C\ d 2 
1 + - 



i-£ 



p J dw\ 



U(w) > y(w;cx) 



p J dw\ 

(11.47) =X(a)^(w;a) 

being associated with the curve frll.37\ ), with p = ft ft — 7172, where the potential 
has the form 

fi(w)(B -C) + f 2 (w)(-A + C) + C(B - A) 



(11.48) U(w) = 



fi(w) - f 2 (w) + B - A 
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with A = fii + 02, B = 71 + 72, C be a constant, is solved on the Bloch variety 
M = {(a)|/i(a)(-2p 2 + CB) + f 2 (a)(2p 2 - CA) + f 3 (a)C(A -B) = 0} 
at the fixed energy level 

Proof. It follows from the reduction formulae, 
(11.50) u 2 -pui = — — , u 2 +pui 



7i + Viz VTi + V72 

d 2 



Therefore the operator J2i j ^-ij g n ' g u turns to 

q2 q2 

(2p 2 A 11 - 2 P A 12 ) ^ + (2p 2 An + 2pAi 2 ) 

under the condition A22 = Anp 2 = A. Let us denote C — A12.; then the potential 
U = J2i j Aijp(u) takes the form (|11.48[) . To calculate the spectral value X(ct) we 
use the condition 

(11.51) A 22 = Aupi 2 (a) + Ai2p 2 2(a0 

□ 

Remark 11.1. The Pliicker surfaces parametrized by the Kleinian cr-functions 
were used in |ES96j to construct the Lax representation for the two-particle sys- 
tems, the dynamics of which is split to two tori. 

11.6. Two-dimensional Schrodinger equation with Abelian potential 

In this section we describe the variety of solutions of the equation 

(11.52) L(E)ip(u;a,ft,k) =0 
where 

L(E) = d 1<2 -6pi, 2 (u) +E 

and 

ip{u; a, ft, fe = — , , 2 i \ ta\ ex P{~ u ( a + C(p) ~ k )\, 

where ((v) — ((i(v), ( 2 (v)) T ; here a,ft,k 6 C 2 and E do not depend on u and are 
the parameters. 

Consider the universal fiber-bundle W of the symmetric squares Sym 2 (Jac(VA)) 
of Jacobians. Introduce a vector-function p([a, ft], A) = (x; y; z) on W, where 

x=(xi,x 2 ,x 3 ) and x i+j -i = p ld (a) + p id (ft); 

V = (2/1, • • • ,2/4) and yi+j+k-2 = pi,j,k( a ) + Pi.jAft); 

z = [zi, ■ . . , 25) and z i+j+k +l-z = Pi,j,k,l{a) + pi,j,k,l{P)', 

the brackets [•, •] are used to denote an unordered pair. 

Denote by A4 — A4([a, ft], A; ki, k 2 , E) the variety of solutions of equation 
(fTT32l . 
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Theorem 11.8. M = M1UM2, where: 
Aii = A4([a, /?], A; kx, 0, 0) is a subvariety in VV defined by the system of equations 



M.2 = .M([a, /?], A; 0, 0, E) is a subvariety in W defined by the system of equations 



(11.54) 

\X2 = -f , £3 = 0, y 3 = 0, y 4 = 0, 

1 A = -±(E(8 Xl + Zi ) + 4z 2 ), Ai = A 2 = ±(z 4 - 4^), A 3 = 2E + z 5 . 



The theorem admits of a direct proof based on the fact that the entire function 
4>{u) = cr(u) Lip, by construction, belongs to a linear space of dimension 9. Both 
equations (|11.53[) and equations (|11.54[) impose the conditions that a germ at origin 
of the corresponding function <j){u) is zero modulo monomials of order > 3, while 
the coefficients of the decomposition of the function <j>{u) with respect to a basis are 
completely restored from the germ. The direct deduction of the equations (|11.53[) 
and (|11.54[) uses the following segment of <r-function series expansion: 

a(u, A) = Ux + ^(A 2 it? - 8i4) + 

Is(io(^2 + 2A x A3)uf - 4A m?«2 - 2X lU 3 lU 2 2 - 2X 2 ujul ~ A 3 ttiu|) + 0(u 7 ). 

Complement the vector-function p with rank 1 matrices of functions 



and define a mapping w : W — > C 21 : ([a, /?], A) H> ((x; y; z),T, S). 

Theorem 11.9. The mapping w is a meromorphic embedding. Under it the 
varieties M.\ and M.2 are taken to families of 3 -dimensional algebraic subvarieties 
Afx(ki) andN 2 {E) in C 21 . 

Using formulae from Appendix 2 the proof follows. 

Define a family of mappings 7(-, ■ ; kx, E) : C 2 — > Sym 2 (Sym 2 (C 2 )) : 



(11.53) 



x 2 = 0, x 3 = 0, y 3 = 0, y 4 = -2kx; 

Ao = -g(3fciy 2 + ^i), Ai =0, \ 2 = kf- 2x x , A 3 = z 5 ; 



T = {T 4+J -i ifc+£ _i = (pi,j(a) - pt,j{j3)){pkA a ) ~ PkAP))} 



and 



S = {S i>k = (p l ,2,2(a) - pi, 2, 2 {(3)) (pk, 2, 2 {a) - pk,2,2(j8))}, 




'2")]]) ; 



(11.55) 




and 




We also need a family of mappings <5(-, •, • ;kx,E) : C 3 — » C 4 : 




X : Sym 2 (Sym 2 (C 2 )) x C 4 : x([a,/3],A) = ([j(a), j(/3)], A) . 
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Theorem 11.10. There exist the following families of parameterizing mappings 
Ri : C 3 -)• Mi and R 2 : C 3 -> A4 2 , i/iai are uniquely defined by the relations 



and 



x(Ri(q,r,s)) = (~/(q,r; ki,0), 6(q,r, s; ki,0)) 



X(MQ> r > s )) = (7(9, r; 0, £7), r, s; 0, £)). 



Proof uses essentially an explicit description of the varieties TVi and A/2 men- 
tioned in Theorem 111.91 and the canonical mapping C 21 -> Sym 2 (Sym 2 (C 2 )) x C 4 
that is constructed on the ground of explicit expression of the values of basis Abel 
functions at a point £ G Jac(V>) in terms of rational functions on (see Appendix 
2). 

Theorem 111.101 suggests the following algorithm of construction of solutions of 
equation (|11.52[) . 

Let a collection (q, r, s; ki) be given. Then the equation of the curve V\ is given 

by 

v 2 = V 5 + 4rs/x 3 + (fc 2 + -r)n 2 - %-(ki - 2q 3 ). 

4 D 

Using the roots of system (111.55)) at E — 0, we find 
ai= + / — , ft 



(11.56) a 2 = / + / ft = / + / 

A subvariety in Mi that is singled out by fixing the values of parameters {Ao, Ai = 
0, A2, A3} is a plane curve 

T = {(k lt q) G C 2 I 2g(2g 3 - fc x )(A 2 - A: 2 ) - 9A = 0}, 

with involution (q,ki) n- (—5, — fci), while the parameters s = f^f^p) an d r = 

|(A 2 — A: 2 ) become functions on it. The set of roots of (|11.55l) through calculation 
of the integrals (|11.56p defines the pair [a, ft as a function on V. 

Let a collection (q, r, s; E) be given. Then the equation of the curve V\ is given 

by 

v 2 = 4^ 5 + 2(E + 2rs)/i 3 + ^r/i 2 + -E^y, + -^r{E + 4{Es - q 2 ) 2 ). 

The pair [a, ft is found by formulas (|11.56[) using the roots of system f| 1 1 . 55[) at 
ki = 0. A subvariety in Mi that is singled out by fixing the values of parameters 
{Ao, Ai, A 2 , A3} consists of eight points with multiplicities. 

The above results stay under various degenerations. 

For instance, at A — we obtain E — 0, and the equation a 2 — aift + ft = 
describes the variety of solutions M([(ai, 0), (ft, 0)], 0; — 3/(c*i + ft), 0,0). This 
example played an important role in our study. The operator fti+(?2 2 — 6{pn + p22) 
in contrast to operator d\2 — 6pi2 has no eigenfunctions of the form ip(u; a, ft k) at 
A = 0, and therefore its variety of solutions is empty in general case, due to the fact 



11.6. TWO-DIMENSIONAL SCHRODINGER EQUATION WITH ABELIAN POTENTIAL 179 

that any construction with a(u; A) admits of a continuous passing over the limit 
A -> 0. 



CHAPTER 12 



Baker- Akhiezer functions 



12.1. Universal Abelian coverings of curves 



12.1.1. Construction of basic functions. Let V is non-degenerate alge- 
braic curveof genus g and Jac(V) is its Jacobian. 

Denote by W — {((x,y), [7])} the space of pairs ((x,y), [7]), where (x,y) e V 
and 7 is a path on V that starts at the point 00, ends at the point (x,y), and 
belongs to the equivalence class [7]. The paths 7' and 7" are considered to be 
Abelian equivalent if the closed path composed of the path from 00 to (x, y) along 
7' and the return path to the initial point along 7" is homologous to zero. Recall 
that the values of the integrals along the path do not depend on the choice of the 
representative of the class [7]. Therefore we get single- valued functions on W, 



Definition 12.1.1. The space W called the universal Abelian covering of the 
curve V 

The space W is a smooth two-dimensional variety. It covers the curve by the 
map W — >• V: (x, y), [7]) — > (x, y). The map A : W — » C 9 defined by the formulae 
A((x, y), [7]) = (mi(x, y), . . . ,u g (x,y), [7]) is holomorphic embedding that cover the 
Abel map, A : V -> Jac(V) = C 9 /2uj © 2lo' . Denote by W° the variety W 
without the points (00, [7]) and by V° curve V without infinite point. The map 
A* : W° ->• C 9 defined by the formulae A*((x, y), [7]) = (n(x, y),..., r g (x, y), [7]) is 
holomorphic embedding that covers the Abel map, A* : V° — > Ja,c*(V) — C 9 /2r](B 
2i]' . Note that for every 1 < k < g the limit of product 



at (x, y) — > 00 exists, finite and non-zero. 

12.1.2. Master function. Here we construct systems of linear differential 
operators for which the universal Abelian covering W of hyperelliptic curve V is 
their common spectral variety. 

Definition 12.1. For a fixed point ((xo, yo), [70]) where (xo, yo) 7^ 00 introduce 
the function 



where (x, y) £ V, w = ((x, y), [7]), it € <C 9 , and ot — A(w) and integrsl is computed 
over path 7' from the point (xq, yo) to (x, y) such that 70 + 7' G [7] 




u k (x,y, [i\)r k {x,y, [7]) 



$:CxC 9 xH/^C 
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The function $ is called master function because it allow to obtain the fore- 
going results 

Theorem 12.1. The function $ = solves the Schrddinger equation 

with the potential 2p gg (u) 

(12-1) (%-2p gg (u))* = (x+*f)$, 

with respect to u g for all w € W . 
Proof. From ([2~CT|) 

y + d g V(x;u) 
9 2V(x;u) ' 

where V[x\ u) is given by (f2T49|) . hence: 

fl*$ _ y 2 - (d g P(x;u)) 2 +2P(x;u)d 2 V{x;u) 
~ 4T 2 (x;u) 
and by (|3.8[) and (|3.1[) we obtain the theorem. □ 

From the viewpoint of classical theory differential equation the theorem 112.11 
describes solution of the one-dimensiona Schrddinger equation with almost periodic 
potential of the variable u g . 

Let us introduce the vector \I/ T = ($, $ g ), where <fr g stands for d g §. 

Theorem 12.2. For every genus g>l the vectors \I/ = ty(u;w) satisfy to the 
equations 

(12.2) 9 fc * = L fe (x)*, k=l,...,g, 
where Lk(x) are defined by \3. 7[ ). 

In virtue of corollary 13.5.11 the systems of equations (|12.2p are compatible 

Proof. In the accordance with the results of the preceding section the matrix 
elements Lk{x) have the form: 

L °^={w L k (x) = D k L ( X )-^ gk J), 

where 

9 1 

(12.3) U =x 9 -^V" 1 ^, V = --d g U 0> 

2 = 1 

and Wo = -\d 2 U Q + {x + 2p gg + \\ 2g )U . 

Remark that Uq — V{x\ u). On the other hand we have from (|2.61l) 
_ (yDj+d^Pfau) _ (yDj + d^Uo 
$ 2V{x;u) 2U 

Hence using the equality 

(djU ) + {d g U )(DjU ) - U (d g (D 3 Uo)) = 0, 
which is valid due to (|3.2j) . we obtain 
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Differentiating the last equality by u g and expressing $ gg after (|12.1J we obtain 

what proves the theorem. □ 

Corollary 12.2.1. Let the vector u T — (u\, . . . ,u g ) be identified with the 
vector 

(t g , . . . , ts, t<i = t,t\ = z). Then the function <I> = $(uo ; u ', (y, x)) solves the problem 



d/dz\ _ f U(z,t) 
d/dt ) \-\U z {z,t) -\U(z,t) + \\ 2g 



where I4(z,t) = 2p gg + j\ 2 g and subscript means differentiation. 

Theorem 12.3. The function $ = $(?io,tt; (y, x)) solves the system of equa- 
tions 

(d k di - Jki (x, u)d g + p M (x, u)) $ = \D k+l (f(x)) $ 



with polynomials in x 

g+2 

lkl{ 



1 9+2 

i(at,«) = - [d k Di + diD k ]'^x l ^ 1 h g+ 2,i and 



g+2 



Pu{x,u) = | [(<9 g <9 fe + h g+ 2 }k )D t + (dgdi + h g+2 .i)D k ]^x l 1 h g+2 ,, 



i=l 



2 9 +2 



1 E 

4 ^ 

j=k+l+2 



x ]-(k+l+2) 



'k+i \ n+i \ 
E hv ^- v J + E h i~w 



/or all k,l G 0, . . . , g and arbitrary (y, x) G y. 

The most remarkable aspect of the equations of Theorem 1 12. 31 is the balance of 
powers of the polynomials jki , (3 k i and of the "spectral part" , the umbral derivative 
D k +l(f(x)): 

deg x 7fe;(x, u) < g - 1 - min(/c, 
deg^^u) ^ 2 5 - (fe + 0, 
de Sx D k+l {f(x))=2g + l-(k + l). 

Here /(a;) is as given in (I2.1[) with A2 9 +2 = and A2 S +i = 4. 

Remark that the definition of the functions {hi, k } with the help of relations 
(|4.3p and (|4.4|) readily yields the following formula, which reexpress the functions 
{hi, k }i, k <g in terms of basis functions {p g j, p gg j, Pgggj} and of the constant \2 g : 

hi,k = (8p gg + \2g)pgipgk + 2pgiPg,k-l + 2pg,i-lPgk + 
PggiPggk ~ PgggiPgk ~ PgiPgggk- 

Thus all the coefficients in the differential equations from the theorem ll2.3l are 
polynomials in x and in the basis functions {pgj, pggj, Pgggj} ■ 

Proof. The construction of the operators L k yields 

$i k = \ {diU k + d k Ui) $ 9 + {ViV k + \(diV k + d k v t + u k w t + w k u t )) 
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To prove the theorem, we use (I12.1.2|) and that (cf. Lemma 14.2.21 ) : 
Ab(Vb)A(Vb) + \D k {U )Di{W ) + \Di{U Q )D k {W ) = 
-i (det H ) (1, x, . . . , x a+1 ~ k )H [ k ;;f + l] (l,x,..., x^f , 

having in mind the relations h g +2 ig +2 = and h g+ 2.g+i — 2, we obtain the theorem 
from properties of the matrix H. □ 



Consider as an example of Theorem 1 1 2 . 31 the case of genus 2. 

($-2paa)$ = !(4a: + A4)*, 
(12.4) (d 2 di + ±p 222 <9 2 - P22{x + p 22 + |A 4 ) - 2p 12 )$ = i(4a; 2 + \ 4 x + A 3 )$, 

(5? + pi22<9 2 - 2p i2 (x + p 22 + 4-A 4 ))$ = i(4a; 3 + X 4 x 2 + X 3 x + A 2 )$. 

And the $ = $(uo, ui, u 2 ; (y, x)) of the curve 

y 2 = 4x 5 + A 4 x 4 + A 3 a; 3 + X 2 x 2 + \ix + A 

solves these equations for all x. 

By eliminating step by step from the left hand sides of (I12.4|) the dependence 
in x we come to the new equivalent system of equations: 

A 22 $ =(9 2 - 2p 22 )$ = £ (4a: + A 4 )$, 
(12.5) 

Ai 2 $ ={d 2 d x - p 22 <9 2 + 2-p222<9 2 + p 22 - 2p i2 )$ = i(4x 2 + A 4 a; + A 3 )$, 
An* =(<9 2 - 2pi 2 9| + pi 22 <9 2 + 2p 22 pi 2 )$ = l(4x 3 + \±x 2 + X 3 x + A 2 )$. 

This example illustrates the general fact that for the systems of equations described 
by Theorem 112.31 one can iteratively eliminate dependence on x in their left-hand 
sides. 

Corollary 12.3.1. Calculating the commutators of the triple of operators 
A 22 , A12, An, we find: 

[A12, A 22 ] = -2p 222 A, 
[An, A 22 ] = -4pi 22 A, 
[An, A12] = -6pn 2 A, 

where 

1 3 

A = di - <9 2 + (3p 22 + -A 4 )<9 2 + -p 222 . 

The operator A is the difference between d\ and the positive part of the formal 
fractional power [(£) 3 ^ 2 ] + of the operator L = d 2 — (2p 22 + ^A 4 ), i.e. it is the A- 
operator of the L-A pair of the classical KdV equation with respect to the function 

2p22 + gA 4 . 

This corollary illustrates general property of operators {A^} which are ob- 
tained after elimination of x from the equations of Theorem 112.31 commutation 
yields operators from Lax pairs of the integrable systems. 

We shall also mention here that the Theorem 1 1 2 . 31 can be written in the form 
of addition theorem of the kind "point + divisor" 
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Theorem 12.4. Let (w, z) eV is arbitrary and 

{{y 1 ,x 1 ),...,{y 1 ,x 1 )} 

is the Abelian pre-image of the point u £ Jac(V^) Then the functions pk,i satisfy to 
the addition law 



Pk,i 



J du + iij = ^Z k (u;z,w)Zi(u;z,w) 



(12.6) + Z g (u;z,w)"/ k ,l +/3 k (u;z) 

where polynomials in z and 7/-; are given in the formulation of the Theorem 

EM 



(wDj +dj)V(z;u) 
2V(z;u) 



Zj(u; z, w) 



variable Uj 



where Dj is the umbral derivative of order j and dj is the partial derivative by the 
Uj. 

In particular, 

dU + U^ = -(P gg (u) +Z+ ^X 2 g) 

/ 197 x 1 f w~ Yj=l Z 9 ^Pg- l+ l. g .A U ) 

+ l{ V{z;u) 
The formula (|12J)) can be found e.g. in |Bak897j . p.218. 

12.2. General Baker- Akhiezer function 

A problem arises to characterise the master function described in the Sect. 112.11 
That can be done using the theory of so called General Baker- Akhiezer function, 
that was developed by Krichever |Kri977j . In the further exposition we will follow 
to the review [BK06] . 

Let V be a non-singular algebraic curve of genus g with distinguished points P a 
and fixed local coordinates k~ 1 (Q) in neighbourhoods of these distinguished points, 
where k^ l 1 (P n ) = for n = 1, . . . , I. Let us fix a family q = {q n (k)} of polynomials, 

(12.8) q n = Z Zt n , i k i . 

i 

In |Kri977] it was shown that for any generic family of points Vi, . . . , v g there is a 
function ip(t, Q), unique up to proportionality, such that: 

(a) i)j is meromorphic on V outside the points P n and has at most simple poles 
at the points v s (if they are distinct); 

(b) if) can be represented in a neighbourhood of P n as 

(12.9) %j>{t, Q) = exp(<z„(fc„)) (*) fc " S . 

We choose a point P and normalize the function ip by the condition 

(12.10) Tj>(t,P ) = l. 

It should be stressed that the Baker- Akhiezer function i/j(t, Q) is determined by its 
analytic properties with respect to the variable Q. It depends on the coefficients 
t Ut i of the polynomials q n as on external parameters. 



186 



12. BAKER-AKHIEZER FUNCTIONS 



The existence of the Baker- Akhiezer function is proved by presenting an explicit 
theta function formula |Kri977j . We introduce some necessary notation. First of 
all, we recall that fixing a basis Oj, bi of cycles on V with canonical intersection 
matrix enables us to define a basis of normalized holomorphic differentials Ui, the 
matrix B of their 6-periods, and the corresponding theta function 9(z) = 9(z \ B). 
The basis vectors and the vectors Bk — {Bkj} span a lattice in C 9 , and the 
quotient by this lattice is a (/-dimensional torus J(T), the so-called Jacobian of the 
curve r. The map A: T i — > J(F) given by the formula 

(12.11) A k {Q)= / Lo k 

is referred to as the Abel map. If a vector Z is defined by the formula 

g 

(12.12) Z = K -^A( 7s ), 

s=l 

where k is a vector of Riemann constants depending on the choice of basis cycles 
and on the initial point of the Abel map Qo, then the function 0(A(Q) + z) (if it is 
not identically zero) has exactly g zeros on T coinciding with the points 7 S , 

(12.13) 6{A{ ls ) + Z) = 0. 

We note that the function 8(A(Q) + Z) itself is multivalued on T, but the zeros 
of this function are well defined. Let us introduce differentials <Kl a such that 
the differential dil a .i is holomorphic outside P a , has a pole at P a of the form 

dQ a — d(k l a + 0(k^ t 1 )), and is normalized by the condition <x> dQ a = 0. We 

J ai 

denote by 2TriU a ^ the vector of its 6-periods with coordinates 

(12.14) = f dQ. a: i. 

Jb k 

Using the translation properties of the theta function, one can show that the func- 
tion ^(i, Q) given by the formula 

(12.15) ip{t, Q) = $(x, Q) exp ( V t a ,i [ Q dfl^) , 

6{A{Q) + x + Z) 6(A(P ) + Z) 



where 

(12.16) $(x,Q) = 



9(A{Q) + Z) 9(A{P ) + x + Z) 



and 

(12.17) x = J2 t c t ,iU a ,- 



is a single-valued function of the variable Q on T. It follows from the definition of 
the differentials dil a ,i that this function has the desired form of essential singularity 
at the points P a , and it follows from (|12.13l) that the function ip has poles outside 
these points at the points j s . 

The proof of the uniqueness of the Baker- Akhiezer function is reduced to the 
Riemann-Roch theorem, according to which a meromorphic function on V of genus 
g having at most g generic poles is constant. Indeed, suppose that the analytic 
properties of a function ip coincide with those of ip. Then the function ipip -1 is a 



12.2. GENERAL BAKER-AKHIEZER FUNCTION 



187 



meromorphic function on T whose number of poles does not exceed g. Hence, this 
is a constant which is equal to 1 due to the normalization condition (|12.10p . 

We present another assertion which is needed in what follows and whose proof 
also reduces to the Riemann-Roch theorem. For any positive divisor D = Y] riiQi 
we consider the linear space £(q, D) of functions having poles outside the points 
P a at the points Qi and of multiplicities at most rii and having the form (|12.8[) in 
a neighbourhood of P a . As was proved in [ Kri977] , the dimension of this space is 
equal to dimL(q, D) = d — g + 1 for generic divisors of degree d — J2 n i ^ 9- 

The function $(x, Q) given by formula (|12.16l) belongs to the class of the so- 
called factorial functions [Bak897 j . This is a multivalued function on T. A single- 
valued branch of it can be singled out if one draws cuts on T along a-cycles. In 
what follows we use the notation T* for the curve T with such cuts. 

Lemma 12.2.1. For any generic family of points 7i, . • . , 7 fl the formula (|12.16[) 
with the vector Z defined by (|12.12l) defines a unique function $(x, Q), where 
x = {x\, . . . , Xg) and Q G T, having the following properties: 

1) $ is a single-valued meromorphic function of Q on T* having at most 
simple poles at the points j s (if they are all distinct); 

2) the boundary values $>j(x, Q), Q £ a 3 , on the different sides of the cuts 
satisfy the conditions 

(12.18) *+(aJ,Q) =e- 2 ™*$j(x,Q), Q G a 3 ; 

3) $ is normalized by the condition 

(12.19) $(z,P ) = l. 

As in the case of Baker-Akhiezer functions, for any effective divisor D = 
^niQi one can introduce the notion of associated linear space L(x,D) as the 
space of meromorphic functions on T* having poles at the points Qi of multiplic- 
ities not exceeding n, and such that the boundary values on the sides of the cuts 
satisfy (|12.18[) . It follows from the Riemann-Roch theorem that for a generic divisor 
of degree d — g the dimension of this space is equal to 

(12.20) dim.L(x,D)=d-g+l. 

According to (|12.20[) , the dimension of the space of factorial functions with poles 
of multiplicity at most two at the points "f s is equal to g + 1 for any generic family 
of points 7i , . . . , 7 g . The following assertion can be regarded as an explicit repre- 
sentation of a set of g functions which, together with the function $, define a basis 
in this space. 

Lemma 12.2.2. For any generic family of points 7i, • . . , 7g the function Ck(x, Q) 
given by the formula 
(12.21) 

r ( n , 0(MQ) + Z + A{ lk ) - A(P Q )) 6(A(Q) +x + Z- A( lk ) + A(P )) 
k[X ^> 6 2 (A(Q) + Z)6(A(Po)+x + Z)6(2A( lk )-A(P ) + Z) 

where Z is defined by (|12.12p . is a unique function such that: 

1) Ck, as a function of the variable Q € T* , is a meromorphic function with 
at most simple poles at the points 7 S , s / I;, and a second-order pole of 
the form 

(12.22) C k (x,Q) =6- 2 (A(Q) + Z) + 0(9- 1 (A(Q) + Z)) 
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at the point 7^; 

2) the boundary values ■ (a;, Q), Q <E Oj, of the function Cfc on the different 
sides of the cuts satisfy the equations 

(12.23) C+.(z, Q) = e- 2 ™*C^(x, Q), Q e ay 
3) 

(12.24) C k (x,P )=0. 

The uniqueness of a function Cfe having the above properties is an immediate 
corollary to the Riemann-Roch theorem. The fact that the function C k given by 
the formula (|12.21l) satisfies these conditions can be verified immediately. Indeed, 
the function 9(A(Q) + Z) vanishes at the point 7^, and hence the equality (|12.21[) 
means that C k has a second-order pole with normalized leading coefficient at this 
point. It follows from the equality (|12.12j) that the first factor in the numerator 
vanishes at the point Pq and at the points %, s =^ k. Since the first factor of the 
denominator has a second-order pole at all points 7 S , the function C k has first- 
order poles at the points j B , s ^ k, and a second-order pole at the point 7/.. The 
difference between the arguments of the theta functions containing A{Q) in the 
numerator and the denominator is equal to x. This, together with the monodromy 
relations implies (|12.23[) . 

12.3. Multiplication theorem 

Krichever and Novikov introduced in [KN987 analogues of Laurent bases (KN- 
bases) to solve the problem of operator quantization for closed bosonic strings. 
These bases are analogues of Laurent bases in the case of algebraic curves of ar- 
bitrary genus with a pair of distinguished points. In essence, these bases ij) n (A), 
A € L, are a special case of the Baker- Akhiezer functions of a discrete argument 
neZ. As was noted in [KN987 , in this case the discrete Baker- Akhiezer functions 
ip n satisfy the remarkable relation 

9 

(12.25) ip n {A)^ m {A) = J2 c n, m ^n +m +k(A), 

k=0 

which was a foundation of the notions of almost graded algebras and modules over 
them. 

The notion of continuous analogue of KN-bases was introduced in the pa- 
pers [GN01] . |GN03] of Grinevich and Novikov, where it was proved that in a 
special case the corresponding Baker-Akhiezer functions tp(ti,A) of a continuous 
argument satisfy the equation 

(12.26) ip(ti,A)ip(t2,A) == Cipfa + t 2 ,A), 

where L is a differential operator of order g with respect to the variable t\ and 
replaces the difference operator on the right-hand side of (|12.25l) . 

(12.27) £ = __g a . (tl)t2)t3 )__ 7 

The Baker-Akhiezer technique permits to show that relation (|12.26p is a par- 
ticular case of the more genera relation 

(12.28) (u, (x, y))*(v, (x, y)) = C9(w, (x, y))\ w=u+v , u,v E C g 
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We describe now modification of the Baker- Akhiczcr function that permits to 
find effectively coefficients aj of the operator C. A special degenerate case of the 
Baker-Akhiezer function namely, the basis KN- function with parameter ti £ C 9 , is 
realized in terms of the cr-function in the form 

(12.29) *(u, (x,y)) = aiA ^ V \ [ f ~ "> exp{-<^( g ,y; [ 7 ]),«)}, 
where ip(x,y; [7]) is the function given by the formula 

(12.30) i,{x,y; [7]) - exp ^(A*{{x', y'), [7']), dA(x\ y')) j 

where the path 7' is a part of the path from the base point to the point (x',y'), 
(a,b) = J2aibi and A*((x, y), [7]) - is the map dual to the Abel map given by 
thasis seconf kind integrals with poles only in the base point, where the following 
expansion over local parameter is valid 

a*((x(o, v(0), M) = (r wi (i + am), ■ • ■ , c w '(i + %m T 

where a*(£) are series over positive powers of £ with coefficients from <Q[A]. 

The function ^ is single- valued on C 9 x V. As a function on V, it has g zeros 
A _1 (u) e X and a unique essential singularity 00 <E V, at which it has the behaviour 
v]/ ~ £-9 exp{p(£ _1 )}(l + 0(£)), where p is a polynomial of degree not exceeding 
2g — 1. For instance, in the hyperelliptic case we have the following expansion with 
respect to the local parameter £ at this singular point: 

(12.31) *(«,(x(0,»(0)) =r s ex P {-p(o(^>ir 2<+1 )} (1 + 0(0), 

where p{£) 2 = 1 + S»>i ^2i£ 24 - Thus the function ^ is a degeneration of the Baker- 
Akhiezer function, corresponding to gluing an essential singularity and g poles at 
the base point ooeV. Due to these properties, * is an extremely convenient tool. 



CHAPTER 13 



Application of the trigonal Abelian functions 



13.1. Introduction 

The present work is devoted to development of a method of integration of non- 
linear partial differential equations on the basis of uniformization of the Jacobi 
varieties of algebraic curves with the help of p-functions of several variables, the 
theory of which was founded by Klein. Our studies in this direction (see the re- 
view [BEL997b]) are motivated by the fact that under such uniformization the 
most important nonlinear equations of mathematical physics appear naturally and 
explicitly. 

Klein [Kle888j proposed to construct the theory of an analog of the elliptic 
Weierstrass er-function for the curves of genus > 1 as the theory of a function of 
several variables, which is closely related with (9-functions and has the complemen- 
tary property of modular invariance. The differential field of Abelian functions on 
the Jacobi variety of a curve is generated by the derivatives of order > 1 of the 
logarithm of cr-function, that is by the functions 



d k log cr(u, A) 
du^du^ ■ ■ ■ dui 



°h,i2,-,ik( u > — — ^ , k ^ 2. 



In the work of the authors [BEL997b for the hyperelliptic curves of genus g the 
set of 2>g basis p-functions on the Jacobian is presented, for which the fundamental 
algebraic relations are written down explicitly. For the case g — 2 these results may 
be derived from the work of Baker [Bak907] , while the theory constructed by the 
authors for g > 2 requires a substantial development of the classical methods. It 
is necessary to indicate that the works of classical period lack for any comparison 
of the differential relations obtained with the problems of the theory of partial 
differential equations, despite the fact that from the relations for g = 2 obtained 
in [Bak907 one can deduce solutions of a number of differential equations, which 
were topical already at that time (such as, e.g., the "sine-Gordon" equation). As an 
exeption could serve Baker's Bak903 , but even in this article the link with known 
in that time important equations of mathematical physics has not been discovered; 
the paper Bak903 was analysed in the context of completely integrable equations 
in (MatOOj . 

Our approach to the theory in the general case is based on the use of the models 
of curves which are called (n, s) -curves in [BEL999] , The hyperelliptic curves of 
genus g are (2, 2g + l)-curves in this terminology. Below we presents the results 
for (3, g + l)-curves, which are the so-called trigonal curves of genus g. In the class 
of (n, s)-curves the cases n — 2 and n — 3 are distinguished, as it is in these cases 
that the inequalities, which play an important role in construction of the theory, 
n ^ g = t" -1 )^ -1 ) < s f or the genus g of the curve hold. 
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The paper represents itself extended and improved version of the recent paper 
BELOO . gl321 contains the necessary preliminaries and introduces the important 
in the sequel notion of the universal space U fl of g-th symmetric powers of trigonal 
curves. The main result of ^13.31 is Theorem 1 1 3 . 1 1 that gives an explicit description 
of the space U g as an algebraic subvariety in a complex linear space of dimension 
4<7, or Ag + 2, if g = 3£, or g = 3£ + 1. In £113.41 we obtain an explicit realization 
of the Kummer variety of a trigonal curve as an algebraic subvariety in <C gty9+1 ^ 2 
defined by a system of ( - g ~ 1 - )g polynomial equations of degree not greater than 5. 
The effectiveness of our approach is illustrated by the example of a non-hyperelliptic 
curve of genus 3. In H13.5l we single out the collection of 4<? p-functions on the Jacobi 
variety of a trigonal curve, which uniformize the algebraic varieties constructed 
in jjl3.3l This section contains the necessary facts on cr-functions. In ^13.71 we 
analyze the differential relations obtained from the viewpoint of the theory of partial 
differential equations. Particularly, by comparing with the analogous results for the 
hyperelliptic case, we show, that the theory of p-functions is an effective tool of 
the characterization of the Jacobians by analytic means. 

The authors are grateful to S. P. Novikov, who greatly influenced our under- 
standing of the subject of the present study. 

13.2. Universal space of g— th symmetric powers of trigonal curves 

Let gcd(g+ 1,3) = 1. The possible values of g are g = 3£ and g = 3£+ 1, where 
£=1,2,.... 

Definition 13.2.1. We call trigonal such a linear in parameters A = {Ao, A3, ... } 
polynomial f g (x,y;X) with the coefficients at the highest powers of x and y respec- 
tively equal to —1 and 1 that it is homogeneous of weight deg f g = 3(<? + 1) with 
respect to the grading deg a; = 3, degy = g + 1 and deg Ai = 3g + 3 — i > 0. 

It follows from the definition that a trigonal polynomial has the form 

fg(x,yA) = V 3 ~y 2 (Yl X 2g+2+3jX r ) - y( X a+i+3jX 3 ) 

(13.1) -(^ +1 +^A 3 ^), 

3=0 

and depends on a collection 2<7 + 3 parameters A = { Ao , A3 , . . . , A3 9 +i , A 3s +2 } ■ The 
set of subscripts of the members of the collection A runs over all the numbers of the 
form 3a + (g + l)b with non-negative integers a and b in the range from to 2>g + 2, 
and there are exactly g missing numbers, so-called gaps, that form the Weierstrass 
sequence (for more detail see [BEL999] ). 

Definition 13.2.2. We call a graded space, the points of which are the collec- 
tions X, the moduli space M g of the trigonal polynomials of weight 3(5 -I- 1), and, 
thusM g = C 2a+3 . 

At numerical values of the parameters {\k} the set of zeros of the trigonal 
polynomial {(x,y) € C 2 | f g (x,y;\) — 0} is an affine model of the plane trigonal 
curve V{x, y) of genus not greater than g. Under the condition of non-degeneracy 
of the polynomial f gi i.e., when the values of the parameters {A^} are such that 
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the triple of polynomials {f g (x,y;X), J^f g (x,y;\), J^f g (x,y;\)} has no common 
zeros, the curve V(x,y) is non-singular, and its genus is equal to g. 

Any entire rational function on the curve V(x,y), i.e. a function that takes 
finite values at the points of the affine model V, can be written down in the so- 
called normal form p(x,y) = p2{x)y 2 +pi(x)y+po(x), where Pq(x), p\ (x) andpi(a;) 
are some polynomials in x. The highest weight of the monomials x l y° that occur 
in the polynomial p{x, y) is called the order of the entire rational function. In the 
sequel we need the following facts (see, e.g., [Bak897, Che948]): the number of 
zeros of an entire rational function p(x,y) on the curve V(x,y), i.e. the number 
of pairs {(£,??) G C 2 | f g (£,, n; A) = 0,p(£, n) = 0}, is equal to its order; an entire 
rational function on the curve having 2g + n zeros (n ^ 0) is defined by a set of 
g + n parameters. 

It is known pub98H IMum984j that Abel map takes fc-th symmetric power 
of a curve V(x,y) into its Jacobi variety J&c(V). At k equal (or greater than) the 
genus of the curve Abel map is "onto" . Below we need the following variant of Abel 
Theorem: on the set of zeros of an entire rational function on the curve Abel map 
takes the zero value. 

Further the symbol (X) k stands for the A:-th symmetric power of a space X. 

Definition 13.2.3. The space U g C (C 2 ) 9 xM 9 of all collections ({(xi, yi)}i=i t ..,, g 
such that f g (xi, yf, A) =0 for all i = 1, . . . , g is called the universal space of g-th 
symmetric powers of trigonal curves V. 

The triple (U g , M g ,pu), where p\j is the canonical projection, is called the uni- 
versal bundle of 5-th symmetric powers of trigonal curves V . 

Through the whole paper we shall illustrate the results obtained on the exam- 
ples of the trigonal curves of lower genera: 

f 3 (x, y; A) = y 3 - (Ani + X s )y 2 - (Xi x 2 + \ 7 x + A 4 )y- 

(.t 4 + A9.T 3 + A 6 .t 2 + A32; + A ). 

and 

f 3 (x, y; A) = y 3 - (A i3 x + Xi )y 2 - (X^x 3 + Xux 2 + X 8 x + X 5 )y- 

(x 5 + X 12 x 5 + X 9 x 3 + X 6 x 2 + X 3 x + A ). 

Example 13.1. Let us agree to over-line the non-gap entries to the Weier- 
strass gap sequence. Than at the cases of genera 3 and 4 the correspondingly the 
Weierstrass sequences read 

0, 1, 2,374, 5, 677T^ 

0, 1, 2,37 4, 5, 6, 7,8, 9,... 



13.3. Matrix construction 

Denote by W g (x,y) the vector (wi, W2, ■ ■ ■ , w g + 3 ) T formed by homogeneous 
elements Wk = x a yP in ascending order of weights degwk = 3a + f3(g + l) under the 
condition ^ deg Wk ^ 2g + 2. Let H = i, j = 1, . . . , g + 3 be a symmetric 

matrix, whose entries are homogeneous elements, deg hij — 4g + 2 — deg Wi — deg Wj , 
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of a suitable graded ring, and, so, for H holds the relation deg(Wj HW g ) = 4g + 2. 
Let us denote the space of symmetric matrices thus graded by %. 

For an arbitrary matrix M put r(x, y; M) = ^(0, . . . , 0, l)MW g (x, y). Note 
that if H £ H then degr(a;, y; H) = g — 1. 

Definition 13.3.1. Denote by T g C H x M g the subspace of pairs H £ H and 
A £ M g such that the relation holds 

(13.2) W*HW g =2r(x,y;H)f g (x,y;\). 

Thus the bundle (Tg,M g ,p-y-) is defined, where pj- is the canonical projection. 

Taking into account that a trigonal polynomial includes only the parameters 
{Afe} of positive weights, we find from the definition that matrices from Tg are of 
the form 



(13.3) 



.. -2hg, g+a 1 

-2 

1 0/ 



( \ 

■ • hg + l g + 2 —2 

i o o/ 

at g = 3^+1, or g — 3£, respectively. Denote by pi and P2 projections of the 
product H x M g to the first and second factors. 

Lemma 13.0.1. The composition of the embedding T g CMx M g with the pro- 
jection pi is an embedding, and the composition with the projection pi coincides 
with pj- and is "onto ". 

Proof. 1. We have to show that if for a given matrix H there exists a trigonal 
polynomial that satisfies (|13.2I) . then this polynomial is unique. Indeed, otherwise 
we would come to a relation r(x, y; H)(f(x, y; Xi) — f(x, y; A 2 )) = 0, V(x, y) £ C 2 , 
which cannot hold unless Ai = A 2 . 

2. We have to show that for a given A £ M g there exists at least one solution 
H of the equation (|13.2|) . Let q be a homogeneous polynomial in x and y of 
weight g — 1 with coefficients of non- negative weights. As degy = g + 1 > g — 1, 
such polynomial does not contain y. Let M(q, A) be a solution of the equation 
W^MWg — 2q(x)fg(x, y;\)=0 in the class of symmetric matrices with entries of 
non-negative weights. Evidently, the set of the solutions is not empty. By taking 
the coefficient at the highest power of y we find that r(x, y; M(q, A)) = q(x). □ 

Let us consider the matrix subspace H4 = {H £ T~L \ rankff ^ 4}. 

Lemma 13.0.2. Suppose that the lower-right k x k-submatrix IS. of a symmetric 
(N + k) x (N +k) -matrix M = {m^-} is nondegenerate. Rank of M does not exceed 
k + 1 iff there exists a vector z = {z\, . . . , zjv) t such that 

I (~dEtA ZiZ j 

(13.4) mi . = _^^det , l<i,j<i\r, 

detA \ mJ a) 

where fi r = (m^jv+i, "V.JV+a, ■ ■ • , m ryN+k ). 

The above Lemma is a direct consequence of the Sylvester identity for com- 
pound determinants Gan967 . Note that the vector z in Lemma Tl3. 0.21 is defined 
up to the sign. Denote by Sym*(fc, C) the set of nondegenerate symmetric k x k- 
matrices and by Sym r (fc, C) the set of symmetric k x /c-matrices of rank not greater 
than r with nondegenerate lower-right (r — 1) x (r — l)-submatrix. We have 
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Corollary 13.0.1. The mapping 

4> : C N x C Nk x Sym* (k, C) -> Sym fc+1 (JV + k, C) 

defined by: 

_ A m ?,r) g , r =i,...jv ("l,.-.,^fc) 



(13.5) ^,(^=i,..., fe ,A) = r ;«; r= ;^ A 

where m q r are calculated according to the formula (|13.4p m£/i /x r = (^ r .j)j=i,...,fe; 
is a double covering ramified along the subvariety z — 0. 

Let A = A g be equal to the corresponding block from (|13.3|) and fix the em- 
bedding C 9 x C 39 x C s -> C 9 x C 39 x Sym* (3, C), where <5 = 2 at g = 3^ + 1 and 
5 = at g = U. We obtain the parametrisation tp : C 9 x C 39 x C 5 -> % 4 . The 
matrix = tp(z, (■y 1 , 7 2 , 7 3 ), A g ) is calculated by (|13.5[) with k — 3 and iV = gr. 
Note that the mapping tp agrees with the grading of the matrix entries hi_j as- 
sumed above, if we accept the following convention: deg z\ = 2g + 1 — deg Wi and 
deg7i !r = 2g + 3 - r - degiOj. 

For a given collection (z, (7^ 7 2 , 7a), A a ) define four polynomials x(x, y), p ± (x,y) 
and r(x,y) by the formula: 

(13.6) ( X (x, y), ^(z, j/), t(z, y)) T = (( 7 i, 7 2 ± z, 7 3 ) T , A 9 ) W g (x, y). 

By the construction the higher monomials of the polynomials x(x, y), p^(x 7 y) and 
t(x, y) have the weights 2g + 2, 2g + 1 and 2g respectively. With that the variable 
y enters the polynomials r(x,y) and p^{x,y) linearly. From the definition of the 
mapping tp and (|13.6j) follows 

Lemma 13.0.3. For H = tp(z, (71,72,73), A 9 ) the relation holds 

(13.7) W T g HW g = 

- \p + P~ + T ( 2 * + \ h 9+i,g+2(p + + P~) - {h g +i,g+i + ^h 2 g+lg+2 )r) , 

and also r(x,y;H) = -^r(x,y) and does not depend on y. 

Let Z = (z, (71, 7 2 , 7 3 ), A s ) be a point in C 9 x C 39 x C s . Let us rewrite the 
right hand side of (|13.7|) in the form 

d_ 

dy' 

so that the degree of the polynomial R in x is not greater than [^g— ] — 1, and its 
degree in y is not greater than 2. Let us introduce the subspace C C C 9 x C 3ff x C s 
defined by Sf- 9 -^-] conditions R(x,y; Z) = 0. Then form comparison with (|13.2[) we 
obtain the relation 

(13.8) Q(x,y;Z)-2f g (x,y,X) = 

that enables us to define the bundle (£, M g ,pc)- The projection pc maps a point 
Z e C to the set of the positive weight coefficients of the polynomial — hQ(x, y; Z) 
in ascending order of weights. Note that the projection p^ is a rational mapping. 

Lemma 13.0.4. Let the polynomials p ± (x,y) and r(x,y) be coprime in the ring 
C[x,y]. Then they have g common zeros {(£,t ' n t)}i * = L ■ • ■ ,S- 
Moreover, f g (^f,r]f-p c (Z)) = for all i = 1, . . . ,g. 



W*<p(Z)W g = Q(x, y; Z)—r(x, y) + R(x, y; Z) 
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Proof. The polynomials p (x, y) and t(x, y) are linear in y. Their coefficients 
at y 1 are the polynomials in x of degrees [^] and [^5—] respectively, and the coeffi- 
cients at y° have degrees [ ] and [-§-]■ By eliminating y, we obtain a polynomial 
in x of degree max([-^] + [^-], [-#] -I- [§]), which is equal to g under the condition 
gcd(<? + 1, 3) = 1. By assumption the polynomial does not vanish identically. 

Next, it follows from (fT3~71) that Wj(£f, T]f)tp(Z)W g ^f , T]f) = for all 
i = 1, ...,<?. Suppose that f g (^,n;pc{Z)) 7^ for some point (£,77) form the 
set of common zeros. Then, as -^r(x,y) does not depend on y, we conclude that 

W^(i, y)ip(Z)W g (t;, y) — for arbitrary y. The last is only possible if the poly- 
nomials p^(x,y) and r(x,y) have a common factor (x — £). □ 

Now we are ready to formulate the main result of this section. 

Theorem 13.1. The mapping a from the space C to the space U g of g-th sym- 
metric powers of trigonal curves, which puts a collection Z — (z, ("f^, 7 2 , 7 3 ), A g ) € 
C into correspondence with the vector X = pc{Z) and the set of common zeros of the 
coprime polynomials r(x,y) and p + (x,y), defines an identical on the common base 
M g fiberwise birational equivalence of the bundles a : (£, M g ,pc) —> (U g , M g ,p\j). 

Proof. Let us constuct the mapping a" 1 . 

Let a point ({(£i, f]i)}i=i,..., g , A) € U ff be given. According to (|13.6|) to solve our 
problem it is sufficient to find polynomials r(x,y), x( x > y)i P + ( x il/) an d P~(x,y). 

Let g = 3^+1. Denote by U(x, y) the vector formed by the first g components 
of the vector W g (x, y) and put 

t(x, y) = (U(x, y) T , yx e f, r(x, y) = (U(x, y) T , -X 3 g +2 yx e - 2x 2e+1 f 

and p(x, y) = (U(x, yf \yx l , 2y 2 ) T . 

Suppose that det(E/(£i,77i), . . . , U(£ g , r] g )) 7^ 0. Consider the entire rational 
function 

T( \ _ det(t(x, 2/), 771), . . . , t(£ g ,r] g )) _ t 
1(X ' V) det(U(^ m ),...,U^g, % )) VX + 
on the curve V defined by numerical parameters A. The order of the function T(x, y) 
is equal to deg(yx e ) = g + 1 + 31 = 2g, therefore, beside the zeros {(£i,r]i)}i=i,..., g 
it has g more zeros {(£,i,rji)}i=i...., g on the curve V. With the help of these two 
collections of zeros we define a pair of entire rational functions on the curve V of 
order 2g + 1 : 

R ^ V) - det([/(Ci),..,t/(G, !9 )) -~ 2X ~ X39+2VX + '--' 

R 2 (x,y) = ^^y) 1 ^i,m),...Ml,rj B )) = _ 2x2e+1 t + 

dBt(U(t 1 ,rj 1 ),..-,U(t g ,fj g )) 

The function R\{x,y) has g + 1 complementary zeros {(ft, Q)}j=i...., ff +i on the 
curve, and the function R 2 (x,y) has complementary zeros {(ft, ft)}i=i,..., ff +i- 

The ratio ^(Ri(x,y)R2(x,y))/T(x,y) represents an entire (all the zeros of the 
denominator cancel out) rational function P(x, y) on the curve V of order 2g + 2 
and we know all of its zeros. Let us study the behaviour of the function P(x, y) 
near the point (00,00). Let t be a local parameter, we have x = i~ 3 and y — 
+ l\ 3g+2 t + 0(t 2 )). We obtain P{x,y) = ^+^(2 + §A 3s+2 t + Oit 2 )). 
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From the above expressions one finds that the function P(x, y) allows a polynomial 
representation of the form 2y 2 + P 2g +ix 2i+1 + . . . with the coefficient P2g+i = 0, 
and so, in order to obtain an explicit expression it is sufficient to prescribe any g + 1 
of its zeros. With the use of the collection {(gi, Q)}i=i,..., g +i we obtain 

p , x = det(p(x,y),p(gi,<?i),. . . ,p(g g+ i,^ g+ i)) 
det(t(£i,?i),...,t(e ff +i!«fl+i)) 

Consider the polynomial 

C(x, y) = P(x, y)T(x, y) - (x, y)R 2 (x, y) = 2x*y 3 - 2x l x 9+1 + ... 

as a function on the curve V. This function has 4<7 + 2 zeros. Let us reduce 
the function C(x,y) to the normal form, i.e. by adding multiples of the trigonal 
polynomial f g (x,y;X) get rid of the terms that contain powers of y greater than 
2. The coefficient at y 3 is equal to 2^T(x,y), the higher powers of y are absent, 
thus the difference C{x,y) — 2f g (x, y; \)J^T(x, y) already has the normal form. 
Note, however, that because of the cancellation of the higher powers of x the order 
of this difference is < Ag + 2. So, the number of zeros of the function C(x, y) — 
2fg{ x i V'i ty~§$T{x, v) 1S greater than its order, and, therefore, it vanishes identically. 
By comparing the identity 



f d 

P(x,y)T(x,y) - -R 1 {x,y)R 2 (x,y) = 2f g (x, y; A)— T(x, y) 
2 dy 

with the relation (|13.7[) we obtain the following expressions for the polynomials 
sought (up to permutation of the pair p + and p~): 

r(x,y) = T(x,y), p + (x,y) = Ri(x,y), p~(x,y) = R 2 (x,y), 

X (x, y) = i(P(x, y) - '^±^(R 1 (x, y) + R 2 (x, y)) + ^±^T(x, y)) 

It remains to express the matrix entries h g +i, g +i and /i g +i, s +2 in terms of A and 
the coefficients of the polynomial P(x,y). It follows from (| 13 that 

p+(x, y) = -2x 2e+1 + h g+1 . g+2 yx l + . . . , 

X(x, y) = V 2 + h g+ i, g+2 x 2e+1 + h g+lt g +1 yx l + . . . , 

whence we obtain h g+1 ^ g+2 = -\ 3g +2 and h g+ i, g+ i = \{2P 2g - >4, g +2)> where P 2g 
is the coefficient at yx e of the polynomial P{x,y). 

The case g = i£ is considered similarly. □ 

Below we are dealing with a number of bundles over the same base M g as 
in the above theorem. When formulating assertions about fiberwise mappings of 
such bundles, we imply only the mappings identical on the base without an explicit 
indication of this. 

13.4. Universal spaces of Jacobi and Kummer varieties 

Each collection A defining a trigonal curve as the set of zeros of the polynomial 
(|13.1|) can be unambiguously put into correspondence with the lattice A = A(A) in 
C 9 generated by periods of g basis differentials 

(13.9) dui(x,y;X) = -r^y^^—dx, i = l,...,g, 

a^Jg\. x ,y\*) 
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where Wi(x,y), as above, stands for the i-th coordinate of the vector W(x,y). 

Definition 13.4.1. The quotient space C 9 x M g / ~ with respect to the equiv- 
alence (it, A) (it', A) (A = A', tt — u' € A(A)) is called universal space J g of 
Jacobi varieties of trigonal curves. 

The quotient of the space J s over the canonical involution (u, A) — > (—it, A) is 
called universal space K g of Rummer varieties of trigonal curves. 

Definition 13.4.2. We call the triple (J g ,M g ,pj), where pj(u,X) = X, the 
universal bundle of Jacobi varieties of trigonal curves. 

We call the triple (K g ,M g ,p^), where p^(u,X) = A, the universal bundle of 
Kummer varieties of trigonal curves. 

The fibers of these bundles over a point A G M g are called the Jacobi variety 
3ac(V) and the Kummer variety Kum(y) of a trigonal curve V(x,y) in the model 
defined by the zeros of the polynomial f g (x, y; A). 

With the help of the differentials (| 13 .9[) we define the Abel map A : U g — > 
C 9 x M s , A({(xi,yi), (x g , y g )}; A) = (it, A), where u = (m, ...,u g ) and it, = 
Y?k=x dui(x, y; A). This map is multivalued, as a set ({(xi, yi), . . . , (x g , y g )} € 

(V) 9 corresponds to a countable set of values Ui,u 2 , ... in C 9 depending on a choice 
of the integration paths. It is known, however, that the pairwise differences Ui — Uj 
of these values lie in A(A). So, this map defines a fiberwise birational equivalence 
of bundles A : (U 9 , M g , Pu ) ->■ (J g , M g ,pj). 

It follows directly from the construction of the bundle (£, M g ,pc) that the 
map (z, 7 2 , 7 3 ), A g ) H> (— z, 7 2 , 7 3 ), A g ) induces a fiberwise involution on 
it. The quotient over this involution, which we call canonical, defines the bundle 
(/C, M g ,pic), where JC = T g l~l (H4 x M g ). According to Lemma fl 3 . . 1 1 and Corollary 
113.0.11 the projection p\ allows to identify the space K, with the matrix subspace 

Pl (T g )nHi. 

Theorem 13.2 (on paramctrisation) . There is a fiberwise birational equivalence 
of bundles A : (£, M g ,pc) — > (J g , M g ,pj), which commutes with the canonical invo- 
lutions and induces a fiberwise birational equivalence of bundles B : (/C, M g ,p/c) — > 
(K g ,M g ,p K ). 

Proof. Consider the composition A = A o a : C — > J g . First, notice that by 
construction 

?>£(-*, (7i,72,7 3 ): A s) =P£( 2; ,(7i,72,73), A s)- 

In order to show that the mapping A commutes with the involutions, it is sufficient 
to verify that 

A-z, (7i,7 2 ,7 3 ), A s) + A*, (7i,72,7 3 ), A s ) - (0, A). 
Indeed, in the notation of Lemma 113.0.41 the inclusion 

(13.10) J2 k J k Mx,y\Pc(Z))+J2 k J k du(x,y;p c (Z))eA(p c (Z)) 

k-l (oo.cxj) k= i (00,00) 

follows from the classical Abel Theorem in view of the fact that the set of common 
zeros of the pair of polynomials {r(x,y), f g (x,y 1 pc(Z))} coincides with the set of 
common zeros of the pair {r(x, y), p + (x, y)p~{x, y)}. 
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Second, notice that the mapping A takes the ramification set of the covering 
C — > JC, on which all the zeros of the pair {r(x, y), f g (x, y;pc{Z))} are double, into 
the ramification set of the covering J g —> K, i.e. into the subspace of half-periods 
{(n,pc{Zj) | 2fi e A(pc(Zj)} 7 and, therefore, the induced mapping B is well 
defined. □ 



Remark 13.1. Under a proper interpretation of the periods of Abelian inte- 
grals, i.e. of the lattice A(pc(Z)), the relation (|13.10l) holds also for the case of 
a degenerate polynomial f g (x,y\pc{Z)) (see the discussion of Abel Theorem in 
Bak897). The map A, which is holomorphic in a nondegenerate case, becomes 
meromorphic, and its inversion reduces to the class of so-called generalized Ja- 
cobi inversion problems. A solution by means of the theory of ^-functions for a 
particular formulation is given in |Fay973] . 

Fibers of the universal bundles of Jacobi and Kummer varieties are birationaly 
equivalent to algebraic subvarieties. Let us formulate our result using the notations 
introduced in ^13.31 

Corollary 13.2.1. For a fixed point A G M ff we have: 

(1) realization of the variety Ja.c(V) as an algebraic subvariety in C 4g+ , where 
5 = 2(g — 3[|]). This subvariety is defined as the set of common zeros of the system 
of 2g + 3 + 3[^S— ] = 3g + 5 polynomials that are generated by the functions 

Gi (t) = 1 { S S)/2 (Q(t 3 ; t3+1 ;Z) - 2f g (t 3 ,t 9+1 ;\)), 
G 2 (t) = R(t 3 ,t 9+1 ;Z). 

(2) realization of the variety Kum(T^) as an algebraic subvariety in <C 9 ^ 9+1 ^ 2 . 
This subvariety is defined as the set of common zeros of a system of ^ 9 ~^ 9 poly- 
nomials of degree not greater than 5. The polynomials are the 5 x 5 -minors of the 
(g + 3) x (g + 3) -matrix K , which is defined as an ansatz of the general solution of 
the equation W^KW g = 2r(x, y; K)f g {x, y; A) in the matrix space %. 

Proof. 1. According to the definition of the space C the image of the mapping 
A^ 1 in C 4g+S is defined by the condition R(x, y; Z) — for all (x, y) e C 2 , whence 
we obtain the generating function G-2(t, Z). At a given value of A the relation (|13.8[) 
generates the equations of restriction on a fiber in the bundle (£, M g ,pc)- 

2. An arbitrary matrix K € T g has 9 2 +3g+S parameters by definition. At a 
given value of A 6 C 2g+3 the relation (| 13 . 2[) imposes 2g+3 + 3[- 3 -^-!-] linear conditions 
on the parameters (in fact, from the formal view-point this relation defines an entire 
rational function of order Sc^+S+Sf^^— ] in normal form which vanishes identically on 
the curve) that single out a fiber p^- 1 {X) C T g . So, a general solution of the equation 
W^KWg = 2r(x, y; K)f g (x, y; A) in the matrix space "H, i.e. a point K € yy^A), 
has g ^ g 2 l ~ 1 - ) parameters. It follows from the identification of JC with the intersection 
Pi{T g ) H%4 mentioned above and Lemma 113.0. II that mapping B^ 1 takes a fiber of 
the bundle (K 9 , M g ,p^) to the matrix space {K £ p^ J - 1 {\) \ raakK ^ 4}. □ 

Example 13.2. Let g = 3. Then 



W 3 (x,y) = (l,x,y,x 2 ,yx,y 2 ) T and R(x,y;Z)=0. 
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The trigonal curve V(x,y) is denned by polynomial 

h{x, V, A) = y 3 - (Ana; + X 8 )y 2 - (X 10 x 2 + X 7 x + X 4 )y- 

(x 4 + X 9 x 3 + X 6 x 2 + X 3 x + A ). 

The polynomials XiP ± i T reads 

X = y 2 - 273,3a; 2 +73, iy + 72,1a; + 71,1 
P ± = -2a;y + 71,2 ± Z\ + (72,2 ± z 2 )x + (73,2 ± z 3 )y 
t = x 2 + 71,3 + 72,3a; + 73,32/ 

In the space C 12 with coordinates (2», (7»,i,7»,2,7*,3))) i — 1,2,3 the Jacobi 
variety Jac(V) is singled out by the system of 9 equations: 

473,3A + z\ + 47 2 373,3 + 471,371,1 - 7 2 2 = 0; 
273, 3A3 + ziz 2 + 471,372,373,3 + 272,371,1 + 271,372,1 — 71,272,2 = 0; 
273, 3A4 + Z1Z3 + 471,373,3 + 2 73,37i,i + 271,373,1 - 71,273,2 = 0, 
473, 3A 6 + z\ + 471,373,3 + 471,1 + 472,372,1 - 72,2 = 0; 
(13.11) 273, 3A7 + z 2 z 3 + 472,373,3 + 273,372,1 + 272,373,1 + 271,2 - 72,273,2 = 0; 
473, 3A 8 + z\ + 471,3 + 47I 3 + 473,373,1 - j 2 2 = 0; 
73,3A 9 +72,1 = 0; 
73,3Aio + 72,2 + 73,i = 0; 

73,3All + 72,3 + 73,2 = 0. 

In order to describe the Kummer variety Kum(F) in the space C 6 with coor- 
dinates (vi), i — 2,3, 4, 6, 7, 8, 

V 2 = 73,3, V 3 = 72,3, «4 = 72,2, Vq = 71,3, V 7 = 71,2, V$ = 71,1. 

(the subscript of a coordinate is equal to its weight in the grading assumed) we 
use the following ansatz of the general solution K of the equation W 3 KW 3 = 
2r(x, y; K)f 3 (x, y; A) at the given value of the vector A in the class of the symmetric 
matrices H: 
(13.12) 



K = 



(- 


-2Xqv 2 


-A3W2 


-X4V2 


V8 


v 7 






-X 3 v 2 


— 2v$ — 2X e v 2 


-v 7 - X 7 v 2 


-XgV 2 




^3 




-A4W2 


-v 7 - X 7 v 2 


—2v e - 2X$v 2 


—V4 - X 10 v 2 


—v 3 - A11U2 


v 2 




V S 


-A9V2 


-V4 - X w v 2 


-2v 2 





1 




v 7 


v 4 


-v 3 - X lx v 2 





-2 





V 


V6 


V3 


v 2 


1 





0/ 



The coordinates Vi are linked with 7^ as 

v 2 = 73,3, v 3 = 72,3,^4 = 72,2, v 6 = 71,3, V 7 = 71,2, v$ = 71,1 

The equations that single out Kum(y) are found from the condition ranki^ ^ 
4, what reduces to three equations, on vanishing of the cofactors of the entries 
Ki,i,Ki,2 and K 2 , 2 . 
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Remark, that the the first 6 equations from the 9, which single out Jacobi 
variety can be written in compact form as 

(13.13) IziZj+detKtfiU] =0, ij G {1, . . . , 3}; 

where K\j "' j] stands for the submatrix of the matrix K formed by the entries 
located at the intersections of the rows (i,...,k) and columns (J, . . . , I). 

The last observation of the example 113.21 is valid in general. Let us apply the 
formula (|13.4I) to the matrix K from assertion (2) of Corollary |13.2.1l We find that 
there exist a vector q = (qi, . . . , q g ) T such that: 

(13.14) ^+^^1X11X11X1]=^ {' 

where K[j "\ j] stands for the submatrix of the matrix K formed by the entries 
located at the intersections of the rows (i, . . . , k) and columns (j, . . . , I). Evidently, 
one finds such a set Z — (z, ( r y 1 , ~f 2 , 73), A g ) from the assertion (1) that q = z 
satisfies these equations. On the other hand, we have 

Corollary 13.2.2. The Jacobi variety of a trigonal curve allows a realization 
in the space C.9(g+3)/2 as the set of common zeros of the system of polynomials 
of the form (113.141) of degree not greater than 4. 

Example 13.3. Let g = 4. Then 

W 3 (x,y) = {l,x,y, x 2 ,xy,x 3 ,y 2 ) T and R(x,y;Z) = 0. 
The trigonal curve V(x,y) is defined by polynomial 

f 3 (x, y; A) = y 3 - (Xi 3 x + Xw)y 2 - (Am 3 + Xnx 2 + \$x + X 5 )y- 

(x 5 + X 12 x 5 + X 9 x 3 + X 6 x 2 + X 3 x + A ). 

The polynomials x, p^ , r reads 

X = V 2 - ^i4% 3 + h 5 . 5 xy + J4,ix 2 +73,12/ + 72, + 7i,i 
P ± = -2a; 3 - Xuxy + 71,2 ± Z\ + (72,2 ± z 2 )x 
+ (73,2 ± z 3 )y + (74,2 ± z 4 )x 2 
t = xy + 7i >3 + 72,32; + 73,32/ + 74,3a; 2 
The matrix K is 7 x 7 matrix 



(13.15) 







-2A u 3 


X 3 v 3 - X Q 


-2A5W3 


Vl2 




Vg 


vs\ 








-A3U3 - A 


k 2 ,2 


k 2 . 3 


k 2 A 


v 7 


v& 


V5 








-2A5U3 


k 2 , 3 


k 3 , 3 


k 3 A 


^3,5 


V4, 


v 3 




K = 




"12 


k 2 A 


k 3 A 


fct,4 


&4,5 


ki,6 


v 2 








via 


v 7 


k 3 ,5 


^4,5 - 


-2v 2 - 2Ai 3 


— A14 


1 








vg 


V6 


Vi 


kifi 


— A14 


-2 









V 


vs 


V5 


v 3 


v 2 


1 





V 




where 


















&2,2 = 




-2vi2 - 2X 6 v 3 


- 2A 3 , h 


,3 = -vio 


- X 8 v 3 


-A 5 , fc 2 ,4 


= -v 3 


- X 9 V 3 


&3,3 = 




-2v$ - 2A10W3 


k 3 A = - 


v 7 - A11U3 - A 8 , 


^3,5 = -Vs 


— A13 


— A10 


fc 4 , 4 = 




= -2v 6 - 2Xi 2 v 3 - 2Xu, 


&4,5 = - 


V4, - A14U3 - An, 


kis = 


-v 3 - 
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The equations that single out Kum(F) are found from the condition rank if 
4, what reduces to three equations on vanishing of the cofactors of the entries 
K lt i,Ki l2 ifi, 3 and K 2 ,2, K 2 , 3 , Ks,3- 

In the space C 16 with coordinates (zi, (7i,i, 7i,2j 7i,3))j * — 1, - ■ - , 4 the Jacobi 
variety Jac(V) is singled out by the system of 12 equations: 

(13.16) 73,1 + Ai373, 3 + 72,3 + Aio = 0; 

(13.17) 73 : 3Ai4 + 73,2 + 74,i + An = 

and 

(13.18) ±z i z j +detK[)l$ 7 r ]=0, i, j e {1, . . . , 4}; 

where K is given in (|13.15[) . 

Remark 13.2. One can show that the system of g + S— 3 polynomial equations, 
which follow from the generating function C?2(i), has a rational solution 0. By using 
this solution it is possible starting with Corollary 113.2.11 to come to a realization 
of Jacobi variety as an algebraic subvariety in the space C 3s+3 . However, in view 
of the fact that degrees of the polynomials delivered by the generating function 
Gi(t) do not exceed 4 while degrees of the polynomials delivered by the generating 
function G%(t) grow linearly in g, the degrees of the equations in such realization 
would grow polynomially in g. 



13.5. Uniformization of Jacobi varieties 

The models of spaces J s constructed above allow explicit uniformization by 
means of the theory of Abelian functions. For the sake of simplicity we restrict 
ourselves with consideration of trigonal polynomials of the form (|13.1j) with the 
zero coefficient at y 2 . This does not lead to a loss of generality as one can pass 
to such a form from a general polynomial with the help of the variables change 

rs + li 

(x, y) i V (x,y + §(X^=o ^2g+2+3jX J )) and further renotation of parameters. 

In the first chapter of the work by authors [BEL997b a modification of the 
standard ^-function is constructed that defines a mapping a : C 9 x M g — > C being 
invariant w.r.t. modular transformations, i.e. its values, in the contrast with 
the values of ^-function, does not depend on the choice of the generators of the 
lattice A(A). To denote such functions Klein [Kle888j introduced the symbol a, 
thus stressing the analogy with the Weierstrass elliptic cr-function. As shown in 
BEL997b , the partial derivatives of order > 1 of the logarithm of a-function, are 
Abelian and, in the same time, modular invariant functions, i.e. the meromorphic 
functions, the domain of definition of which is the space J g . The following notation 
is adopted for the logarithmic derivatives of cr-function: 

d k logcr(u,\) 
Pn, 2 ,.,i k (u,V = - duiidui2 ... duiJ k>2. 

Note the parity property of p-functions: pi lt ...,i k (— U, A) = (—l) k pi ly ....i k (u,X). 



^This follows directly, e.g., from the rationality of the universal spaces of the symmetric 
powers of plane algebraic curves. 



13.5. UNIFORMIZATION OF JACOBI VARIETIES 



203 



Canonical differentials of the second kind for a nonsingular trigonal curve of 
genus g, such that gcd(g + 1, 3) = 0, 



V(x,y) = (f(x,yj) 



cC 2 , 



9+1 



f(x, y) = y 3 -y ^ X g+1+3e x e - ^ \ 3£ x e = y 3 - q(x)y - p{x); 
i=o e=o 

are given by the formula: 

"2.9-1 -j (5 + 1) 



Ri j(x, y)dx n , 

dr id = V, \ , J =0,1 and i = 0,... 

with 

ya;^]DL* 1+2 (2xd xP (x) - 3(i + l)p(x)) + x*Vf+ 2 (\xd x q{xf - (i + l)g» 2 ) 

and 

Ri.i{x,y) = 

yx' +1 V 2 x l+3 (xd x q(x) - 2(t + l)g») + a; 2i+2 D* +4 (a;0 x p(a;) - 3(i + l)p(x)), 

where D 4 is the umbral derivative w.r.t. the variable t and d x = -j^. 

The set of the second kind differentials thus defined is associated (dual) to the 
set of canonical (monomial) holomorphic differentials {duij — x z y : >dx/ f y (x, y)}. 

For the Klein- Weierstrass 2-differential we obtain 

au{x,z)- axaz, 

Jy l x > y )Jw\^i uj )\x 

with 

T{x, y; z, w) =(wy + Q(x, z))(wy + Q(z, x))+ 

w(wD y f(x, y) + T(x, z)) + y(yD w f(z, w) + T(z, x)), 

where 

m 

Q(X,Z)= Ai+j+sfeaM*]*!*], 
k=0 

and 

T(a;,z) = ^3A 3fe ((l-{f})x fc -[i]z[t]+{|}x fc -[t]-i z [|]+i). 

k=0 

Example 13.4. For the curve V3 ; 4 of genus g = 3 the set of second kind 
differentials reads 

x 2 dx 2xydx 

dr 3 = — — , dr 2 = — 

Jy Jy 

dx 

dri = (-Aioy 2 + y(A 6 + 3\ 9 x + 5x 2 ) + Ai a;(Aioa; + A 7 )) — 

Jy 
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while the polynomial Q(x, z) and T(x, z) are given as 

Q(x, z) — XiqXz + X^z + A 4 
T(x, z) = 3A + A 3 (2x + z) + X 6 x(x + 2z) 
+ 3Xgx 2 z + x 2 z(2x + z). 

Example 13.5. For the curve V^s of genus g = 4 the set of second kind 
differentials reads 

yxdx , o / , . dx 

dr 4 = — — , dr 3 = (x (X 12 + 2x) + X u xy) — 

Jy Jy 

dr 2 = (-A14J/ 2 + 2xy(2x + A i2 ) + Ai 4 x 2 (Ai 4 :c + An)) ^ 

Jy 

dr 1 = (-y 2 (2Ai 4 x + An) + 2A 2 4 x 4 + 3AiiAi 4 ie 3 
+y(7x 3 + X 12 x 2 + 3A 9 + A 6 ) + (2A 8 Ai 4 + Xn)x 2 

+ (A 5 Ai 4 + X 8 Xn)x) — 
Jy 

while the polynomial Q(x, z) and T(x, z) are given as 

Q{x, z) = Xux 2 z + X\\xz + Agx + A5 
T(x, z) = 3A + A 3 (2x + z) + X e x(x + 2z) 

+ 3A 9 x 2 z + Xi 2 x 2 z(2x + z) + x 3 z(x + 2z). 

The results given below are based on the following relation, an analog of which 
is valid for ^-functions also |Fay973] . However, the important for us explicit 
dependence of the right-hand side of this relation on the parameters of the model 
of a curve can be obtained only for modular invariant left-hand side. 
(13.19) 

/ ,\ , f , ,m / ^ T((£,,v)Ax,y);\)d£,dx 

ij^i V (00,00) ' \i ~ x) 2 -^fg(x,y; \)-^.f g {Lm A) 

where (x,y) £ {{(xi, Vi), ■ ■ ■ , (x g , y g )} \ A({(xi, yi), . . . , (x g , y g )}; A) ~ (v,\)}, 
and (£, rf) is an arbitrary point on the curve V . In the considered case of trigonal 
curves for J-((£, rf), (x, y); A) we have the expression 

T((£ lV ), (x,y); A) = 3y 2 V 2 - y 2 P 1 (0 - r, 2 P 1 (x) + y V ^ 2 (P 1 ;x,0+ 

r]^ 3 (P Q ;x,0 + y^3(Po;^x) + £* 2 (J?;z,0, 

where 

* r (q; x,0 = E ft** -1 * 1-1 * 1 * 1 ((r® + r - k)x + (k - r[±])0 

fc^O 

for an arbitrary polynomial = X)fe>o Sfc* ; an d polynomials 

1—3—) 3 

Pi(x) = E A ff+i+3j^ and fl,(x) = x s+1 + E A 3j^' 

J=0 3=0 
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)(Pg ~ (6pg, S (u, A) + X 3g+ l)p g +L g ), g=M 

)(pg - (6p ff , g (u, A) + A| g+2 )p g + hg+2p g -i + L g ), g^U+l' 



hg + l^g + l — 2pg t g(v , A), ^g + l,g + 2 



are the coefficients at the powers of y of the trigonal polynomial. Take a note that 
ty r (q;x,x) ~ rq(x) and, so 

F{{x,y), (x, y); A) = (J^f g (x, y; A)) 2 - f g (x, y; \)-^f g (x, y; A). 

Put p£ = (pi, fe (t?, X)),i = and denote gf;(---) = (■••)'■ 

Theorem 13.3. Define the mapping n : J 9 — > C 4s+(5 &?/ formulas 
(13.20) 

2 = Pg! 7 3 = 7 2 = Pg-1, 

(13.21) 

w/iere L T g = {Xg+i+d ce w z S dc g Wl ,3[dc g wj3]) i = !,■■■, 9 (here S l . j is the Kronecker 
symbol), and 

Co, g = U 

[-A 3g+2 , 5 = 3^ + l ' 

Meromorphic mapping n uniformizes the space C C C 4g+S and defines a fiber- 
wise mapping of bundles (J g ,M ff ,pj) — > (£,M g ,pc) inverse to mapping A from 
TheoremUEM 

PROOF. Let a(v, A) ^ and v be not a half-period, i.e. 2v £ A(A). Then the 
relation (|13.19p is equivalent to the following assertion: the entire rational function 
of order 2g + 4 

$ (x,y,v) = FdCr)), (x,y); A) -{x- £) 2 2_, Pij\ v T / du > ^J^iiCv^j^y) 

i,j=l (oo.oo) 

has on the curve V[x, y) exactly g zeros {(xf 1 , y^), . . . , (x^ , y^)} that do not depend 
on an arbitrary point (£, rj) € V. 

1. Consider the case 5 = 3£ Using the parametrisation £ = t~ 3 and 77 = 
4- l\ 3g+1 t 2 + ...), let us study the behaviour of $ ± (x, y) in vicinity of 
(£,77) = (00,00). We have: 

^(x,y,v) = t- 2 ^Y,^t{x, yi v)e, 

at which 

®o(x,y,v) = $ (x,y,v) = w g+1 (x,y) - p^U{x,y), 
®f(x, y, v) = 2w g+2 (x, y) - (p g _ t ± p' g ) T U{x, y), 
$f(x, y, v) = JLf g (x, y; A) - \(p" g ± 3p' g ^) T U(x, y) + I/. «)> 

and where, as above, u>i(x, y) stands for the i-th coordinate of vector W g (x, y) and 



U(x,y) = {w l (x,y),...,w g {x,y)) T 



The functions {<&a(x,y,v),$f(x,y,v),...} simultaneously vanish at the sets 

4^9 



of points {(xf ,yf), . . . , (x^yf)} € (V) 9 . According to Theorems [LTT1 and [LT2l 



collections (±z, ( / y 1 , 7 2 , 7 3 )) = a 1 ({(x'f, yf)}, A) belong to C. Note, that the 



206 13. TRIGONAL ABELIAN FUNCTIONS 

condition <j(v,X) ^ is equivalent to nondegeneracy of matrices (U \xf , y i )) , 
i = l,...,g. 

By identifying the sets of zeros of the pairs of polynomials &o(x, y,v) and 
&f(x, y, v) with the sets of zeros 

{&,vf)} from Lemma MEM 

we obtain 

r(x,y) = $ {x,y,v) and p ± (x, y) = -$f(x, y, v), 

whence follows (|13.20|) . It remains to express the vector ■y 1 through p-functions 
and A. We utilize identity (see (fT3T2|) and f[T37f|t ): 

(13.22) 

[2y 2 - ip gtg (v,X)w g+ i(x,y) + 2U(x,y) T j 1 - 2p g . g {v, \)$ (x, y, v)] $>o(x,y,v)— 
±$i(x,y,v)<f>t(x,y,v) ~ 2f g (x, y; \)-^<P {x 7 y, v) = 0, 

that is valid for all (x,y) £ C 2 . Let us differentiate (|13.22[) over v g and substitute 
(x, y) = {x~f.,yt) f° r some fee {!,..., g}. We obtain: 

*r«, v£, v){(y+) 2 + U(x+,y+) T h 1 +2p g Av, \)p g ) + i^+( x +, y +, v )} = 0, 
where we used the identity 

&;*o{xt,vt,v) = ±($t(x+,y+,v) - ^(x+,y+,v)) = -^(x+,y+,v). 

Thus, as $5~(a;^, y~£, v) ^ 0, if v is not a half-period, 

(13.23) - (y+) 2 = U(x+,y+f{ 7l - \p" g - \p' g _ x + 2p g Jv, X)p g }. 

On the other hand, from equality ^t^t'Vk^ v ) = ®> f°ll° ws 

, 2g/3 

~(y+r = U(x+,yt) T {-M ~ hp' g -i) + o E Vn+aiOtf)'', 

or 

(13.24) 

1 2 ff /3-l 

- (y+) 2 = C/(4,y+) T {-i^' - ip^_ x - \\ 3g+ W g ) + - J2 X g+1+3j (xty. 

Comparing (113. 23|) and (|13.24[) and taking into account nondegeneracy of the matrix 
(U(x% ,y£ ))k=i,,„, g , we come to (|13.2ip . 

2. Consider the case g = 3£ + 1. Using the parametrisation £ = i~ 3 and 
?7 = i~( s+1 )(l + -|A3 9+ 2t + ...), let us study the behaviour of $ ± (x,y) in vicinity 
01 (dv) = (oo, oo). We have: 

®o{x,y,v) = w g+1 (x,y) - pTjJ(x,y), 

^f{x,y,v) = 2w g+2 (x,y) + X 3g+2 w g+1 (x,y) + X 3g w g (x,y) 

- (p a -i±p' g ) T U(x,y), 

$f(x,y,v) = ^f g {x,y:\)-\{p' g \T'ip' g -iTX2g+2p' g ) T U{x,y) 

+ ^$t(x,y,v), 

and where, as above, u>i{x, y) stands for the i— th coordinate of vector W g (x, y) and 
U(x,y) = (w 1 (x,y), . . .,w g (x,y)) T . 

The functions {&o(x,y,v),$f(x,y,v),...} simultaneously vanish at the sets 
of points {(xf,yf), (xf, yf)} € (V) 9 . According to Theorems HO and [TO 
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collections (±z, (■y 11 j 2l j 3 )) — a 1 ({(x^ b , yf)}, A) belong to C. Note, that the 
condition o~(v,X) 7^ is equivalent to nondegeneracy of matrices (U(xf ,y^)), 
i = l,...,g. 

By identifying the sets of zeros of the pairs of polynomials <&o(x,y,v) and 
$f (a;, y, v) with the sets of zeros {(tif, vf)} from Lemma Tl3. 0.41 we obtain 

r(x,y) = $ (x,y,v) and p ± (x, y) = -$f (x, y, v), 

whence follows (113.20p . It remains to express the vector , y 1 through p-functions 
and A. We utilize identity (see (jT3T2"|) and ([T37T]) ): 

[V + [±Pg,g(v, A) + X 2 3g+2 )w g+1 (x,y) + U(x,yf(2 ll - A 3g+2 p s _i) 
+\3g+2hgw g (x,y) ~ (2pg t g(v, A) + ±\l g+2 )<f> (x,y,v)] $ (x,y,v)- 

l$i(x,y,v)$t(x,y,v) ~ 2f g (x, y; A)^$ (a;, y, v) = 0, 

that is valid for all (x,y) € C 2 . Let us differentiate (|13.22[) over v g and substitute 
(a;, y) = {%t,yt) for some k G {1, . . . ,g}. We obtain: 

*r(4. . «){(% + ) 2 + % + ) T (7i +2p s , s («, A)p 3 ) + 14^(4. y+ «)} = 0, 

where we used the identity 

Thus, as $j"(x^", 7^ 0, if v is not a half-period, 

(13.25) - (y+) 2 = U(x+ 7 y+) T { 7l - lp£ - ip^ + 2p g Jv,X)p g }. 
On the other hand, from equality ^(a;^", y£, v) = 0, follows 

-(Vt) 2 = U ( X t'Vt) T {Wg - Wg-l - \^g+lPg) + \pg-lhg+2 

2/3( g -l) 

(13.26) - \\zg + 2pg-\ A 9+l+3j(- T fe) J + ^hg+2hgW g (x,y). 

3=0 

Comparing (|13.25l) and (|13.26[) and taking into account nondegeneracy of the matrix 
(U(x+,y+)) k=h ...,g, we come to □ 

In the course of proof of the theorem the following solution of the trigonal 
Jacobi inversion problem was obtained 

Theorem 13.4. Let the curve V be nondegenerate trigonal curve of genus g. 
Let w ff +i,w; g +2 are the components of the vector W. Then the Jacobi inversion 
problem is solved as 

(13.27) Wg +1 = P^U, Wg + 2 = (pg_X ± p'g) U. 

Example 13.6. Let us continue the consideration of the Example 113.21 and 
uniformize the coordinates of Jacobi and Rummer surfaces in terms of p-functions. 
Consider trigonal curve V(x,y) being defined by polynomial 

h{x, y; A) = y 3 - (Ai x 2 + X 7 x + X A )y- 

(x 4 + A 9 x 3 + A 6 x 2 + A 3 a; + A ). 
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The vectors z and 7i,7 2 ,73 are 




73 



72 = 

V 73,2 J \ % 

ipl333 - |(6p33 - Alo)pl3 
7l = ( 72,1 1 = ( |P2333 - 3(6p33 - Ai )p23 

3P3333 - 3(6p33 - Ai )p33 

The polynomials then \, p^, r reads 

X(X,V) = 2/ 2 + 2p 33 X 2 + (A10P33 - P22)y + (A9P33 + A 7 ).T 

1 o A10 . , 

+ gPl333 - 2pi3p 33 g-pl3 + A 4 , 

P ± (Xiy) = -2^2/ + pl,2 ± P133 + (P22 ± P233)^ + (P23 ± P333)y, 
t(x, y) = X 2 - P13 - p23X - P3,3V- 

Introduce in the space C 9 the coordinates pi 33 , p 233 , P333, P33, P23, P13, P12, P22, P1333, 
which we shall refere below as basis functions. The Jacobi variety J&c(V) is then 
singled out by the system of 6 equations: 

„ 4 2 2 ^2 

Pl33 = gPl3pl333 - 4p 33 p 13 + p 12 - gAi p 13 + 4A p 3 3 + 4A 4 pl 3 , 

2 2 

P133P233 =gp23pl333 + P22pl2 — ~ Aiop23pl3 + 2Agpi 3 p33 + 2A3P33, 

2 2 

P133P333 =gp33pl333 ~ 2pi 3 p 22 + P23pl2 + 2A 4 p 23 + -Ai pl3p33 + 2A 7 pi 3 , 

P233 =4p 33 p23 _ gPl333 + P22 + 8pl3p33 
4 

+4Agp33p 23 + -pl3 + +4A 6 p 33 + 4A 7 p 23 - 4A 4 
P233P333 =4p3 3 p23 ~ P23p22 — 2p 42 + 2Aiop 2 3p33 + 2Agp3 3 + 2A 7 p33, 
P333 = 4 P33 + p^ 3 + 4pi 3 - 4p 22 p 33 + 4A10P33 

These equations represent the first 6 ones from the 9 equation (|13.11|) . The three 
last lead to the four-index relations 

P3333 =6p33 - 3p 22 + 4Ai p33 

P2333 =6p23p33 + Aiop 2 3 + 3Agp 33 - 3A 7 

The coordinates (uj), i = 2,3,4,6,7,8 entering to the matrix K, given in 
(|13.12[) . are expressed 

«2 = P3,3, ^3 = P2,3, V4 = p 2j2 , V 6 = pi, 3, 
V7 = Pi, 2, ^8 = 7^(P1333 + (6p33 + Ai )pi 3 ). 
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The equations that single out Kum(V r ) are found from the condition r&nkK ^ 
4, what reduces to three equations on vanishing of the cofactors of the entries 
Ki,i, Kx.2 and K 2 .2- 

To complete the example we shall give below the set of expressions of three and 
four index symbols in terms of even basis functions. Namely we have 

- 2p33pl23 - P23pl33 + 2pi 3 p233 + Pl2p333 = 
2pl33 - 2p 33 p233 + P23p233 + P22p333 = 

- p222 + Aiop233 + 2p33p233 ~ 2p23p333 = 

also 

P3333 = 6p33 2 + M1 2 P33 ~ 3p22 + 2^ip 2 3 ~ 4^2p33 - 2^4, 
P2333 = 6p23p33 + M1 2 P23 + 3/i 3 p 33 - M2P23 ~ M5 ~ Mlp22, 

P2233 = 4p23 2 + 2p 33 p22 + M1M3P33 - M2P22 + 2yU 6 + 3yU3p23 + MlM2p23 + 4pi 3 , 

P2223 = 6p22p23 + 4^ipi 3 + M1M3P23 + M2A*3p33 + 2^ 3( U 4 + M2 2 p23 + 4^i 4 p23 + 3^ 3 p 2 2 

+ 2^i^ + - 2/U5P33, 

P2222 = 6p 22 2 - 2^M3P23 + M1M2M5 + 2fJ,ifJ, 3 fJ,4, + 24pi 3 p 33 + 4^i 2 pi 3 - 4^i 2 pl3 - 4pi 333 

+ 4/U 5 p23 + 2yUi 2 ^ 6 - 2/i 2 M6 + M3M5 - 3/i 3 2 p33 + 12^6p33 + 4/U 4 p22 

+ M2 2 p22 + 4/iiyU 3 p22, 
P1233 = 4pi 3 p23 + 2p33pl2 - 2^ip 33 pi 3 - |M1 3 P13 + §MlPl333 + §Ml 2 pl2 + 3^3pl3 

+ i/ii/i 8 + §Ml/"2pl3 - M2P12 + M9> 
P1223 = 4p 23 pl2 + 2pi 3 p 22 - 2^ 2 p33pl3 ~ 2^ 8 p 33 - §MsM2 + |^2pl333 + 3/i3pl2 + 4^4pl3 

+ |M2 2 pi3 - 2pn - 3M1V2P13 + 5M1M2P12 + M1M3P13, 

P1222 = 6p22pl2 + 6^gp 33 - M3P1333 + 4^ 5 pi 3 + M2 2 pl2 - M2/"9 + 4^4pl2 - 2/iipn 
+ 6/i3p33pl3 - 3^2M3pl3 + M1V3P13 + 3^1^12 - M1M2M8, 

P1133 = 4pi3 2 + 2p 33 pn - ^gp 23 + 2/X 6 pi 3 + yU 8 p22 - M5P12 + §M4pl333 + §^4^8 
+ 2^2M8P33 - 4^ 4 pi 3 p 33 + |^2M4P13 + MlM9p33 - MlM8p23 + MlM5pl3 

- §Ml 2 M4pl3 + §MlM4pl2, 

P1123 = 4pi2pl3 + 2p23pll + 2^ 3 ^ 4 pi 3 - M3M8P33 - 2y[i 5 pi 3 p 33 + ^2M8p23 + |a*2M5P13 

- M9P22 + 2/U 6 pl2 + ^M5P1333 + |M5M8 + M1M9P23 - JjMlVsPlS + 3M1M5P12, 
P1122 = 4pi2 2 + 2pnp22 + §Ml V6P13 + |MlM6pl2 + ^3M9p33 + M2^9p23 + 8^i 2 p33 

+ 2/i 3 ^ 4 pi2 - |^6P1333 + 4^8P13 - §M6M8 + 4^ 6 p33pl3 ~ M3M8P23 + Ai3^5pl3 

- |/"2M6P13 + M2M8P22 + M2M5P12, 
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P1113 = 6pi3pn + 6/i2yfi8pl3 - 2/!2/il2p33 - Ml 2 M8pl3 + 4^i^i 2 p23 + MlM8pl2 + M5/"9p33 
+ M5 2 P13 - 2^4M9P23 + M1M9P13 - 6,(i8p33pl3 ~ 2,U6M8p33 + AW1333 ~ 4/i 4 /Ul2 
+ 3/Ugpl2 - 6,Ui2p22 - M5M8P23 + 4^4M6pl3, 

P1112 = 6pi2pll + 6^ 3 ^i2p33 + 3^ 3 M8P13 - 2^ 6 M8p23 ~ MlM8 2 + 5^ 2 M8pl2 + 4,U2Ml2p23 

- 2 y U 1 ^ 12 p22 + 4yU4M6pl2 - M5M8P22 + M5 2 pl2 + 4^5^12 - M9pl333 - 4^12^4 

+ Ml 2 M9pl3 + 3^i^gpi2 - 2fl4flgp22 + M5M9P23 ~ 4^ 2 M9pl3 + 6^9pl3p33 ~ 3/U 8 /Zg, 
pllll = 6pn 2 + 4^ 4/ Ugpi2 - 8/i4 2 Ml2 - 2/i 2 2 /i4Ail2 - 3^ 8 2 p 2 2 - 2^i 4 /i 8 2 + M5 2 pn - 3^ 9 2 p 33 

- 4y(ii2pl333 + 24^ii2p33pl3 + 12M5Ml2p23 + M2^4M5M9 - 6^l/i3^4Ml2 

+ M1M2M5M12 + 2M6 2 M8 + 2^ 2 2 M8 2 - M5M6M9 - ^Hb^VplZ + 4/i4M6pll + 4/! 6 M8pl3 
+ 8^2M8P11 ~ 6^2M6^12 - 12^2Ail2pl3 + 4^i 2 ^i 2 pl 3 + 2^i 2 ^ 6 ^i2 + 2^ 8 ^ 5 pi 2 

- 6/U8M9P23 - 12^4Ml2p22 + M2M5 2 y"8 + 2fJ,ifJ,4fJ, 6 flg + ^lM5M6^8 + 12M6Ml2p33 

+ 4,ui^9pii + 2^ 3y u 4 2 y u 9 + 9^ 3y u 5 ^i2 - 2^ifi 3 ^i S 2 - 6^3M8M9 + 2 ( ui^ 2 M8M9 

+ M3M4M5M8 + 2^2M4M6M8 + 2^>M9 2 - 
P1233 = A3 + A10P12 + 4pi 3 p23 + 2pi2p33 
P2233 = 2A 6 + 4pi 3 + A p22 + 4p2 3 + 2p 22 p33 
P2223 = A7A10 + A 2 p23 + 6p22p23 + 2A7P33 

P2222 = 2A 6 Ai + 4Aiopi3 + Af p22 + 6p2 2 

- 4A 7 p 23 + 12A 6 p 33 + 4(6pi3p 33 - P1333) 
P1222 = A3A10 + A 2 pi2 - 4A 7 pi 3 + 6pi2p22 + 6A3P33 

P1133 = A7P12 + 2A 6 pi 3 + 4p 2 3 - A 4 p22 - la 3 p23 + 2A 4 Ai p33 + 2pnp 33 
P1123 = |A 4 A 7 + 2A 6 pi2 + |A 7 Aiopi3 + 4p 12 pi 3 - A 3 p 22 

+ A 4 Aiop23 + 2pnp23 + |(6pl3p33 ~ P1333) 

2 4 2 

P1223 = ~gA 4 Aio - pn + gA 10 pi 3 + 2pi3p 22 

+ 4pi2p23 + 2A 4 p 33 + -Aio(6pi3p 33 - P1333) 
2 2 8 

P1122 = gA 4 A 6 + A7A10P12 + 4p 12 - 4A 4 pi 3 + -A 6 Aiopi3 

2 

= A 4 Ai p22 + 2pnp22 - A3A10P23 + 8A p33 + -A 6 (6pi3p33 ~ P1333) 

P1113 = 3A 3 pi2 + A 2 pi 3 + 6A 4 Ai pi3 + 6pnpi3 - 6A0P22 - A 4 A 7 p 23 

+ 2A 4 A 6 p33 - A3A7P33 + 2A Ai p33 + A 4 (6pi3p 33 - P1333) 

13.6. Comparison with hyperelliptic case 

Let V be the hyperelliptic curve of genus g realized as two-sheeted covering of 
the extended complex plane, 



(13.28) 



2g+2 

y 2 - X kX k = 0. 

fe=0 
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The vector W2 is given as 

W 2 = {l,x,...,x g - 1 ) T - 

Introduce the matrix 

H = {hi,k}i,k=X,...,g+2, hik = 4pj_i i fc_i — 2pfe i j_ 2 — %Pi,k-2 

(13.29) +- (^,fc(A 2 i-2 + A 2 fc-2) + 4,-i+iA 2 i-i + 5»,fc+iA2fc-i) 
Denote the minors of the matrix H as follows 

■S'[j-i 1 !!!im]{' l i*ji}fe=i,-,/»iJ=i,.".n 

Theorem 13.5 ([BEL997b]). The matrix H has the following property Let 
W = (1, x, ... , x 9+l ) then for arbitrary vectors the equality is valid 

y r y s = HW s , and in particular 

2g+2 

W T HW = X i xi 

i=0 

The Jacobi inversion problem is solved as 

Theorem 13.6. Let the curve V be nondegenerate hyperelliptic curve of genus 
g given by the eqution 

2g 

y 2 _ Ax 2g+1 _ J- Afc x fe = 
k=Q 

and Wg+i,w g +2 are entries to the Weiestrass gap sequence. Then the Jacobi inver- 
sion problem is solved as 

(13.30) w g+1 = p^U, w g+ 2 = p' T g U. 

Theorem 13.7. Let (z 1; W\), . . . , (z g , w g ) be the divisor, then the vectors Z = 
(1, z r , . . . , z 9+1 ), r — 1, ... ,g are orthogonal to the last collumn of the matrix H or 
equivalentely z r are the roots of the equation 

(13.31) Z 9 - p g , g (u)z 9 - 1 - ... - pi ifl (u) = 

which yeilds the solution of the Jacobi inversion problem where the second coordinate 
of the divisor is defined as follows 

a 

(13.32) w k = - Pg,g,j («)2fc~ 3 

i=l 

The meromorphic embedding of the Jacobi variety Jac(y) into C 9+ '3s(s+ 1 ) is 
described by the following 

Theorem 13.8. Introduce in C 9+ ^ 9 ^ 9+1 ^ the coordinates: hg(g + l) even func- 
tions pi j and g odd p g , g ,i, i = l,...,g Then 
rank H — 3 in generic points and 

(13.33) - ^Pi,g,gPk,g,g = det H 

The intersection of g(g + l)/2 cubics defines the Jacobi variety as algebraic variety 
in C 9 +^ 9 ( 9+1 ). 



kg+lg+2 
ig+lg+2 



Vi,/c = 1, 
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The meromorphic embedding of the Kummer variety Kum(V / ) into C^ 9 ^ 9+1 ^ is 
described by the following 

Theorem 13.9. Introduce in <C^ 9 ^ 9+1 ^ the coordinates: \g(g+l) even functions 
pi_j Then the intersection of g(g — l)/2 quartics 



(13.34) 



dot H 



klg+lg+2 
ijg+lg+2 



0,\Ji^j,k^l = l, 



defines the Kummer variety as algebraic variety in C^ 9( - 9+1 ^ . 
Theorem 13.10. The following equality is valid 



(13.35) 



R J 7r 7 ;7r/ t S = -det 



H 



ifcS+lS+2 
jl g+lg+2 



where R, S G C 4 are arbitrary vectors and 



( 



V 



-Pggk 
Pggi 

Pg,i,k-1 — Pg.i-l.k 
-M,fc-1 - Pg-l,k,i-l + Pg,k,i-2 - Pg,i,k-2 J 

Example 13.7. We shall give a number of formulas to illustrate the content of 
this section in the case of genus three. We consider the case of the curve defined 
by an equation 

6 



y 



Ax' 



3=0 



The principal matrix H is the 5x5 matrix of the form 



A 


2A1 


-2pn 


-2pl2 


-2pl3 


2"Al 


4pn + A 2 


2pl2 + 5A3 


4pl3 - 2p22 


-2p23 


-2pn 


2pi2 + ^A 3 


4p22 - 4pi 3 + A 4 


2p23 + |A 5 


-2p33 


-2pl2 


4pl3 - 2p22 


2p23 + 5A5 


4p33 + A 6 


2 


~2pl3 


-2p23 


-2p33 


2 






H = 



J 

We give list of the expressions of the p^fe-functions, that is the complete list of 
the first derivatives of the pij over the canonical fields di, as linear combinations if 
the basis functions. In this case the basis set consists of functions P333, P233, P133 
and P33, P23, P13. The basic cubic relations are 

P333 = 4 p| 3 + A6P33 + 4p23p33 + A 5 p33 + 4p 2 2 - 4p i3 + A 4 , 
P233 = 4 P23P33 + A 6 p2 3 - 4p22p23 + 8pi 3 p23 + 4pn + A 2 , 
Pl33 = 4 Pi 3 p33 + A 6 p? 3 - 4pi2pi3 + A , 
P233P333 = 4p3 3 p23 + A 6 p 2 3p33 ~ 4p22p33, 

+ 4pi 3 p33 + 2p2 3 - A5P23 + 2pi2 + A3, 

P133P233 = 4pi3p23p33 + A 6 pl3p23 ~ 2pi 2 p23 ~ 2pi 3 p 2 2 + 4p^ 3 + -Ai, 
P133P333 = 4pi 3 p33 + A6P13P33 ~ 2pi 2 p33 + 2pi 3 p23 + 2^5Pl3 ~ 2pn- 

Remaining cubic relations can be derived with the aids of the above formulae 
and relations 
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P223 = — P333P23 + P233P33 + Pl33> 
Pl23 = — P333P13 + P133P33) 
Pll3 = -P233P13 + Pl33p23, 



P222 = P333(2p23(p33 + ~T ) + 4pi 3 - P22) ~ P233 (2p33 (p33 + — ) + P23 + ~T ) 

- 2pi33p 3 3, 

Pl22 = P333(2pl3(p33 + - P12) + P233P13 ~ Pl33 (2p33 (p33 + + P23 + 

P112 = P233(2pl3(p33 + ^) - P12) - Pl33(2p23(p33 + ^) + 2pi 3 - p 22 ), 
Pill = P333(pl3p22 - 2pi 3 - P12P23) + P233 (2pl3 (p23 + ~ P12P33), 

- Pl33(2p23(p23 + -^) - P33(2pl3 ~ P22)) 

Along with the above expressions for the first derivatives of the pi.j we obtain 
an anologous list for the second derivatives, but here we give the expressions by the 
pi j -functions themselves and the constants Xk- 

P3333 = A5/2 + 4p 23 + A 6 p 33 + 6P33, 
P2333 = 6pi 3 - 2p 22 + A 6 p 23 + 6p 23 p33, 
P1333 = -2pl2 + A 6 pi 3 + 6pi3p 33 , 

P2233 = ~2pi2 + A 6 pl3 + A5P23/2 + 4p2 3 + 2p 22 p33, 
P1233 = A5P13/2 + 4pi3p 23 + 2pi2p33, 
P1133 = 6p 13 - 2pi 3 p22 + 2pi2p23, 

P2223 = — A2 - 6pn + A5P13 + A 4 p23 + 6p22p23 - A3P33/2, 

P1223 = -Ai/2 + A4P13 - 2pi 3 + 4pi3p22 + 2pi2p23 + 2pnp 33 , 

P1123 = -Aq + A3P13/2 + 4pi2pl3 + 2pnp23, 
P1113 = A 2 pl3 + 6pnpi3 - Aip23/2 + A p33, 

P2222 = — 3Ai/2 + A3A5/8 - A 2 A 6 /2 - 3A 6 pn + A 5 pi 2 + 12p 13 + 

A 4 p22 - 12pi 3 p22 + 6p22 + A3P23 + 12pi2p23 ~ 3A 2 p33 ~ 12pllp33, 

P1222 = -2A - AiA 6 /4 - A5P11/2 + A 4 pi2 + A3P13 + 6P12P22 - 3Aip 33 /2, 
P1122 = -AoA 6 /2 + A3P12/2 + 4p^ 2 + A2P13 + 2pnp22 - A1P23/2 - 2A p33, 

P1112 = -A0A5/4 + A 2 pl2 + 6pnpi2 + 3Aipi 3 /2 - Aip22/2 - 2A p23, 
1 1 „ 

P1111 = --rA A 4 + -A1A3 - 3A p22 + A1P12 + A 2 pn + 4A pi 3 + 6p n . 
Z o 



13.7. Nonlinear differential equations integrable in trigonal ^functions 

In view of the results of Theorem 1 1 3 . 31 generating functions G\{t) and (?2(i) in- 
troduced in the assertion (1) of Corollary 113.2. II obtain another interpretation. Let 
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the vector Z be given by formulas (|13.20|) and (|13.21j) . then the polynomials gen- 
erated by functions Gi(t) and G^i) are differential relations, to which p- functions 
satisfy. 

On the other hand, defining the vector Z by formulas 

71 = \( U " _ ( 6u 9 + ^S,3[ 5 /3]^3g+l + S g,X+3[g/3]\^3g+2) U + $g,l+3[g/3] ^3 9 +2<? + L g ) 

72 = <?' 73 = z = u 'i h g+ i t g + i = 2u g , h g+ i >g+2 = ~ <5 ff , 1 + 3 [ 9 /3] A 3 9 + 2 , 

we obtain with the help of generating functions Gi(t) and G^if) a collection of 
differential polynomials — S\(q,u,u' ,u"). Let us complete the collection 
with the collection of linear expressions 

5,1 = Wi ~ wSn u i' ^k--^;^, ^qk - -£r k qi] i,k = l,...,g,i > k 

to the collection S x = U S 1 = S\(q, u, -£^q, ...,q' = -£-q, -£^u, ...,u' = 
w-u,u"). 

Proposition 13.11. System S\ — of nonlinear differential equations of sec- 
ond order with respect to functions q and u allows a solution in trigonal p-functions 

Q = Pg-l and U = Pg- 

Introduce a grading of the independent variables v T = (v\, . . . , v g ) according 
to the rule degw^ = degu^ — 2g + l, so that degv g = — 1, degu s _i = —2 and so on, 
(note that the sequence — deg v forms the Weierstrass sequence generated by a pair 
of coprime integers (3, <? + 1), sec [BEL999 ). For functions q and u we assume 
the weights that follow from the convention adopted in ^ 13 .31 about the weights 
of coordinates of vectors 7 2 and 7 3 , and, so degu g = 2, degu g _i = degq g = 3 
and so on. Members of the collection S\ are homogeneous differential polynomials 
with respect to this grading. Let us consider the lower weight polynomials in more 
detail. 

Each of the generating functions G\(t) and G2(t) produce one polynomial of 
each weight. At that the function G2{t) generates polynomials of weight not less 
than 2g — 3[^-] = g + 3 — 5. Thus the elements of the lowest weights 3 and 4 
in the collection S 1 ^ are generated by the function Gi(t). Namely, there is a single 
polynomial 1^3 — q g — %-i of weight 3 and a single polynomial of weight 4: 

V>4 = u'g - 6u 2 g + 3q g -i - aq g - bu g - c, 

where 

{a,b,c} = {25 gA+3[g/3 ]\ 3g+2 ,<iSg,3{g/3]hg+l + $g,l+3[g/3] ^3g+2 1 2 ^g,l+3[s/3] hg-1 }■ 

Denote v g = £, = r\ and u g = U/2, and partial derivatives of U over £ and 77 
denote by subscripts, for instance, j^U = Ug, -§^U = etc. From the system of 
equations (ip3, ipi, S 1 ) = follows a differential equation w.r.t. U of the form: 

(13.36) W m + (U m - 6U ( U) ( - aU in - bU# = 0, 

that is the well-known Boussinesq equation. By Proposition 113.111 the equation 
(|13.36l) is satisfied by the function U = 2p g ^ g (u\, . . . , n, f, A) constructed by the 
model of a trigonal curve defined by equation 

[2s±2] 

3=0 j=0 
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Let us compare the result obtained with an analogous result from the hyperellip- 
tic theory BEL997b . The hyperelliptic function 2p g . g (u\, . . . , 77, £, A) constructed 
by the model of a hyperelliptic curve 

y 2 _ 4t 2 3+ i _ J2 \ 2jX i = 0, 

3=0 

is a solution of Korteweg-de Vries hierarchy and, particularly, of the classical KdV 
equation: 

(13.37) 2U n - U m + 6UUt = 0. 

At certain constraints imposed on the values of the parameters A the hyperelliptic 
function 2pi.i of weight 4<? — 2 is a solution of Kadomtsev-Petviashvili equation: 

(13.38) 4% - W m - (U m - 6UsU)t = 0, 

and with the help of the function px,g of weight 2g — 2 a solution of sine-Gordon 
equation is constructed. 

In both cases (I13.36[) and (|13.3T[) the solution U = 2p g>g is a function of weight 
2, the least weight possible for a p-function, while the weights {— deg £, — deg 77} are 
the initial segments of the corresponding Weierstrass sequences: {1,2} for (|13.36l) 
and {1,3} for (|13.37j) . At that the right-hand sides of (|13.36|) and (|13.37j) are 
obtained by (multiple) differentiation w.r.t. £ of the polynomial of weight 4 that 
corresponds to the relation p g , g , g , g — 6p gi3 H = 0. 

Elements of weights > 4 from the family 5a after repeated differentiation lead to 
a system of nonlinear differential equations w.r.t. the function U that is to Boussi- 
nesq hierarchy. Systems of differential equations satisfied by the higher weight p- 
functions form families that do not reduce to Boussinesq hierarchy. We are going 
to consider this matter in detail in our nearest publications. 

PROPOSITION 13.12. For the function U — 2p g<g (ux, . . . , £, 77, £, A) of weight 2 
built by the (n, s) -model of a curve y n — x s + ■ ■ ■ = to be a solution of equation 
(113. 38|) . it is necessary that the number of sheets of the model n is not less than 4. 

PROOF. Indeed, let us apply a scale transform (U, £, 77, £) n- (t 2 U, i~ ai £, t~ a2 7], t~ 
to equation (|13.38|) . 

From the claim of homogeneity we obtain {«i, 012, 0:3} = {1, 2, 3}, i.e. the initial 
segment of the Weierstrass sequence contains the triple {1,2,3}, and, therefore, 
n > 3. □ 

In some cases the condition n > 3 is sufficient. By the homogeneity reasons a 
polynomial relation of weight 4 for p-functions, if exists, is always of the form 

Pg,g,g,g = §Pg,g + a 0Pg,g-2 + &0P S -1, S -1 + a\Pg,g-x + a2pg,g + 0>4, 
where subscripts of parameters a and b are equal to their weights. At the "rational 
limit" A > the parameters 04,02 and a\ vanish, while the function <r(v,X) 
becomes a special Schur polynomial cr njS (i?), so-called Schur- Weierstrass polynomial 
(see [BEL999]). As is known |Kac93| . doubled second partial derivative of any 
Schur polynomial w.r.t. the variable of weight 1, and, particularly, the rational 
limit of the function 2p ff)S , is a rational solution of equation (|13.38j) . whence follow 
ag = —4 and bo = 3. 



Appendix I: A set of formulae for genus 2 



Material of this appendix represents elements of a handbook on the genus two 
hyperelliptic (ultraelliptic) functions. We mostly collected here formulae involving 
hyperelliptic a functions that are relevant to the above presented exposition. 



13.8. Hyperelliptic curve of genus two 

We consider a hyperelliptic curve X 2 of genus two 

w 2 = 4(z - e 1 )(z - e 2 )(z - e 3 )(z - e 4 )(z - e 5 ) 
13.39 , 

= 4z 5 + A 4 z 4 + A 3 z 3 + X 2 z 2 + X lZ + \ . 

The basic holomorphic and meromorphic differentials are 

(13.40) d ttl = ^, dri= 12,3 + 2A^ + A 3 , d 

w Aw 

(13.41) du 2 = , dr 2 = — dz. 

w w 

For arbitrary points P = (x,y),Q = (z,w) G V fundamental non-normalized 
bi-differcntial dcD(P, Q) is given as 

(13.42) ^Q) = nX / )+ lr -- 

A(x-z) 2 y w 

with F(x, z) given by the formula 

2 

(13.43) F(x, z) = J2 z k x k (2\ 2k + X 2k+1 (x + z)) 
Equivalently this formula is written as 

(13.44) F(x, z) = = £ du k (P)dr k (Q) 

For running point P = (x, y) E V and two arbitrary fixed points Pi = 
(x\,y\),P 2 = {x 2 ,y 2 ) G V the non-normalized third kind differential ujp 1 _p 2 (P) 
with first order poles in Pi = (xi,yi), P 2 = (x 2 ,y 2 ) and residues +1 and —1 is 
given 

(13.45) WPiMP) = -£±y ^.+J2du k (P) f P2 r k (P') 

l{x z > y k=0 Jp i 
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Figure 1. Homology basis on the Riemann surface of the curve 
Xi with real branch points ei < e 2 < . . . < ee = oo (upper sheet). 
The cuts are drawn from e<n-\ to e 2 i, i = 1,2, 3. The b-cycles are 
completed on the lower sheet (dotted lines). 



(13.46) 



(13.47) 



w 

(zi ' t0l) zdz 



Then the Jacobi inversion problem for the equations 

»(*U™t) fa r (z 2 ,W 2 ) fa 

w 

zdz 

W Jog W 

is solved in terms of p-functions in the form 

Zl + Z 2 = p22("), ZiZ2 = -pl2(«) , 

Wk = Pl2l{u)Z k + pi22(«), fc=l,2. 



u 2 



13.8.1. Characteristics in genus two. The homology basis of the curve is 
fixed by defining the set of half-periods corresponding to the branch points. The 
characteristics of the Abelian images of the branch points are defined as 



(13, 



(e*,0) 



dit 




£i,l £i,2 



that can be also written as 

2lj = 2uj£i + 2u)'e' h i = !,...,§. 
In the homology basis given in Figure [Tj the characteristics of the branch points 



are 



(13.49) [Six] 



(13.50) [9U] 



1/10 
2 V 

2 U 1 



[2l 2 ] = 
[%] = 



1/10 
2 VI 

2 ll 1 



[2l 3 ] = 
[2te] = 



1 ( 1 
2^1 

1/0 

2 lo 



The characteristics of the vector of Riemann constants Koo yield 

1 /l r 



(13.51) 



[K^ = [2l 2 ] + [2U] = 



2 10 1 
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From the above characteristics we build 16 half-periods. Denote 10 half-periods 
for i 7^ j = 1, . . . , 5 that are images of two branch points as 

(13.52) n ij =2u(e i + e j ) + 2u'{e , i + e' j ), i = l,...,5. 
Then the characteristics of the 6 half-periods 

(13.53) [(2w)- 1 2t 4 + K x ] =:5i, i = 1, . . . , 6 

are nonsingular and odd, whereas the characteristics of the 10 half-periods 

(13.54) [(2w)" 1 n ij + Koe] =: e y , 1 < i < j < 5 

are nonsingular and even. 

Odd characteristics correspond to partitions {6}U{1, . . . , 5} and {k}U{i\, . . . , 14, 6} 
for . . ,14 ^ k. The first partition from these two corresponds to 9o and the 
second to ©1. 

The correspondence between branch points and 16 = 10 + 6 characteristics is 
given (in the fixed homology basis as follows) 



fil,2 


= [2lj + 2l 2 + K x ] = 


' 1 

1 


1 " 

1 


= {1,2} 


^1,3 


= [Si! + 2l 3 + K x ] = 


' 

1 


" 

1 


= {1,3} 


Ol t 4 


= [2li + 2l 4 + Koo] = 


' 

1 


" 




= {1,4} 


"l,5 


= [Six + 2l 5 + K x } = 


' 

1 


1 " 




= {1,5} 


^2,3 


= [2l 2 + 2l 3 + ^oc] = 


' 




" 

1 


^{2,3} 


^2,4 


= [2t 2 + 2l 4 + Koc] = 


' 




" 




^{2,4} 


^2,5 


= [2t 2 + 2l 5 + K x ] = 


' 




1 " 




^{2,5} 


^3,4 


= [2l 3 + 2l 4 + ^oc] = 


' 1 




1 " 




^{3,4} 


^3,5 


= [2l 3 + 2l 5 + Koo] = 


' 1 




" 




= {3,5} 


^4,5 


= [2t 4 + 2l 5 + Xoc] = 


' 1 




" 

1 


^{4,5} 



22(1 
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J7i = 


[2li- 









1 
1 


^{1} 


n 2 = 


[2t 2 - 


h i^oo] = 



1 


1 
1 


= {2} 


n 3 = 


[Sls- 


h ifoo] = 


1 
1 


" 

1 


^{3} 


n 4 = 


[SU- 


h #00] = 


' 1 
1 


" 



= {4} 


n 5 = 


[2t 5 - 


h K^} = 


' 1 
1 


1 " 




^{5} 


n 6 = 


[9te- 


h «"„] = 


' 1 
1 


1 " 




= {6} 



From the solution of the Jacobi inversion problem we obtain for any i,j — 
1,...,5, j 

(13.55) ti + ej = p 22 (Jly ), -e l e J = pi 2 (f2y) . 
From the relation 

F(x 1 ,x 2 ) - 2yxy 2 

one can also find 

(13.56) eiej(e p + e q + e r ) + e p e q e r = p u (n.y) , 

where i,j,p,q, and r are mutually different. 

pi j (Hi) = 00 for all odd half-periods. For even half-periods we have 

P22(0,-,j) = e," + Bj, 

Pu{^i,j) = = eiej(e k + e t + e k ) + e fe e/e m . 

for all 1 < i < j < 5 and k ^ I ^ i ^ j. 

From (I13.55P and (I13.56[) we obtain an expression for the matrix >c that is 
useful for numeric calculations because it reduces the second period matrix to an 
expression in the first period matrix and ^-constants, namely, in the case ej = 
ei,ej = e 2 , 
(13.57) 

l f eie 2 (e 3 + e 4 + e 5 ) + e 3 e 4 e 5 -e x e 2 "\ I( 2w \-i T 1 ( ^i[ £ l 
-eie 2 ex + e 2 ' 1 



e] V 012 [e] ^22 [e] 



where the characteristic [e] in the fixed homology basis reads 
[e] = [2lr] + [2l 2 ] + [if oo] 



1 i 

2 2 

1 1 

2 2 



Because exist Cf = 10 variants to choose [e] one could sum up them to find x in 
the form 
(13.58) 



J_( A 2 |A 3 
20 ^ |A 3 A 4 



2 ^ IUJ) 2^ e[e] \ e 12 [e) 22 [e] 



(2w) 
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13.8.2. Inversion of a holomorphic integral. Taking the limit z 2 — > oo in 
the Jacobi inversion problem (|13.46|) we obtain 



(13.59) 

The same limit in the ratio 
(13.60) 



(*' w) dz 



— = Ui, 
w 



Pl2(M) 



zdi 



Z\Z 2 



u 2 



p 22 {u) Zl + z 2 
leads to the Grant- Jorgenson formula ( [Gra 9~9~T| . |Jor992] ) . 

_ CTl(tt) 



(13.61) 



cr 2 (w) 

In terms of ^-functions this can be given the form 

a f/ 0[K oo ]((2 W )- 1 «;r) 



(13.62) 



a v ^K 00 ]((2 W )-iu;r) 



»((2w)- 1 ix;r)=0 



where here and below du = Sf=i ^i~§T ^ s ^ ne derivative along the direction U. 
Here we introduced the "winding vectors" U, V as column vectors of the inverse 
matrix 

(13.63) (2w) _1 = (U, V) . 

For the w coordinate two equivalent representations can be given 
1 a(2u) 

(°0 



(13.64) 



1 



(<7ii(it) + 2zai 2 (u) + z 2 a 22 (u)) 



(13.65) 



(u) 

From (|13.61[) we obtain for all finite branch points 

du0[5i] 



e > = TT^T' equivalently, e l 



dv6[5i. 



, i = 1,...,5. 



This formula was mentioned by Bolza [B o 18 8 6] (see his Eq. (6)) for the case of a 
genus two curve with finite branch points. 
The ^-formula reads 



(13.66) 



Ci(tt) +2ni + 

2 zi — z 2 

/•(«l|t"l) 

( 2 (u) + 2n 2 = / dr 2 (z,w 

J(e 2 ,0) 



dri(z,w)+ / dri(z,w), 

(e 2 ,0) -Ae 4 ,0) 
(z 2 ,w 2 ) 

dr 2 (z,w) , 

(e 4 ,0) 



where n, = ^ i=1 v'ji e 'i + Vji e i- Here the characteristics e\ and of If ^ are not 
reduced. 

Choosing (zi,wi) = (Z,W), (z 2 ,w 2 ) = (e4,0) we get from ()13.G6j) 
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(13.67) 



(Z,W) 

(e 2 ,0) 
(Z,W) 

(62,0) 



du + K c 



du + K 



1 W 
2ni + - 



2 Z - e 4 



(2,W) 



2n 2 



(ea,0) 

dr2(z, to) . 



dri(z,w), 



(e 2 ,0) 



The inversion formula for the integral of the third kind is written as 



(13.68) 



W 
with 



1 d.x 

x- Z y 



dr + In — - — In — ; 

(e 2 ,0) (7(U + V - Krx,) a^u' + v-Koo) 



V — 



(Z,W) 



(e 2 ,0) 



du, u = / du, u' = 



du 



and u € ©1, vf € 0i. The integrals 



(Z,W) 



(e 2 ,0) 



dr are given by the formula (|13.6T|) . 



In the case when the base point P' is chosen to be a branch point, say (e2, 0) 
then the final formula takes the form 



IT' 



1 dx 

(e 2 ,o) x- Z y 

(13.69) 



2 (u T - Stf) 



C(« + K^) - 2( J7 V JCoo + r^J - -5(Z, W) 



a{u- v-Koo) a{%l 2 -v-K c 
In — - r — m- 



CT^ + V-Koo) (t(31 2 +V - Koo) 

13.9. Modular equation for er-function and recursion 

Denote the vector 

/ — a + \U2<T2 + U\0\ 

(l^ 1 ~ io^i^ui + 3u^))cr - |A 3 Uicr 2 + U 2 (Ti + ±02,2 

(2A mim 2 - To^iu% - 5A2 - ^A 3 Aiu 2 )er - |AiUict 2 + 2er M 

V(|A Ui + JA1U1U2 - 2^ 2U 2 ~ ^A 3 A2Ui) - (^A 2 Ui + ^A 3 )(T2 + (Ti^y 

by £ and the matrix 

— |Ai — 2A 2 



10 x 



5A1A3 



§ A? - 4A A 2 



\^)AiA2 — |AoA 3 
by m. Then for 



-10A + |A 2 A 3 



jj AlA2 — 6AqA 3 



-8A a + §A§ 



-|A 3 \ 
-6A 2 
-40A 

3A 2 — -^AiA 3 — 10Aq + ^A 2 A 3 — 8A1 + |A§y 



|AiA 3 



5^2 



9cr <9ct 9a da 
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22:S 



wc have 



(13.70) 



£ + mA = 



iff a = it(ui, W2j Ao, Ai, A2, A3) is the fundamental er-function associated with a 
genus 2 curve 



V = { (x, y) G C 2 I /(x, y) = y 2 - 4x 5 - £ A,x l = 0}. 

»=o 



Note, that detm is proportional to the discriminant A. z (A w (f(z,w))\ 
As usual, denote 



d d 
Ci W = -t— In cr(it), C2W = 7; — hi ct(u) 



d 2 

Pu(u) = --^-Q-hi o-(«), £>ia(«) = - 



(9 2 



9m 2 



du\du2 



In a (it), 



<9 2 



P22(«) = _ ^2 ln 



Let us discuss the structure of the equations (|13.70[) . 

Note first, that the matrix m is equivalent to the symmetric matrix 



/-4A 3 
-6A 2 
-8A1 
V-lOAo 



-6A 2 
-8A1 + |A| 



-8A1 



-10A + fA 2 A 3 



— IOAq + IA2A3 |A 2 — A1A3 



10A \ 



5A1A3 



Jq\i\2 — 5A0A3 



gA x A 3 



YqAiA2 — IA0A3 



2 \2 

5 



A 2 — A0A2 J 



This is the reason to look for a representation of (|13.70p with the help of the 
symmetric matrices only. 

Let V4 be a 4-dimensional vector space over the ring 1Z of entire functions of the 
six variables {u±, Ao, Ai, A2, A3}. Introduce a pair of linear first-order operators 
acting from 1Z to V4 



fd/dX 3 \ 
d/d\ 2 
d/dXi 

\d/dX J 



and 6(a) 



I a\d/dui\ 

Ct2d/du2 

CX3U2 
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with a. £ Z . Introduce a row- vector -y = (71,72,73,74) with 7, being symmetric 
4 x 4-matrices over the ring Q[A3, A2, Ai, Ao]: 



7l 







fl 1872 
u 6125 



VI 





1872 
'6125 



3 \ 
~28 A 3 



3 \ 
'28 A 3 



/ 



72 



( 





3132 
6125 








648 








30625 


3132 





486 \ 
6125 3 


162 


6125 


6125 


V 





162 \ 
6125 2 


12250 ( 25 ^3 



73 



74 



/ 



4428 
" 6125 



( 

' 14 



3 \ 
"28 A 3 



4428 
6125 





3 \ 
28 A 3 


\ 





486 \ 
6125 3 


162 \ 
6125 2 




486 \ 
6125 3 


324 \ 
6125 2 


162 \ 
6125 1 




6125 A2 


162 \ 
6125 A1 


2l(4A2A3- 


Ao)/ 







3 \ 
~28 A 3 




216 \ 
6125 3 




162 \ 
6125 2 









Jo(15Ai-A 2 



162 \ 
6125 2 



216 

875 



Ai 



490 "3^ 

(20A - A 2 A 3 ) 



27 
<)M) 



9 j(15A!-Ai) ^(20A -A 2 A 3 ) 



I960 



AiA 3 J 



V 490 

Then the equations (|13.70|) are equivalent to 
(13.71) I [7 * <5(36, 175, -35, -42)] <5(36, 175, -35, -42) + 6 4 /ie}o- = 0, 



where 7 * S = 74 5j. The representation (|13.71|) . that is the set {7, a}, is unique. 
In the case of genus 1 (a — cr(u; 52,53) is the Weierstrass function associated with 
an elliptic curve defined by the equation 7/2 — 4x 3 + g%x + g 3 = 0) the analogue of 
(1T3TT]| is 



-1 
21 

u 96 



\2u 



a 



v 6 53 f / I SH/ 



(7 = 0, 



which is also a unique representation, if we restrict ourselves to ring operations. 
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The genus 2 cr-function is represented by a formal series 
a(ui, u 2 ; Ao, Ai, A 2 , A3) = 

E 3-3i+4m+6n+8o+10p / ,m in 10 \P _ 

u% V a,, m ,„, , p (^) £ (A 3 ^) m (A2^) n (A 1 ^) (AoO P , 

where the summation is carried over non-negatives integer £,m,n,o,p such that 
4m+6n+8o+10p+3 3L Coefficients <x^, m , n ,o,p ar e rational numbers, particularly, 

(13.72) ao, o,o, o,o = and 01,0,0,0,0 = 

The equations (I13.71[) are equivalent to the following three recursion equations with 
respect to the coefficients ae tm ,n,o,p (the first of the equations is trivial): 



a £-2,m~2,n,o,p ~ ^ a £-2,m,n,o-l : p 

— 8(3£ — 4m — 6n — 80 — lOp — 2)ai-x,m-x,n,o,p 

— 2A(n + l)a^ m -2,n+l,o,p ~ 16(0 + l)af ,m-l,n-l,o+l,p 

— 8(p + l)at,m-l,n,o-l,p+l + 3ae,m-l,n,o,p 

-20(3^-4m-6n-8o- lOp - 3)(3^ - 4m - 6n - 80 - 10p-2)a<, 
+ 400(o + l)a^ m , n , +i,p-i + 320(n + l)a^ TO , n +i, -i,p 
+ 240(?n + l)a^, m +i,n-i,o,p - 40(£ + l)a* + i, m , n , , p = 0; 

3d^-2,m-l,n-l,o,p ~~ 60a^_2, mi „, Oj p_i 

— 24(3£ - 4m - 6n - 80 - 10p)a^-i, m ,„_i, o , p 

— 20a£_i im: „ iO _i iP - 4(5£ + 8n - 20o - 30p - 5)a^ m _i )nj0) p 

— 48(o + l)at, m , n -2,o+i,p - 24(p + l)a.e, m ,„-i, -i,p+i 
+ 4:ae,m.n-i,o, P + 800(n + l)a^, TO , n +i,o,p-i 

+ 640(?7i + l)a^, m +i,„, -i,p 

+ 80(£ + 1) (3£ - 4m - 6n - 80 - 10p)a^+i, m , n , o ,p = 0; 

3a£_ 2 ,m-i,n,o-i,p - 24(3^ - Am - 6n - 80 - f Op + 2)a^_i im ,„ i0 _i i p 

— 80a^_i, m! „, o ,p_i + 240(o+ l)a^ m _i !n , +i, p _i 

— 32(n + l)a^, m -i,n+i,o-i, P - 4(12o - 40p - 5)a£, m , n _i i0iP 

— 64(p + l)a^,m,n,o-2,p+i + 4a£ :m ,„ i0 _i iP 

+ 1600(m + l)a^, m +i,„, ,p_i - 80(^ + l)(£ + 2)a e+2 , m , n ,o,p = 0. 
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The above equations together with initial conditions (|13.72|) give the complete 
information about the expansion of the c-function. 



a(ui,U2' : Ao, Ai, A 2 , A3) 



1 3 
Mi - -u 2 



U1U2 



48 5040 



ifn| U1U2 u\ 



24 24 360 22680 



A 2 



l\u\ u\u\ U\U^ u^ 1 



24 120 5040 99792 

u\u2 u\u 2 u\u 7 2 UxU^ U^ 3 



Ai 

7/.13 \ 

Ao 



12 72 504 22680 1389960 



13.10. Jacobi inversion problem 

The equations of the Jacobi inversion problem 

ui = dui + / dui, 

u 2 = du 2 + / c!m 2 ; 

are equivalent to an algebraic equation 

(13.73) V(x, u) = x 2 - p 2 i(u)x - p 12 (u) = 0, 

that is, the sought pair (x±,X2) is the pair of roots of (|13.73l) . So we have 

(13.74) p22(u) = xi + x 2l pu{u) = -XiX 2 - 
The corresponding yi is expressed as 

(13.75) yi = p222{u)xi + pi22(«), £=1,2. 

There is the following expression for the function pn(u) in terms of x\,X2 and 
Vi, V2- 

(13.76) pil(u) = ______ 

where F(xi,X2) be Kleinian 2-polar, 

2 

(13.77) F(xi,x 2 ) = ^^x2[2A2 r + A 2r+ i(a; 1 + x 2 )\. 

r=Q 

The following formulae are valid for the derivatives 

dxi 2/1X2 dx 2 y 2 X! 



dui X\ — X2 dui Xi — X2 

dxi _ yi dx 2 _ V2 

dU2 X\ — X2 ' d.U2 X\ — X2 
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Further we have from ()13.75|) 



, , yi - 2/2 , s x lV2 - x 2 y x 

P222(U) = , p22l(Mj = ■ 

Xi — X 2 Xl - X 2 

, s xivz - x 2 yi 

P2U{U) = 

Xl - x 2 

/1Q7 m , ^ V2ip(xi,x 2 ) - y 1 ip(x 2 ,x 1 ) 
(13.78) p m („) = 4{X1 _ X2)3 • 



where 



ijj{xi,x 2 ) = 4A + Ai(3xi + x 2 ) + 2X 2 xi(xi + x 2 ) + A 3 Xi(xi + 3x 2 ) 
+ 4A 4 x?x 2 + 4x1X2(3x1 +x 2 ). 



13.11. (-functions and p- function 

The relations between (-functions and the differentials of the second kind are 
the following 

/ fx rxi px 2 \ px rti i-x 2 

-Ci / du + / du + / du = / dri + / dri + / dri 



a± J a-2 / J a. J a± J a-2 



■ . du • / du + / du I = / dr 2 + / dr 2 + / dr 2 

ai J a 2 / J a J a± J a 2 



where 



if Ix Ixi x 2 \ 

~J 1 \y \ vi V2 J ' 

or* 

_f Jx\x 1 x 2 \ 

J z \y \ yi V2 J ' 

P fX I 351 X 2 \ 

" \y I yi V2 ) 



y(x~xi-x 2 ) y 1 (xi-x-x 2 ) 



X \ Xi X2^ 



2{x — x\)(x — x 2 ) 2{x\ 


- x)(xi - x 2 ) 


y 2 (x 2 - x - xi) 




2(x 2 - x)(x 2 - xi) 




y(x - p 22 {u)) - xpi 22 (u) - 


P112N 1 


2V{x,u) 


2^ 


y 


J/i 



y\yiV2j 2(x - xi)(x - x 2 ) 2(xi - x)(xi - x 2 ) 

m 

2(X2 — X)(X2 — Xl) 

y-xp 222 {u) - pl 22 (w) 
2V(x;u) 

Taking the limit x — > a = 00, we have 

fX\ fX 2 2 

-&(«)= / dri+ / dri - -p 222 (tt), 
-C 2 (w) = / dr 2 + / dr 2 . 
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All the possible pairwise products of the p^fe-functions are expressed as follows in 
terms of p22, P12, pn and constants A s : 



P222 = 4 P11 + A 3 p22 + 4p 2 i 2 + 4pi2p22 + A4P22 + A 2 , 
P222P221 = + 2 Pl2 _ 2piip 22 + -A 3 pi2 

+ 4pi2p22 + A 4 pl2p22, 
P221 = - 4pnpi2 + A 4 p^ 2 + 4p22p? 2 > 

P222P211 = -2A1P22 + 2pnp22 + 2p22p? 2 + ^2pl2 
+ 4pnpi2 + ^A 3 pi2p22, 

P222P111 = -4pn - 2p^ 2 - -A1A3 - -A1P12 - -A1A4P22 

2 1 

- ^Ip22 _ A 2 pll - -A 3 piip22 + 6pnp22pl2 

- A3P12 + --^2A4pl2 + 2A 2 pl2p22 

+ 2A 4 p 12 pii - -^A^p 12 , 

3 1 2 1 
P221P211 = 2p 12 + 2^3Pl2 + 2^1^12 + 2 pllp22pl2 - A p22, 

P221P111 = 2pnpf 2 + ^AiA 4 pi2 + A1P22P12 + 2^3pi2pn 

- ^A A 3 - A0P12 - 2A p22 - 2P22A4A0 + 2p22pn - 2^iPiii 

P211 = A0P22 - -^Ip22pl2 + A2P12 + 4pnpf 2 , 
1 1 1 2 

P211P111 = — 77A0A2 — 2A pn — -A A 3 p22 + -X 1 
z 4 c> 

- A p22pl2 - 2 A lPllP22 + 2 A lPl2 

+ 4pi2pfi + gAiA 3 pi2 + A2P12P11, 
Pin = J^(^i^ 4 + _ 4A A 3 A 4 ) + (-Ai - A A 2 )p22 
+ 2"Pi2^oA 3 + (-A1A3 - A A 4 )pn + A pi2 
+ A1P12P11 + A 2 pu - 4A p22pn + 4pn. 



These expressions may be rewritten in the form of an "extended cubic relation" . 
For arbitrary I, k £ C 4 



(13.79) l T mr T k = -jdet 



1 , (HI 



4~~" V k T 
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where tt t = (P222, — P221, P211, — pm) and H is 4 x 4 matrix 

/ A 5A1 -2pn 

tj _ 3A1 A 2 +4pn iA 3 + 2pi2 

-2pn 5A3+2P12 A 4 + 4p 22 

\ -2pi2 -2p 22 2 

The vector it satisfies the equation Hit = 0, or in detailed form 
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2pi2 \ 

2p22 

2 

/ 



(13.80) 
(13.81) 

(13.82) 
(13.83) 



-P12P222 + P22P221 + P211 = 0, 

2pllp222 + ^2^ 3 + 2 ^ 12 ^) ^ 221 

-(A 4 + 4p 22 )p2ii + 2pm = 0, 
2 A1P222 - (A2 + 4pn) P221 

+ ^2^ 3 + 2 Pl 2 ^) P2U + 2p22plll = 0, 
-A p222 + 2A1P22I + 2pnp211 - 2pi2pm 



0, 



and so the functions P22, P12 and pn are related by the equation 
(13.84) detH = 0. 

The equation (|13.84[) defines the quartic Kummer surface K in C 3 with coordinates 
X = p 22 ,Y = p 12 , Z = p n |Hud905j . 

The pjjfei-functions are expressed as follows 



(13.85) 


P2222 


(13.86) 


P2221 


(13.87) 


P2211 


(13.88) 


P2111 


(13.89) 


P1111 



3 22 



P2221 = 6p22pl2 + A 4 pi2 - 2pn, 
2 1 

!p22pn + 4p 12 + -A 3 pi2 
•P12P11 + A2P12 - 2~AiP: 



All these formulas may be condensed into a single expression. Namely, the following 
expression, which can be interpreted as a direct analogue of the Hirota bilinear 
relation |Hir972l [Hir980] . 



r /o i\ 

j-AA T + A T lo -1/2 Oj e ViV e VtV 



is identically 0, where A T = (A 2 , 2AiA 2 , A|) with A* = d/dut — djdv! i and also 
e Jri = Oi + vO- After evaluation, the powers of parameters 77 and £ are replaced 
according to the rules T] k ,^ k — > Afe/c!(6 — fc)!/6! by the constants defining the curve. 

The functions P12 and P22 can be reexpressed by the aids of (|13.85[) , (|13.86[) in 
terms of the function p 2 ,2 and its higher derivatives as follows 
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1 3 2 1 1 

Pl2 = ^P2222 - 2^22 ~ ^ A 4P22 - gA 3 

Pll — — gp22222 + I ^P22 + g A4 I p2222 

3 1, A 9 3 

2P22 + gA 4 I P222 - ^P22 

3 a 2 /^3 X l-o\ 1, . 

7A4P22 - o A 3 + o A 4 P22 - 77A4A 



2 V8 8 * J ° 6 



3- 



The substitution of these formulae to the equation of the Kummer surface leads 
to the associated differential equation. 



13.12. Representations of the group of characteristics 

Recall that in the case of genus one shift on a half period of the Weierstrass 
elliptic function is given as fractional linear transformation of the form 

(13.90) p(u + Ui) = 

dip(u) + d 2 

with a\ = ei, a 2 = —ei(ek + e/) + e^e/, d\ = 1, d% = — and indices k, I complement 
the set {i} up to {1, 2, 3}. The transformations (|13.90|) at i = 1, 2, 3 

Ti= ^d! d 2 J ^ ^ 1 -e, J' detr i =(e 4 -e fc )(e i -e I ) 

complemented by the identical transformation form the group, which is isomorphic 
to the group of characteristics. In other words we have a representation of the 
group of characteristics. 

In the the case of the genus two the picture is analogous. We have 



- a4 



(13.91) 



(13.92) Pi,a(« + n) 



(13.93) Pi,i(« + n) = 



where SI is a half-period. In the case when ft is even half-period, ft = flij the 
coefficients of the transformation are given by 



dlp2,2( U ) 


+ d 2 pi t2 (u) - 


\- d 3 pi,i(u) - 


\-di 




+ &2pl,2(«) - 


V b 3 p 1:1 (u) - 




d\p2,2{u) 


+ d 2 pi,2(u) - 


\- d 3 pi ; i(w) - 


f d 4 


Clp2,2(w) 


+ C 2 pl,2(u) - 


1- c 3 pi,i(«) - 


- C4 


d\pi,2{u) 


+ d 2 pi. 2 {u) - 


1- d 3 px.i(u) - 


t-d 4 
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ax 

hi 
h 
c\ 

C3 



S3 — Sis 2 a 2 = — s 2 — S1S1 + S 2 
-si, a 4 = -si + S 2 s 2 + 5is 2 S! 

-5351+5*252, &2 = S1S2 - 5*3, 
S2, 64 = — 25 3 S 2 + 53Sl — S2S2SI 
-2S 3 S 2 + S3S1 - 5*25251, C 2 = sj 



5is 2 si — 5 2 s 2 



-5 3 - 5is 2 , c 4 = —S 2 s 2 + 45 3 5is 2 + 52s 2 5isi 
+ 5 3 5 2 si + 5 2 S2 ~ 5 3 5iSi - 5 3 sis 2 
di = -s 2 , d 2 = -81, d 3 = -1, d 4 = 5is 2 + 5 3 

where symmetric functions Sfc = Sk[i,j], k = 1,2 and 5; = 5;[i,j], Z = 1,2,3 
corresponds to the partition of branching points {ej, e^} U {e^, e g , e r } and are given 
as 

si[i,j] = e, + e 3 -, s 2 [i,j] = e»ej 

<Si[«, j] = e p + e ? + e n S 2 [i, j] = e P e q + e p e r + e q q r , S 3 [i, j] — e p e g e r 

are built on arbitrary permutations of indices {i, j,p, q, r} from {1, 2, 3, 4, 5} 
In the case of odd half period f2 — S~2j, % = 1, . . . , 6. 

ai = -ef, a 2 =0, a 3 = 1, a 4 = e 2 Ti - e 4 T 2 
&i =0, b 2 = -e 2 , 63 = -ej, 64 = ejT 3 - T 4 
ci = -ejT3+T4, c 2 = e,(eiTi - T 2 ), c 3 = e 



c 4 = 0, 



di 



1, 



d 3 = 0, d 4 



where symmetric functions Ti — Si[i], I = 1,2,3,4 corresponds to the partition of 
branching points {e^} U {e p , e q , e r , e s } and are given as 



T\ [i] = e p + e q + e r 



The matrices 



(13.94) 



and 



(13.95) 



/ ai[i,j] a 2 [i,j] a 3 [,ji] a 4 [i,j] \ 

h[ij] b 2 [i,j] b 3 [i,j] b 4 [i,j] 

ci[i,j] c 2 [i,j] c 3 [i,j] c 4 [i,j] 

\ di[i,j] d 2 [i,j] d 3 [i,j] d 4 [i,j] J 



( ai[i] a 2 [i] a 3 [i] a 4 [i] 

h\i] b 2 [i] 63 W b 4 [i] 

d[i] c 2 [i] c 3 [i] c 4 [i] 

\ dt[i] d 2 [i] d 3 \i] d 4 [i] j 



' ' r U 5} 



^je{l,...,5} 



defining the transformation (|13.9H TH 
Remark that 



generates the group of characteristices. 



det j — (e^ 6p) (e^ Cq) (6^ 6 r ) (e^ 6p) (e 3 6^) (c 3 6 r ) 
detTj = (e< - e p ) 2 (ei - e q ) 2 (e l - e r ) 2 
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In the case when 17 is even or odd half period has the following remarkable 
property: the product T J where 

-1 






(13.96) 



/ 
1 


V o 





1 



-1 0/ 



is a symmetric matrix. 

Altogether the projective transformation corresponding to even and odd half- 
periods forms a group satisfying the following relations 



[IYj, Tk.i] — k, I are all different, 
\Ti,j, Tk] — 0, k are all different, 

{r ; ,r fc } = o, k^i, 

rijT fe j = r m (e; - e fc )(ei - ej)(e 3 - - e k )(e J - ej) i,j,k,l,m are all different, 

r m ri,j = I\;(e m - e,)(e m - ej), i, j, fc, Z, m are all different, 

where [•, •] means commutator and {•, •} means anti-commutator. 
This group is the group of symmetries of the Kummer surface. 
The transformations (113.91113.92113.931 ) can be written in the vector form. Let 

( P22O) \ 
P12O) 
pu(u) 

1 



V 



The shifts at an even half-period fljj and odd half-period fij are given by the 
formulae 

p{u + Slij) = -^—Tijp(u), 1 < i < j < 5 



V. 
1 



p(u + fli) = —Tip(u), 

I i 



i = l, 



where 

Vi,j = -p2,2{u)s 2 [i, j] - S3i,2(«)si[i,i] - Pi,i(m)s 2 + Si\p,q,r]s 2 [i,j] + S 3 [p,q,r] 



Vi = e? - p 2 ,2(ii)e l 



-Pl,2(w) 

13.13. Addition theorems 



13.13.1. Baker addition formula. 

(13.97) a{u + v) ; { "- v) 

= P22(u)pl 2 (v) - pl2(u)p 22 (v) + pll{v) - pll(u), 

which plays very important role in what follows. We shall also denote below the 
polynomial in pij(u), pij(v) standing in the right hand side of (|13.97|) as 

(13.98) B{u,v) = p22{u)pi 2 {v) - Pi2{u)p22{v) + pu(v) - p\i{u). 
From here follows 
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(13.99) 

Denote 



ct(2m) 



Pl2(u)p222(u) - p22(u)p!22(u) - p!12(u) 



(13.100) 



M(u) = p!2(u)p222(u) - p22{u)p 12 2(u) - pU2(u) 

Also, for any P = (x, y) e V, v € Jac(V), u = (j^ dui, dw 2 ) G (<r) 



o- 2 («)o-i(w) 



x - p22(w)a; - pi2(u) 



13.13.2. Analog of the Probenius Stickelberger formula. The addition 
rule on Jac(X) x Jac(A) x Jac(A), i.e. a generalization of the Frobenius Stickel- 
berger addition formula to the genus two curves can be given as follows. Let 



A(x,y;x',y'-y,y") = - 



1 


Xi 




yi 


x^ 


xiyi 


1 


X2 


X2 2 


yi 


X2 3 


X2V2 


1 


x'i 


I 2 

x'i 


y\ 


x'i 3 


x'w'i 


1 


X'2 


1 2 

X2 


y'2 


/ 3 
X 2 


x'2y' 2 


1 


x"i 


II 2 

X'l 


y\ 


// 3 

x'i 


x"iv'\ 


1 


X"2 


II 2 

x" 2 


y\ 


II 3 

x" 2 


x"2y" 2 



Also we denote 



u 



u 



r(xi,yi) r(x2,V2) 
/ du + du 

' (oo,oo) J(oq,oq) 



du 



oo,oo) 



U 



(x' 2 ,y' 2 ) 

du 

(oo,oo) 

/ du+ du, 

J (oo,oo) J (oo,oo) 



Then 



a(u + u' + u")a(u - u')a(u' - u")a(u" - u) 



a{ufa{u'fa{u"f 
minn A(x, y; x', -y')A{x', y';x", -y")A(x", y"; x, y 

{ ' V(x,x> ,x")V 2 (x)V 2 (x')V 2 {x") 

where V is the Vandermonde determinant of its arguments 

1 Xi 



= A(x,y;x',y';x",y") 



■) 



(13.102) 



V(x) = V(xi,x 2 ) 



1 x 2 



(13.103) V(x,x') = V(xi,x 2 ,x'i,x' 2 ) = 



1 


Xl 


xi 2 


xl 


1 


X2 


X2 2 


x 2 


1 


x\ 


x'i 2 


/3 

x'i 


1 


X'2 


X'2' 


/3 
X 2 
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thus V(x, x', x") is 6 x 6 Vandermonde determinant. 
In terms of Kleinian p-functions we get 

a(u + u' + u") a(u — u') a(u' — u") a(u" — u) 
a(u) 3 a(u') 3 a(u") 3 

g Pll2p'l22p222 _ g Pll2p222Pl22 _ 

7 (-P12P22 + P12P22 - P22P12 + P22P12 - 2 Pll + 

P22P12 - P22P12 + 2 p'n)piii- 
J ( 2 P22P22P12 - 2 P12P22P22 - P22P11 + P22P11 + P12P12+ 

PllP22 - 2 PllP22 ~ PllP22 ~ P12P12 + ^PllP22 - Pl2 +Pl2 JP112 + 

4 (-P11P22P22 + P22P12P12 - P22P12P12 + P11P22P22 ~ 2 pi X p' 12 - 

Pl2 2 p22 + 2 P12PH - 2 P12PH + Pi 2 2 p22 + 2 PllPl 2 )pl22 + 



I , I , I , l> ,1,1', 

(PllP22Pl2 ~ P22P12PH ~ PllP22Pl 



12 



Pl2 2 pi2 " Pl2Pi2 2 + p22Pl2Pll)p222 + 

+ cyclic permutations of p, p , p", 
where p = p(u), p' = p(u'), p" = p(u"). 



13.13.3. Addition on strata of the 0-divisor. Recall that the ^-divisor (0) 
is a subvariety in Jac(JT) given by the equation 



(13.104) 



(u\t) = 0, or equivalently cr(u) = 0. 



According to Riemann's vanishing theorem, points from (9) are represented by 



(13.105) 



du — 2ojK r 



(oo,oo) 



The co-ordinates of a point of the curve (x, y) can be given in terms of the 
er-functions restricted to the 0-divisor as follows (see ;Gra991, Jor992 ) 



<7l{Ui) 



0- 2 («f) 



, 2y 4 



(0) 



(0) 



We shall use the following result, a special case of a result by Onishi Oni02 



Oni04, Oni05 



13.13. ADDITION THEOREMS 



235 



Theorem 13.13. Let V be an algebraic curve of of genus 2. Then we have 

a(u + Ml + ■ ■ ■ + U n ) rio</c<;<r t °i U k ~ Ul) 

a^ +1 (u )...^ +1 (u n ) 

1 w 1 (x ,y ) ... w n (x ,y ) 
1 wx(xx,yx) ... u; n (xi,j/i) 



(13.106) 



1 



2[n/2-i] 



1 wi(x n ,y n ) ... w n (x n ,y n ) 



where [•] means integer part, (xo,yo), (x n ,y n ) is a non-special divisor on V, Ui 
is the Abel image 



du, 

(oo,oo) 

and o~2(ui) is the value of the a derivative restricted to the B -divisor, (ff) : o~(ui) = 
a 2 (ui) = a 2 {u ill u l2 ) 

= "5 f(l*tn u i 2 )l(T(ui)=0- 

ou i2 

The factor 1/2I"/ 2 " 1 ] arises in our version of this theorem as we use a different 
normalization of the curve than Onishi. 

In particular, for n = 1 we have 

o-(u + ui)a(u a - Mi) 



= x 1 



x - 



Remark that the Baker addition formula can be obtained from the above ad- 
dition formula. To show that we introduce the notation 



A(x,y;x',y') 



where x ~ (xi, X2) T ,y = {yi,V2) T , etc. Then by applying the above theorem, we 
obtain after simplification 

ct(m + m')(t(m — m') A(a;, y; x' , y')A(x, y; x' , —y') 





1 


Xi 


X! 2 


2/1 


1 


1 


X2 


X2 2 


2/2 


2 


1 


x'x 


x\ 2 


v'x 




1 


x' 2 


X>2 2 


y'2 



a\{u)al(u') 



V(x,x')V(x)V{x') 



where V is the Vandermonde determinant. After expanding these determinants, 
factorizing, applying the equation of the curve (12.1[) and the expressions of symmet- 
ric functions we arrive finally at the required formula (|13.106j) . This is a simplified 
version of the calculation carried out by Baker [Bak897, pp. 331-332] and also 
derived by him using another method in 1907 [Bak907 l pg. 100]. 
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13.14. 6 and cr-quotients for the case of genus two 

The formulae presented in this Section permit to express any ^-quotient with 
half integer characteristics as rational function on V 9 . We shall give these expres- 
sions following Rosenhain ^ Ros851| for the genus two curve being represented in 
the form (Richelot normal form), 

y 2 = x(l - x)(l - k 2 x){1 - X 2 x)(l - y?x). 

Then the moduli of the curve, K, (i, v are expressible in terms of ^-constants as 
follows 



K 2 



K 2 



6)2 [oo] 2 6>2 [08] 2 

o 2 \ll] 2 e 2 C] 2 ■ 

° 2 [h1] 2 o 2 [S8] 2 
e 2 a 2 9 2 Q} 2 



v 2 m 2 o 2 

& 2 BSIa^Da ' 
° 2 [11] 2 o 2 [gg] a 

e 2 a 2 o 2 a 2 



i 2 [hh] 2 o 2 [\\] 2 e 2 [°&] 2 



A 2 = 



* 2 [h1] 2 e 2 [hl] 2 

° 2 a 2 ° 2 p 2 



l-A 2 



[00)2 ' 



p 2 l 



[00)2 



? 2 [1°i] 2 e 2 [%U 

e 2 [°o%o 2 a 2 



1 2 [iv\ 2 q 2 [\i] 2 e 2 mu 

e 2 [l%e 2 a 2 e 2 [°°] 2 



K — jl ■ 

(13.107) 

All the 9- 



9 2 [gg] a g a [r!]^ 2 P 2 

^□ 2 ^ 2 D 2 ^P 2 



quotients with half integer characteristics are given as follows 
kX/i X\X 2 , 

hX^jl 



2 


[11 




e 2 


[??: 


2 mm 


9 2 


[il 


I 2 (»(*>)) 


9 2 


[??: 


2 («(©)) 


e 2 


bi; 


| 2 («(©)) 


e 2 


e?: 


2 W)) 


9 2 


ror 
Loo. 


la (W) 


9 2 


[??: 


2 (21(C)) 


o 2 [gg; 


| 2 (21(C)) 


9 2 


[??: 


a (21(C)) 


9 2 


roo" 
L01. 


la (21(C)) 


9 2 


[?s: 


2 (21(C)) 



\/T~^Vl — A 2 " v/T - 7? 



VLTAVA 2 - h 2 Vk 2 - X 2 
kX 



V^T^V^ 2 — 772yA2— ^2 

£1X2(1 - x l)( l - x 1) 

VT^VT^X I ^r~iI 2 (x 2 - Xl ) 2 ' 

yi , y2 



(1 - Xi)(l - x 2 ), 

(1 - K 2 Xl)(l - K 2 X 2 ), 

(l-X 2 Xl )(l-X 2 x 2 ), 

(1 - yU 2 Xl)(l - Ai 2 X 2 ), 



± 



zi(l-xi) x 2 (l-x 2 ) 
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2 [gj] 2 (*P)) _ A^(l - AVKl - A 2 x 2 )(l - /z 2 xi)(l - m 2 ^ 2 ) 

e 2 Q 2 (a(x>)) yr^ v / r^2y^A^y^7?(x 2 -x 1 )2 

\ 2 

yi ± 2/1 



(1- \* Xl )(l - vPxi) (1- X 2 x 2 )(l- fi 2 x 2 )J ' 

e 2 [;s] 2 (gt(x>)) _ - - - - « 2 x 2 ) 

2 P 2 (21(2?)) Vl - ^v/l - M^V^A 2 "^^^-^) 2 

2/1 ± 2/2 



q2 Tool 

* LioJ 2 



(1 - fl 2 Xl)(l - K 2 Xl) (1 - /1 2 X 2 )(1 - K 2 X 2 ) J 



(21(2?)) K A(1 - A 2 xx)(l - A 2 a; 2 )(l - « 2 xi)(l - n 2 x 2 ) 



e 2 p 2 (2i(2?)) ~ yi - ^Vi - aV^^Va^ - ?(* 2 - .xi) 2 

x ( yi (l - X 2 Xl )(l - k 2 Xi ) ± y 2 (l - A 2 z 2 )(l - k 2 ^)) 1 
# 2 [ii] 2 W)) _ «(1 - zi)(l - ar 2 )(l - K 2 a;i)(l - K 2 rr 2 ) 



2 g°] 2 (21(2?)) ^VT^AW^v^^O^ - *i) 2 

2/i ± 2/2 



(l-a;i)(l-K 2 a;i) (1 - z 2 )(l - k 2 x 2 ) 
2 [\l] 2 (21(2?)) A(l - £!)(! - x 2 )(l - A 2 xx)(l - A 2 x 2 ) 



e 2 B5] 2 (2i(2?)) v /i— - xi) 2 

2/i ± 2/2 



.(l-xi)(l-A 2 a:i) (l-x 2 )(l- A 2 x 2 ) 
9 2 2 (21(2?)) M (l - Xl )(l- x 2 )(l - f Xl )(l - n 2 X2) 



2 P 2 (21(2?)) ^l^^}?^-^^xT~^{x 2 -x l ) 2 

2/1 ± 2/2 



,(l-a;i)(l-M 2 a;i) (1 - ar 2 )(l - /j?x 2 ) J ' 

^ \h\] 2 mV)) _ K Xl X 2 (l - ^ 2 X!)(l ^ ^ 2 X 2 ) 

2 [??] 2 (2t(2?)) ^l^^^—y^T—^ {x2 _ Xl? 

Vi ± 2/2 



,a;i(l — k 2 xi) a; 2 (l — k 2 x 2 ) J 
6 2 (21(2?)) Ax 1 x 2 (l - AV)(1 - A 2 ^) 



tf 2 [°°] 2 (21(2?)) aVa^W^A 2 "^-^) 2 



2/i ± 2/2 



- A 2 xi) x 2 (l-A 2 x 2 ) 
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? 2 BgUgcg)) 

/j2 roo 



//XiX2(l - [l 2 Xi){l - [l 2 X 2 ) 



i?] 2 ^V^" ^V^7?(a; 2 - Xi) 5 

2/1 ± 3/2 

i Xl(l-^ 2 .Xi) x 2 (l-^ 2 x 2 ), 

The following expressions in terms of Kleinian functions are valid in the case 
of genus two. Let 

5 

y 2 = R(x), R(x) = 4 JJ(£- e k ), ei^ej 



also 

then 
(13.108) 

(13.109) 



fc=i 



v = (2a;)" 1 I du-K c 

fc=l, ^ V 



(oo,oo) 



g 2 [^ fc ](^|T) 

9 2 {v\t) 



e 2 



V2i?'(e fc ) 

2 [2t fc + 2l ; ](-u|r) ^rf™^() 
y/2R'(e k )R'(ei) 



9 2 (v\t) 
(13.110) 

0[« fc ](«|T)0[3lj](i7|T)0[a fc + Oj](»|r) e-^tl^l+l 21 ^^ - e,) 



3 (w|r) 



Qw( w )> 



where 



Vk(u) = e 2 - p 22 (w)e fc - pi, 2 (w), 
Qk,i{u) = pn(u) + piu(u)(ek + e{) + p 22 {u)e k ei + e k ,i, 
K k ,i(u) = pn 2 (u) + (e fe + e ; )pi 22 (it) + e fe e/p 222 (u), 

|2Cfe| = (— l) (5 fc (5fc for the characteristic = ^ r and the quantities e^,; = 

(^p ~T" — I - ^r) — I - ^p&q&r • 

The complete set of hyperelliptic formulae is given in the case of genus two by 
Forsyth [For882j . 

13.15. Rosenhain formulae 

Rosenhain discovered in 1851 the following: 

Theorem Let [Si], . . . , [S&] be the six odd characteristics and [Si] and [62] are 
any two from them. With the remaining four [<5;+i], i = 1, . . . , 4 and 

[e t ] = [Si] + [S 2 ] + S l+2 (mod 1) 

there esist 15 relations. The first one reads 

D[Si,S 2 ] = 9i[Si]9 2 [S 2 ] - 9 2 [Si]6i[S 2 ] 

±TT 2 9[ei]9[e 2 ]9[e 3 ]9[e 4 ] 



(13.111) 



remaining 14 are obtained by cyclic permutations The complete list of the Rosen- 
hain formulae Ros851 for the case g = 2 
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D 



D 



D 



D 



D 



D 



D 



D 



D 



D 



D 



D 



D 



D 



D 



o 1 
o 1 



i i 

1 



1 

1 1 



1 

1 1 



1 

1 1 



1 

1 1 



1 

1 1 



1 
1 



1 1 

1 



1 1 

1 



1 
1 



1 1 

1 



1 1 

1 



1 
1 



1 
1 



1 1 

1 



1 
1 



1 

1 1 



1 
1 



1 1 

1 



1 1 

1 



1 
1 



1 

1 1 



1 

1 1 



1 

1 1 



1 

1 1 



1 1 

1 



1 
1 



1 1 

1 



1 
1 



^E8] a 'Ea a 'Gi] a '[?S] a . (P 2 ); 



= - 2 o[ll] 2 o[Z] 2 or 1 ] 2 e[^] 2 , (p 2 ) ; 



^GS] a 'B?] 9 '[?8] a 'B?] a . (GJ] 2 ) 



- 2 o[^ 2 e[l1] 2 e[ll] 2 e[l\] 2 , ([?°] 2 ) ; 



= - 2 o[^] 2 o[^] 2 o[H] 2 e[^ ] 2 , ([ig] 2 ) ; 



= - 2 o[l>l] 2 o[^} 2 o[^] 2 e[l Q \ 2 , ([?j] 2 ) 



= -Ma*[o?] a ^] a *l??] a > ([io] a ); 



= * 2 o[ti] 2 e[%] 2 e[\l] 2 o[H] 2 , (p 2 ) ; 



^ 2 n??] 2 *p a ^] 2 ^o] 2 , (B?] 2 ) 



- 2 o[ll] 2 o[^] 2 o[r ] 2 e[l ] 2 , (^] 2 ); 



= - 2 o[%] 2 o[l ] 2 e[r 1 ] 2 o[^] 2 , ([ii] 9 ) ; 



= - 2 o[^] 2 o[ll] 2 e[%] 2 e[H] 2 , ([??] a ); 



« 2 e[%] 2 e[V ] 2 e[ll] 2 6[<ll] 2 , 



- 2 o[^] 2 e[^] 2 e[^] 2 e[%] 2 , ([ 



il] 2 ) 



We pointed at the right margin the characteristic, which is the sum of characteristics 
of each entry to the corresponding equality. 
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13.15.1. Winding vectors. For any k ^ I ^ p,q,r from the set {1,...,5} 
(there are 10 different possibilities) the following representation is valid (see theo- 
rem [ 



(13.112) 

where 

(13.113) 



2uj = 



T, 



pqr 



9{k,l}(e k - ei)2 



u 




(* 






efe) 




i)( 



T k = 9{p,k}9{q,k}9{r,k}, 
T l = 9{p,l}9{q,l}9{r,l}, 
T pqr = 9{p,q}9{p,r}9{q,r}. 



9i{l} 9 2 {l} 
9i{k} 9 2 {k} 



Remark that the modular form of the weight 5, XSt is given in this notations as 
Xs= II 0[e}=T k T l T pqr 9{k,l} 

even [e] 

with k ^ I ^ p ^ q ^ r e {1, 2, 3,4, 5}. 

Choosing k = 2 and I = 4, and normalizing the curve with e 2 — and = 1, 
we obtain the explicit result 



(13.114) 

where 

(13.115) 



2w 



T 2 

X5 



T135 01 [oi 

t, 0i m 



T135 02 [oi 

t 4 02 [si 



r 2 =0[ii] 2 0[g?] 2 0[gj 



T 4 - 61 [lo] 2 6 [oo] 2 [oi] 2 ' 
Tl35 = [ll] 2 [lo] 2 9 [oo] 



In the derivation of this result we used the equality (i = 1, 2) 



[oo] 



158] 



[o?] 



*< [18] 



[ii] 



% [oi] 



[??] 



Go] 



[oo] J 



equivalently 0,{2}T 4 - 4 {4}T 2 = 0,:{6}T 135 , 

which can be derived from addition theorems as given, e. g., on p. 342 in Baker(1897); 
a complete set of such relations can be found in Forsyth (1882). 

The entries to the inverse matrix p = 2uj~ 1 are the normalizing constants of 
the holomorphic differentials. Its columns represent the so-called winding vectors 
in the Its-Matveev formula Its&Matveev (1975) for the genus two solution of the 
KdV equation. For the case of g = 2 the general formula (|2 . 73[) for p reduces to 



(13.116) p=(2u))~ 1 = 



ir 2 T 2 

■*■ pqr 



9 2 {k} 
-9i{k} 



h{l} 
h{l} 















\ ei 





With the normalization e% = 0, 64 = 1, this coincides with the formulae given in 
the Rosenhain memoir of Rosenhain (1851), page 75: 



(13.117) 



1 



7T 2 T 2 

71 J 135 



-746*2 [n] 2 

"Oil 

11J2 



T 4 9 1 r« 



2"l3502 [01] 2 
- Tl3501 [oJ] 
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13.16. Absolute invariants of genus two curve 

Absolute invariants of the genus two hyperelliptic curves serves to check equiv- 
alence of the curves under the Mobius transformations. In the case of genus two 
curve exist 3 absolute invariants that could be expressed both in terms of coefficients 
of the curves as well in thcta-constants. We will use both representations. 

Let the curve is given as sextic, 

(13.118) y 2 = Uqx 6 + uix b + U2^ 4 + u 3 x 3 + u^x 2 + u$x + Uq. 

Denote branch points as ej,j = 1, ... ,6 and denote (i, j) — a ~ ej. Then relative 
invariants with respect to the Mobius transformations are given as 

A{u)=ul (12) 2 (34) 2 (56) 2 

fifteen 

B{u) = m^(12) 2 (23) 2 (31) 2 (45) 2 (56) 2 (64) 2 

ton 

C(u) = ul ^(12) 2 (23) 2 (31) 2 (45) 2 (56) 2 (64) 2 (14) 2 (25) 2 (36) 2 

sixty 

D(u) = u 1 °Y[(j,k) 2 , 

j<k 

where D(u) is just the discriminant of the sextic. Direct computation leads to the 
following expressions for A,B,C,D in terms of coefficients of (|13.118[) . 

A = 2(20uiU5 — 8112U4 + 3it 2 — 81*11*3 — 120i*6i*o + 20i*oi*4) 

/ O O 9 9 9 9 9^ 

B = A(u 2 u 4 — 3i*iU3ii 4 — 3i* 2 i*3U5 + 9uiu 2 i*5 + 1*1^2^4^5 — 20u 1 u 5 + 12u 2 U6 

— 45l*i1*2U3l*6 + 75lt 2 1*4l*6 + 12lio1i4 — 135Mo1tlM5l*6 — 126lto1i2M4U6 + 8IU0U3M6 

+ 75uqU2U 2 — 45uo u 3 u 4' lt 5 + 4:05uqUq) 



C = —12u\u\ — 12it 2 i*3ii5 + Au 2 u 2 u 2 — 119ttitt2it 2 U4it5 — I2M1M3U 2 + 36U1U3M5 + 88u 2 u 2 u 2 

2 2 324 3 32 

+ 246uiu 2 U3ii4it6 — 930w 1 U2it3U5Ug + 30u 2 u 3 uq — 80u 2 U4 u 6 + 38u 2 U3U4U5 + 1125u 1 it3U 6 

ry ry ry rt Q ry ry o ry ry ry ry rt 

— A50u 1 u 2 u e — I6OU1U5 + 14uiu 2 u 4 U5 + i8uiU2U 3 u% + 13uiu 2 U3U 5 + 32u 1 U2U4U 5 — 99U1U2U3M6 

3 22 3 22 32 4 

+ 308uiu 2 u§U6 — 320u 1 U2U 4 uq + SOOu^^u^uq + lGbu^^u^UQ — 48u 2 u 6 uo + 81u 3 ueUo 

— A&u%uqu q — 5022u 3 u 6 u + %)u z u\uq — 80u2U 4 uq — 59940ugug + %)8u\u\u^uq — 320u 2 U4U 5 uq 

3 3 22 22 2222 

— 99U3W4U5W0 + 800itiU2%uo + 165u2W 3 u 5 uo — 9300u 1 U4U 6 uo — 9300^2^5^6^0 + 212u 2 u 4 uqUq 

ry ry ry ry 9 9/19 9 9 

+ 10332w2U4U 6 u — \\2QuiU 5 uqUq + 29970uiU5it 6 u — 18u 2 u 5 + 1736uiU2U^u^uqUo + ISu^^u^u^ 

r) A 9 9 9 ^9 9 9 9 

— 181/41/4 — 450it 4 i/, 5 i/, + II25U3M5M0 — 930uiu 3 U4U 5 u + 2A6u 2 u 3 u 4 u 5 u + 1530uiu 2 u 3 u 6 uq 

2 2 2 2 2 

— 438U1U3U4U6M0 — 234U2M3U4U6U0 + 909uiU 3 U^UqUq — 438u 2 U3M5U6 w + 1530u3U4U5UqU 



These formulae could be found in |S V04] . 
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Alternatively the relative invariants can be rewritten by means of Bolza (|13.65|) 
and Roscnhain (|13.111|) formulae in terms of the ^-constants as follows 

E II ^[e k ] 

12 15 terms fc=l,...,6, Yl [efc]=0 



(13.119) J 2 = 487T 1 



n m 

6 odd [<5] 



e ^[ £k ] n 6,4 [ £ ] 

(13.120) J 4 = 727T 24 Hflfiifl 

( n 0i 

V 6 odd [5] / 



(13.121) J 6 = 12tt 



E 0[ef E ft ^ 4 M 

36 60 terms 6 terms [e k ]/[e], E[ek]=0 fc=l 



n ^1 [<*] 

v 6 odd [<5] 



n 12 n 



(13.122) J 10 = vr 60 10even[£] 




To the best knowledge of the authors this representation of relative invariants in 
terms of theta-constants is published to the hrst time. 

Summarizing we get for the absolute invariants taken in the form of the [SV04] 

Theorem 13.14. Absolute invariants which are quotients of relative invariants 
of the same order that we fix in the form 

(13.123) ix = 1444 z 2 ^-1728 (J4J2 . 3Je) , z 3 = 486% 

J 2 J 2 ^2 

are represented in terms of of coefficients of the sextic uq, . . . , Uq or 8 -constants. 

The two presented representations of the absolute invariant could be imple- 
mented for the check if Riemann period matrix of a genus two curve and realization 
of the curve as a sextic/quitic belongs to the same curve. 
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13.17. Hyperelliptic curve of genus three 

Consider also the hyperelliptic curve X 3 of genus three with seven real zeros. 
Let the curve X 3 be given by 

w 2 = 4(z - ei)(z - e 2 )(z - e 3 )(z - e 4 )(z - e 5 )(z - e e )(z - e 7 ) 

(13.124 

= 4z 7 + A 6 z 6 + ... + A 1 z + A . 

The complete set of holomorphic and meromorphic differentials with a unique 
pole at infinity is 

dz 

dm = — , dn = z(20z 4 + 4A 6 z 3 + 3A 5 z 2 + 2A 4 z + A 3 )— , 

Aw 

z 2 (12z 2 + 2A 6 z + A 5 )— , 
Aw 

z 3 dz 



du 3 



dz 






dr\ = 


w 




zdz 


dr 2 = 


: 


W 




z 2 dz 


dr 3 = 


7 


W 





w 

Again we introduce the winding vectors 



(13.126) {2uj)- l = {U, V, W) . 

The Jacobi inversion problem for the equations 

dz r(*2,w 2 ) dz Az 3 , W3 ) dz 
/ — + / — + / — =«i, 

Joe W Joo W W 

/ 1010 „x [ {z ^ zdz [ {Z2 ' W2) zdz [ (Z3 > W3) zdz 

(13.127) / h / h / = tt 2 , 

Joo W W J x W 

< z ^ z 2 dz &^ z 2 dz [ {Z3 > W3) z 2 dz 

u 3 



r^ Wi> fdz p z " W2 > zMz r {Z3 ' v 

Joo W W J x 



W 

is solved by 
(13.128) 

z\ + z 2 + z 3 = p 33 (u), z x z 2 + ziz 3 + z 2 z 3 = -p 23 (u), z x z 2 z 3 = p 13 (u) 
w k = p 333 (u)zl + p 233 {u)z k + p 133 (u), A; = 1,2,3. 

13.17.1. Characteristics in genus three. Let 2lfc be the Abelian image of 
the fc-th branch point, namely 

/■(e*,o) 

(13.129) 2l fe = / du = 2uj£ k + 2u'e' k , fc = l,...,8, 

J oo 

where e k and e' k are column vectors whose entries Sk,j, £ k j are 3 or f° r au 
fc = l,...,8,j = 1,2,3. 
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Figure 2. Homology basis on the Riemann surface of the curve 
X3 with real branch points ei < e2 < . . . < e$ = 00 (upper sheet). 
The cuts are drawn from e2i-i to e2i, i= 1, 2, 4. The b-cycles are 
completed on the lower sheet (dotted lines). 

The correspondence between the branch points and the characteristics in the 
fixed homology basis is given as 

(13.130, w - 1 (; ; jj) . M - 1 (; ; j) . M = i (; ; ;) . 

The vector of Riemann constants -RToo with the base point at infinity is given 
in the above basis by the even singular characteristics, 

(13.131) [Kn] = [2l 2 ] + [2l 4 ] + [2l 6 ] = \ 

From the above characteristics 64 half-periods can be built as follows. Start 
with singular even characteristics, there should be only one such characteristic that 
corresponds to the vector of Riemann constants K.^. The corresponding partition 
reads I2 U J2 = {} U {1, 2, . . . , 8} and the ^-function #(-RToo + v) vanishes at the 
origin v = to the order m = 2. 

The half-periods Ai = (2w) _1 2lfc + e 61 correspond to partitions 

(13.132) XiUJi = {fc,8}U{ii,-.-,j6}, ii,---,ie^{8,fc} 

and the ^-function 0(Ai + v) vanishes at the origin v — to the order m = 1. 
Also denote the 21 half-periods that are images of two branch points 

(13.133) Sl i:i = 2u(e i + e j ) + 2w'(e' i + e' j ), i,j 1 T.i- j. 

The half-periods Ai = (2uj)^ 1 fl i j + e 62 correspond to the partitions 

(13.134) XiUJi = {i,j}u{j u ...,j 6 }, j u . . . ,j 6 $ {i,j} 
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and the ^-function 0(Ai + v) vanishes at the origin, v — 0, as before to the order 
m = 1. Therefore the characteristics of the 7 half-periods 

(13.135) [(2w)- 1 a i + K x ] =: 8, , i = l,...,7 

are nonsingular and odd as well as the characteristics of the 21 half-periods 

(13.136) [(2w)- 1 0. iJ + =: 6 iS , l<i<j<7. 

We finally introduce the 35 half-periods that are images of three branch points 
(13.137) 

fl ijk = 2uj(ei + £j + £ fc ) + 2w'(e- + e'j + e' k ) G Jac(A g ), 1 < i < j < k < 7 . 
The half-periods A2 = (2uj)~ 1 Vtijk + i^oo correspond to the partitions 

(13.138) To U Jo = {i,j,k,8} U { Jx , . . .,j 4 }, ji,...,u$ {i,j, fc,8} . 

The 0-function 0(A.2 + v) does not vanish at the origin v = 0. 
Furthermore, the 35 characteristics 

(13.139) [e ijk ] = [(2a;)- 1 n yfc + If^] , 1 < i < j < k < 7 

are even and nonsingular while the characteristic [If 00] is even and singular. Alto- 
gether we got all 64 = 4 3 characteristics classified by the partitions of the branch 
points. 

13.17.2. Inversion of a holomorphic integral. All three holomorphic in- 
tegrals, 

f (x ' w) dz f {x > w) zdz f {x ' w) z 2 dz 

(13.140) / — =?n, / = u 2 , / =u 3 



W Joe W Joo W 

are inverted by the same formula (|13.106p . Nevertheless, there are three different 
cases for which one of the variables u\, U21U3 is considered as independent while 
the remaining two result from solving the divisor conditions cr(u) = cr 3 (u) = 0. 
Formula (|13.106l) can be rewritten in terms of ^-functions as 

dh^ejK^mu)-^) + 2(d u e[K 00 ]((2u;)- 1 u))ejKU 
[ ■ ' X d 2 vw e[K OQ ]({2u J )^u)+2{d v e[K oa \((2u:)-^u))el> { u' 

where e 3 = (0, 0, 1) T . This represents the solution of the inversion problem. 

From the solution of the Jacobi inversion problem follows for any 1 < i < j < 

k < 7, 

e% + ej + efe = p33(^yfc), 

(13.142) - e^j - eie k - eje k = p23(^ijk), 
eieje k = pia(ttijk) ■ 

For remaining two-index symbol we find 

Plifilijk) = —S3S1 - S4 

(13.143) Pii(n»ifc) = S3S2 + S1S4,, 

P22(fiijfc) = S 3 + 2s 3 + s 2 Si , 

where si arc the elementary symmetric functions of order I of the branch points 
Cj , ej , e k and Si are the elementary symmetric functions of order I of the remaining 
branch points {1, . . . , 7} \ {i,j, k}. 
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From (|13.142[) and (|13.143j) one can find the expression for the matrix h. To 
do that consider the half-period O123 



(13.144) 
with 



x = -i«p(n 123 ) - i(2 W )~ lT i?(o 123 )(2 W )- 1 



(13.145) H(n 123 ) = 



1 



hi [e\ Vi2[s\ Vi 3 [e\ 
h2[e] [e] ^23 [e] 
h 3 [e] 023 [e] 033 M 



e = 



i i 

1 J I 

2 u 2 



For the branch points ei, . . . , eg the expression 
(13.146) e, : 





<9 W - 


h 22lf ^e 3 


0[K OO ]((2 W )- 




9v 


d w - 


h 22lf ^e 3 


0[K oo ]((2w)- 


- x 2li;r) 



is valid. Furthermore we have for i,j = l,...,8,i^j 
(13.147) 



CT3 (Oy) (9W0[^]' 



and for i = 1, . . . , 7 
(13.148) e, 
The ^-formula reads 

(13.149) 

t ( \ , O , 1 w l( z l - z 2 - 23) , ... 

— Ci ( lt ) + 2ni + 7: 7 77 7 + permutations 



C 2 (u) + 2n 2 + 



2 (21 - z 2 )(zi - z 3 ) 

(Zl,Wl) f(z2,W 2 ) r(z3,W3) 

dri(z,w) + / dri(z,w)+ / drx{z,w) 

(e 2 ,0) «/(&»,()) «/(e 8 ,0) 

1 

+ permutations 



2 (zi - z 2 )(zi - z 3 ) 

/■(zijiui) r(z2,w 2 ) r(,Z3,W3) 

dr 2 (z,u;) + / dr 2 (z.w) + / dr 2 (z,w) 

'(e 2 ,0) ^(e 4 ,0) J(e 6 ,0) 

/■(zi,Wl) AZ2,W2) AZ3.W3) 

-( 3 (u) + 2n 3 = / dr 3 (z,u;) + / dr 3 (z,w)+ / dr 3 (z, to), 

J(e 2 ,0) J(e 4 ,0) J(ee,0) 

where rij = 53«=i *?jt e i + Vji £ i- Here the characteristics and £j of i^oo are not 
reduced. 
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Choosing (2:1,101) = (Z,W), (2(2,102) = (e4,0), (2:3,103) = (ee,0) we get from ()13.149j) 
(13.150) 



(Z,W) 




du + K 



du + K 



du + K 



„ 1 W(Z-e 4 + e 6 ) 
zrii + — - 



2 {Z - e 4 ){Z - e 6 ) J [e2fl) 



(z,w) 



dr\(z, w) 



2n 



1 



W 



(z,w) 



2 (Z- ei){Z- e 6 ) 7( e2 , ) 
2n 3 = / dr 3 (z, to) 



dr 2 (2, to) 



'(e 2 ,0) / J{e 2 ,0) 

The inversion formula for the integral of the third kind is written as 



(13.151) 



IT' 



with 



1 dx 

x- Z y 



-2 [ u 



dr + In— — 

( E2 ,o) a(u + v-K c 



In 



cr (it' - t> - Kqq) 

<t(u' +V - Kao) 



V = 



-(Z,W) 
'(ea,0) 

and u 6 81, «' 6 81. The integrals 
Matrix H be 5 x 5 matrix 

( Ao 5A1 
|Ai 4p 



dit, u = du, u' = 

J 00 

(2,W) 



du 



dr are given by the formula (113.1501) . 



(e 2 ,0) 



-2pn -2pi2 -2pi 3 \ 

5A1 4pn + A 2 2pi2 + 5A3 4pi 3 - 2p 22 -2p 23 

2pn 2pi2 + 5A3 4p22 - 4pi 3 + A 4 2p 23 + 5A5 -2p 33 
2pi2 4pi 3 - 2p22 2p 23 + 3A5 4p 33 + A 6 2 
\ -2pi 3 -2p2 3 -2p 33 2 J 



13.17.3. Complete set of expressions of p^ and pijki— functions. We 

give list of the expressions of the pi jk -functions, that is the complete list of the 
first derivatives of the pj j over the canonical fields di , as linear combinations if the 
basis functions. In this case the basis set consists of functions P333, P233, Pi3 3 and 
P33 ) P23 , P13 ■ The basic cubic relations are 

P333 = 4 P33 + A 6P33 + 4p23p33 + A 5 p33 + 4p 2 2 - 4p i3 + A 4 , 
P233 = 4 P23P33 + A 6 p23 - 4p 22 p23 + 8pi 3 p23 + 4pn + A 2 , 
Pl33 = 4 Pi3p33 + A 6 p? 3 - 4pi2pi 3 + A , 
P233P333 = 4p3 3 p23 + A 6 p 23 p33 ~ 4p 2 2p33, 

+ 4pi3p 33 + 2p23 - A5P23 + 2pi2 + A3, 

2 1 

P133P233 = 4pi 3 p23p33 + A 6 pl3p23 ~ 2pi 2 p23 ~ 2pi 3 p 2 2 + 4p 13 + -Al, 

2 1 

P133P333 = 4pi3p 33 + A 6 pl3p33 ~ 2pi 2 p33 + 2pi 3 p 2 3 + 7J^5pl3 ~ 2 pn. 

Remaining cubic relations can be derived with the aids of the above formulae 
and relations 
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P223 = ~ P333P23 + P233P33 + Pl33> 
Pl23 = — P333P13 + P133P33, 
Pll3 = — P233P13 + Pl33p23, 

P222 = P333(2p23(p33 + -J-) + 4pi 3 - P22) " P233 (2p33 (p33 + + p23 + "J') 

- 2pi33p33, 

Pl22 = P333(2pl3(p33 + ~ P12) + P233P13 ~ Pl33 (2p33 (p33 + + P23 + > 

PU2 = P233(2pl3(p33 + - P12) ~ Pl33 (2p23 (p33 + + 2pl3 ~ P22), 

Pill = P333(pl3p22 - 2pi 3 - P12P23) + P233 (2pl3 (p23 + ~ P12P33), 

- Pl33(2p23(p23 + -^) - P33(2pl3 ~ P22)) 

These expressions are derived by successive differentiation from the main relations 
dSID , (021), (I33|) and (1X81) . 

Along with the above expressions for the first derivatives of the pij we obtain 
an analogous list for the second derivatives, but here we give the expressions by the 
pij-functions themselves and the constants A&: 

P3333 = A5/2 + 4p 23 + A 6 p33 + 6P33, 
P2333 = 6pi3 - 2p22 + A 6 p23 + 6p23p33, 
P1333 = -2pl2 + A 6 pi 3 + 6pi3p 33 , 

P2233 = -2pl2 + A 6 pl3 + A5P23/2 + 4p23 + 2p22p33, 
P1233 = A5P13/2 + 4pi3p23 + 2pi2p33, 
P1133 = 6pi 3 - 2pi 3 p22 + 2pi2p23, 

P2223 = -A 2 - 6pn + A 5 p 13 + A4P23 + 6p 22 p23 - A3P33/2, 
P1223 = -Ai/2 + A 4 pi 3 - 2pi 3 + 4pi3p22 + 2pi2p23 + 2pnp 33 , 

P1123 = — Ao + A3P13/2 + 4pi2pl3 + 2pnp23, 
P1113 = A2P13 + 6pnpi3 — Aip23/2 + Aop33, 

P2222 = — 3Ai/2 + A3A5/8 - A 2 A 6 /2 - 3A 6 pn + A 5 pi 2 + 12pi 3 + 

A4P22 - 12pl3p22 + 6p22 + A3P23 + 12pi2p23 ~ 3A 2 p33 ~ 12pllp33, 

P1222 = -2A - AiA 6 /4 - A5P11/2 + A 4 pi2 + A3P13 + 6P12P22 - 3Aip 33 /2, 

P1122 = -AoA 6 /2 + A3P12/2 + 4p4 2 + A 2 pl3 + 2pnp22 - Aip23/2 - 2A p33, 
P1112 = -A0A5/4 + A 2 pl2 + 6pnpi2 + 3Aipi 3 /2 - Aip22/2 - 2A p23, 

P1111 = -^A A 4 + ^A X A 3 - 3A p22 + A1P12 + A 2 pn + 4A p 13 + Qp\ x . 

It is clear, that the lists of this type may be derived for arbitrary genus. 

13.17.4. Second and third terms of the expansion of <7-function in 
vicinity u = 0. The expansion of the a- function of genus 3 in the vicinity of u = 
may be derived out of the complete set of pijki -functions. Indeed, the cr-function 
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is the even function and its expansion is given according to Proposition 12.21 by 
formula: 

1 3 

a(ux, U 2 , U 3 ) = U!U 3 - V% + — ^ S ijk lUiUjU k Ul + . . . 

i.j,k,l—l 

with coefficients syjy € C being completely symmetric over their indices: 

d A 

Sijki = -5 — 5 — 5 — ^—cr(u 1 ,u 2 ,u 3i 
ouiOUjOUkOUi 

Straightforwardly, substituting this expansion to the equations 

^(pijkl -{...}) =0, 

where {. . . } stands for the proper expression from the above list, we determine all 
the coefficients Sijki and obtain: 

(13.152) 

a(u\, u 2 , u 3 ) = U1U3 — u\ + 0-4(^1, u 2 , u 3 ) + cr 6 (ui, u 2 , u 3 ) + higher order terms, 
where 

24(7 4 (wi, U2, u 3 ) = -2X uj + 2AiuJu 2 + X 2 uj(3ul - UiU 3 ) 

+ 2A3U1U2 + 2A 4 u 2 + 2A5U2U3 + AgU3(3u 2 — uiu 3 ) 



8u 2 m| 



5760cr 6 (ui,u 2 , u 3 ) = 128u| + 384mim^A - 960u?u|u 3 A - 960u?u 2 u§Ao + 72ufAi 

— 360uiu 2 u 3 Ai - 720mi?x 2 U3Ai - 80uJu^Ai + 8u?A? - 96u 5 2 u 3 X 2 

— 480uiw 3 ,U3 ! A 2 - 240miM 2 U3A 2 - 44m^AoA 2 - 12uiU 2 AiA 2 

— 15uiM 2 A 2 + 3W1W3A2 - 240m 2 m3A 3 - 240miu 2 M3A 3 - 72uiU 2 AoA 3 

— 30ufu|AiA 3 + 6u^ 3 AiA 3 - 20u?u^A 2 A 3 - 320u|m|A 4 

4 2 5 3 3 2 4 

— 120u 1 u 2 AoA4 — 24u 1 u3AoA4 — 80u 1 u 2 AiA4 — 60w 1 it 2 A 2 A4 

— 24mim^A 3 A 4 - I6-U2A4 - I2OM2M3A5 + 24uiU 3 X 5 - 80u?U2A A 5 

— 120u^U2U3AoA5 — 60u^u2AiA5 — 60u 3 u2 w 3^i^5 — 24M1U2A2A5 

— 60m^M2U3A2A5 — 2U2A3A5 — 3OM1M2U3A3A5 — 24U2U3A4A5 

— 48W2W3A6 — 240u 3 U2M3AoA6 — GOufu^XoXg — 24U1U2A1A6 

— I2OUJM2U3A1 Ag — 60ufu2U^\i\Q — I2U2A2A6 — 6OU1U2U3A2A6 

— 90ujululX 2 X 6 + IOU1-U3A2A6 - 24u2M 3 A 3 A 6 

— 6OW1M2U3A3A6 — 6OU2M3A4A6 — 2OU2U3A5A6 

— 15u2it 3 Ag + 3wiUgAg 



In general, the coefficients in the expansions of the fundamental er-functions 
depend only on the symmetric functions of the branching points e, of the curve, i.e 
on the constants A,-. 
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13.18. Restriction to strata of the (9-divisor 

Suppose that the ^-divisor is stratified as 

rP rPi rPi 

9 = K x C 6i = K x + duc9 2 = Koo + du + dud Jac(V) 

J oo J oo J oo 



Let u e 0i. Then 



/ 

J a 

I 

J a 



dr 3 = — + c 3 , / dr 2 = -- — r^T + c 2> 

0-2 («) 7a 2 C7 2 (u) 

1 a 1 (u)a 2 2(u) o-i2 (u) 
dri = o r^2 7T" + c i> 

2 (72 («) 02 (Wj 



where the constants Cj are fixed by requiring the right hand side to vanish at x\ = a 
Let u € 9 2 . Then 



1 0- 33 (u) 



/■Xi pX 2 

/ dr 3 +/ dr 3 = --^f^ + C u 

J a J a 2 CT 3 (m) 

/ dr 2 + / dr 2 = + - , , 2 + C 2 , 

7a 7a ^3 2 CT 3 (m) 2 

lcr 22 (tt) CT2(m)(T 23 (m) 1 cr 33 (lt)cr 2 (M) 2 



7 a 7a 2 cr 3 («) 



a 3 (m) 2 2 a 3 ( M )3 



_ CTi 3 (m) + 1 cr 33 Q)o-l (» | ^ 

ct 3 (m) 2 o- 3 (it) 2 

where the constants d are chosen so that the right hand side vanishes at x\ = 
x 2 = a. 

13.18.1. Relations on 9 2 . The complete set of the cr-relations on the second 
stratum of the 0-divisor 

3 033 1, 

0333 = 02 + T 1- 7A603, 

4 CT3 4 



02 l fJ 20 33 1 . 033023 , 
0233 = T 5 r 7 A 6 cr 2 H h -^01, 

03 4 CT| 4 3 



0102 1 010 33 . 1 , . 033013 

0133 = 7 2 r 7 A 60l H 1 

03 4 cr| 4 (73 



2 33 2 3 . 2 . 1 2 033 , !\ o ' 20 ' 1 !\ °2 

2 1 2 + 7 3 7 A 60l - o 7-^6 — 

0-3 03 4 0-3 2 o 3 4 ct 3 



1 3 3022 23 1 . 

+ 7 1 1- 7A502, 

2 3 03 4 

023013 . 2 01 . l 2 010 33 1. 0201 
0123 — 1 2 <~ 7 3 7 A 6 

03 3 4 03 4 03 

l 020 33 013 1 01033023 01 . 1 033012 . 1 



7A501, 



2 a£ 2 £7| cr 3 2 cr 3 4 

1 2 010 33 2 01 _ 010 2 2 3033 _ g 2 0i 1 010 22 033 
4 03 03 03 03 2 CT 3 
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1 (Tier 23 _ 0-230"iq-22 2 oj Q22Q12 Afi / of _ 1 ojoA 

4 CT| <7 2 <7 3 2 (7 3 (72 2 \ (T 3 2 (jf / 



^5 / 0-1^2 _ of \ A3 _ Ai o| 

2 V O3 (72 / 2 (72 2 (72 ' 



2 \ (73 (72/ 2 (72 2 (72 
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